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Boundedness for multilinear commutator
of Marcinkiewicz operator on Hardy and

Herz-Hardy spaces

Yu Wenxin and Liu Lanzhe!
1. INTRODUCTION AND DEFINITION

Let T be the Calderén-Zygmund operator and b € BMO(R™). The
commutator [b, T] generated by T" and b is defined by

[0, T](f)(x) = b(x)T(f)(x) = T(bf)(x).

A classical result of Coifman, Rochberg and Weiss (see [2][3]) proved that the
commutator [b, T is bounded on LP(R") (1 < p < co). However, it was
observed that the [b,T] is not bounded, in general, from H?(R") to LP(R").
But if HP(R") is replaced by a suitable atomic space HY (R™), then [b,T]
maps continuously Hf (R™) into LP(R™)(see [1]). In addition we easily
known that H} (R™) C HP(R"). In recent years, the theory of Herz type
Hardy spaces have been developed(see [4][7][8][9]). The main purpose of this
paper is to consider the continuity of the multilinear commutators related to
the Marcinkiewicz operators and BMO(R™) functions on certain Hardy and
Herz-Hardy spaces. Let us first introduce some definitions(see [1][4-14]).

Given a positive integer m and 1 < j < m, we denote by C7" the family of all
finite subsets o = {o(1),---,0(j)} of {1, -+, m} of j different elements. For
o€ Cm set 0¢={1,---,m}\ 0. For b= (by,- -, by) and

o={o(1), - 0(j)} € CJ", set by = (by(1);* ", bs(j)) bo = by(1) =+ bo(j) and
|bo || Brro = [|be)lIBMO - -+ |[bo (i)l BMO-

Definition 1. Let b; (i = 1,--- ,m) be a locally integrable function and

-

0 < p < 1. A bounded measurable function a on R" is said a (p,b) atom, if

'Received: 03.04.2009
2000 Mathematics Subject Classification. 42B20, 42B25.
Key words and phrases. Marcinkiewicz operator; Multilinear commutator; BMO;
Hardy space; Herz-Hardy space.
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(1) suppa C B = B(xo,r),

2) llallz~ < B,

(3) Jpay)dy = [za(y) [];c, bi(y)dy =0 for any 0 € CT* ;1 < j < m.

A temperate distribution f is said to belong to ng (R™), if, in the Schwartz

distribution sense, it can be written as

fla) =" Naj(x),
j=1

where every a; is (p, b) atom, A € C' and > 721 AP < co. Moreover,
112y = (250 |Aj[P) 1P,

Given a set £ C R™, the characteristic function of F is defined by yg. Let
By ={z € R":|z| < 2"} and C} = By \ Byx_1and x; = XBy k€ Z.

Definition 2. Let 0 < p,q < 00, o € R. For k € Z, set
By ={x € R": |z| < 2%} and C} = By \ Bi_1. Denote by x;, the
characteristic function of Cj, and y( the characteristic function of By.

(1) The homogeneous Herz space is defined by

gp(RY) = { f € LL(R"\{0)) : | flljggr < o0}

where
o

1/p
1fll g = [ > 2’mpukawzq] .

k=—00

(2) The nonhomogeneous Herz space is defined by

loc

Kg?(RY) = { f € LL (R") : [[fllgn < o0},
where

00 1/p

£l = [Z k|| fr, + foOH’zq] .
k=1

Definition 3. Let

a€R 1<g<oo, 0<a<n(l-1/q), b € BMO(R™), 1<i<m.A

function a(x) on R™ is called a central (a, ¢,b) -atom (or a central

(a, g, b)-atom of restrict type ), if

(1) suppa C B = B(0,r)(or for some r > 1),

() lallze < |B|7/,
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(3) [pa(x)dr = [a(@) ][], bi(z)dz =0 for any 0 € CT* ;1 < j < m.

A temperate distribution f is said to belong to HK ’p(R”) (or HK ’p(R")),
if it can be written as f =372 Aja; (or f = Z] o Ajaj), in the Schwartz
distribution sense, where a; is a central (a, g, b) atom(or a central

(o, q, b) atom of restrict type) supported on B(0,27) and Y% |\;|P < oo(or

2 520 [AjP < 00). Moreover, 1 lrrgeep Cor M llmreeg) = (2 \/\alp)l/p-

Definition 4. Let 0 < § < n, 0 <y <1 and €2 be homogeneous of degree

zero on R" such that [, Q(2')do(z') = 0. Assume that Q € Lip, (5™ 1),
that is there exists a constant M > 0 such that for any =,y € S"~1,

|Q(x) — Qy)| < M|z —y|?. The Marcinkiewicz multilinear commutator is

defined by )
- %) ~ 1/2
ﬂ?(f)(:r)=< JAGE >|2dt) |
where
B )(g) — A
R@=[ L1 = o) | S
Set

F(f)(x) = /| Mﬂ )y,

s—y|<t 1T —

we also define that

() (@) = ( | R0 >|2dt>1/2,

which is the Marcinkiewicz operator(see [6][13][14]).

2. THEOREMS AND PROOFS

We begin with two preliminary lemmas.

Lemma 1. (see[12]) Let 1 < r < o0, bj € BMO for j=1,--- ,kand k € N.
Then, we have

k

1 k
\@/QH 1b;(y) = (b))eldy < C T I1billzaro

J=1 Jj=1
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and
1/r

k k
1
o [T = ol ds ) <CTL b lso.
@l /o5 i
Lemma 2. (see[l4]) Let 0 < d <n,1 <s<n/dand 1/r =1/s —d/n. Then
8 is bounded from L*(R™) to L"(R™).

Theorem 1. Let 0 < 6 < n,

max (n/(n+~vy—=98),n/(n+1/2-96)) <p<1,1/g=1/p—4d/n,

b= (b, bm), b; € BMO,1 < i <m. Then yf is bounded from HE(R™) to
LY(R™).

Proof Tt suffices to show that there exist a constant C' > 0, such that for

—.

every (p,b) atom a,
|13 (a)]|za < C.
Let a be a (p,b) atom supported on a ball B = B(zg, 2d).

b ldx = b(a)(z)|%dx
[ wh@@ra= [ @@

+ / 1L (a)(z)|9de = I + I1.
lx—zo|>2d

For I, taking r,s > 1 with ¢ < s <n/d and 1/r =1/s — §/n, by Holder’s
inequality and the (L®, L")-boundedness of ug, we get

I < Cllug(@)l}1B(xo, 2d)[' 9" <

< CHQH%S’BP—q/T < C|B|T/rra/stimalr <

For 11, denoting A = (A1, -+, Ayp) with A\; = (b;)B, 1 <i < m, where
(b)) = |B(x0,2d)|! fB(xo 54 bi(z)dz, by Holder’s inequality and the
vanishing moment of a, we get

2 1/2
|x—z0|+2d m Wx — Y dt
ms |f [ Mo - )
0 le—y|<t j=1 |:1: y‘
2 1/2

) () — b (y)aly) —2E =Yg 9
n /Mom /xy|<tj1_1(b]() by(w))aly) sy

= 1L +1D.
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Note that |z —y| ~ | — xg| ~ |x — 0| + 2d for |z — x| > 2d, y € B. Then we
have

le—aol+2d g\ /2 m Oz — y)
I, <C - </ tg) H b (z) — bj(y)Ha(y)!ﬁdy
j=1

z—y|
<c /
R’I’L

1/2 m

: 1 T ts(0) s o) s
j=1

@ —yI? (Jo — o] +2d)?

1/2

i |x—m0|” 120 | — 20]3/2

Qx
<cf Hib Do) sl = ol Py

. o 1/2 .
<CZ Z - xo,nm 5 (/r Joclla()lly — ol dy)

n(1-1/p+1/2n)

(b(x) |<OZ 2 o= gopris eellzaro - |(B) = M.

j=1 UECm

For 115, using the following inequality (see [14])

Qo—y) Qo) | _of ly=wl  _ ly—aol’
- |.CC _ xo’n—é ’.T _ xo’n—l—i—'y—é ’

|z — y|n—1—5 B |z — x0|n—l—§

we can obtain

00 12| m o
e /Rn </| di’f> H(bj(ff) - bj(y))a(y)Mdy <

z—xzo|+2d t y‘n

e Qx — Qz—=x 1
<c|/ 100 =)ot (s - e o

<
|z — xo|n—1-0 x — x| +2d ~
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.’Eo‘

s ly — ly — wo|? )
< C’/ bi(x) —b; a < + dy <
anlillf () — bj(y)lla(y) o= 2o [ — gt Yy

m—1
<oy 3 1R [ 16 - Neellally - aoldy+
j=1 oeCm 0
m—1
oy 30 MR [ 16~ Neellally — oy <
j=1 geCm 0
m ; qn(1=1/p+1/n) dn(l—l/erv/n) 5 \
Z;GGZC:MHUCHBMO oz + g =g | 16) = el

Thus, we have

HSZ/ | ( ]qdm<CZ Z HbUCHBMOZ/
k=1

2k+1dr>|x—z0|>2kd i=1 geCpm

—

(b(x) — Ny dz <

qn(1+1/2n—1/p) qn(1+1/n—1/p) qn(+v/n—1/p) 4
' |z — y|n+1/2-0 + |z — @[ 10 - |z — o[-0

dan(1+1/2n—1/q—6/n) dan(1+1/n=1/q=6/n)

Z ezcm ||bUCHBMO Z ( 2kd|q n+1/2—0) + |2kd|q(n+176) +

el okd ! b Noldz )
5 - <
|2k d|a(n+y=9) (2%d)" % <‘2k3’ - [(b(z) = A)o| x) <

<CZ 3 kq< Ka(n+1/2-8)=n) | o—k(a(n+1-6)-n )+2—k(q(n+v—5)—n)).
7=1 aECm

Wbl 5a0 < CliblEr0-
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This finishes the proof of Theorem 1.

Theorem 2. Let 0 <0 <n, 0 <p<oo,1<q,q2 <oo,l/q1 —1/q2=0/n,
n(l—l/q1)+1/2+(5<a<min(( (1-1/q1) —i—'y—i—énl—l/ql)—&—l—i—é)
and b; € BMO(R™),1<i<m, b= (bi, - ,bm). Then 1% is bounded from

HK""p “(R") to Kg;"(R").

Proof Let f € HK ’p(Rn) and f(z) =322 Aja;j(x) be the atomic
decomposition for f as in Definition 3, we write

p

00 k—3
|1 (f) (2 )Ilpap < 30 2R g (ag) @)Xkl e |+
k=—0o0 Jj=—00
(o] o R p
+ 22 Aalllehan) @xillze | =T+ 7.
k=—oc0 j=k—2
For JJ, by the (L%, L%)-boundedness of ,ug, we get
(o] (o] o0 o0 ]
JI<C Y 2PN Nlllgllpa | <€) 2ker A2
k=—00 j=k—2 k=—00 j=k—2

CZk——oo2kap<E Cp_o | Aj[P27 Jap)a 0<p<l1

p

S o) ko i /2 00 i //2 p/p/
Ok 2 (Zi:kﬁp‘”m o ) <Zj=k722 o ) , p>1
C 5o NI <Zji2_ Q(k—j)ap) L, 0<p<1
< /
T oSl (S 20 er) (S 22 LA
p
<c Y P o
]_*OO
For J, let x € By \ Bg_1, ]—|B |~ fB x)dr, 1 <i<m, p— (b},...,b;”

we have

)

IN

IN

IN
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m 2
/| | H(m(@—m@»&”ﬂaﬂy)d@/ dt
T y<t,i:1

u(a5) () = ( /0 h

) N () I
+ (/erQJ /xy|<ti1;[(bz< ) bz(y))|x_y|n_1 J(y)dy

For G, noting that y € B;, « € B(0, 2F)\ B(0,2F1), j < k — 3, we know
|# — y| ~ |z| ~ || 4+ 2/. Then, similar to the proof of Theorem 1, we obtain

2 1/2
dt

Jol+27 dt V2 m a;
G<0/ / T] i) — bitw) WL, <
jz—y| paie |z —y
1 1 |70 |a; (y)]
< — : 37 <
—/Bj e e L@ - bIE T Tdy <
< 2i(1/2+9) A |x‘”+1/2 H |bi( y)llaj(y)|dy <
PO } L
Ol 2 2 1(Bw) ~ F)| / a5 (II(B(y) — Boeldy <
x = OUEC’" B

9i(1/24+64+n(1-1/q1)—

gC |$‘n+1/2 Z Z ||b06||BMO| ( )_b_;)CT|7

1=0 oeC}"
oo
H< /
||+-27
m

1 2J (27)7
< [, wrve (s * s L)~ bl 0l <

i=1

m

/Iw—y<t £[

1

(bi(x)—bi(y))< Qz —y) Q(x) )

| — y[n—1-9 - |z|n—1-0
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IN

9i(1+8)  9j(y+9) R .
C<|$’n+l |z Z Z |(b(x _b/ ‘/ laj(y H Y) = b)oeldy <

i=0 occC™

2i(1+6+n(l-1/q1)—c)  9j(y+é+n(1-1/q1)—
SC( |x‘n+1 + |z |nty Z Z HbUCHBMO| ( )
=0 oeC"
thus
1 (@) xel [ < C2V/HFR0=120=) NP K7 5| gy
=0 ceC™
— — q2 1/q2 .
. |:/ <|x]_("+1/2)|(b(x) o b,>o|> :| +02](1+5+n(1—1/q1)—a).
Ck
1/q2
— — q2 .
Z Z HbacHBMo {/ (y;p\*(nﬂ)\(b(aﬁ)_y)a\) ] L i HsHn(1-1/q1)
i=0 ocC7™
1/g2
- — q2
S 3 bello [ [ (116 - 5101)"] <

i=0 oceC™

< 02]'(1/2+6+n(1—1/q1)—a)—(k—l)(n+1/2)+k”(1/‘11—5/”)||5|\BMO+
+ 21 (1+5+n(1-1/q1)—a) = (k=1)(n+1)+kn(1/q1—6/n) | |5| |Bro+

+C2i0rtotn(=1/g)—a) (k=) (nty) +hn(1/a1=6/m) || 5| o1 o).
to be simply, we denote
97 (1/2+6+n(1-1/q1) =)= (k—1)(n+1/2)+kn(1/q1—6/n)
97 (1+86+n(1-1/q1)—a)—(k=1)(n+1)+kn(1/q1 —6/n)
i (v+3+n(1=1/q1)—a) (k=1)(n+)+kn(1/q1=0/n)

+ o+

then B
|12y (@) Xk o2 < C|IB]| oW (4, k),

_‘) ’7

—a),
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0o k—3 p
J<Clbllpo Yo 27 D0 INIW LK)
k=—o0c0 j=—00

ClIBlr10 252 WP 72 WK, 0<p <1 /
7 oo 0 . 0o . / p/p’
ClIBlBas0 3252 e WolP [0 W0 P2 [0 10a WG RS >0

o0
CllblEp0 Y X1 < ClBIEpoll £, o

>

IA

j=—00 a1

This completes the proof of the Theorem 2.

Remark. Theorem 2 also hold for nonhomogeneous Herz-type spaces.
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Some fixed point theorems involving weak
gontraction conditions of the derivative
ype

M. O. Olatinwo 2

ABSTRACT. In this paper, we shall establish two fixed point theorems by using
two contractive definitions involving the derivative of a certain function. Our
contractive conditions are independent of that of Branciari [10].

Our results are generalizations of the classical Banach’s fixed point theorem [1, 3, 5,
8, 25] as well as some of the results of Berinde [4, 5, 8].

1. INTRODUCTION

Let (X, d) be a complete metric space and f: X — X a selfmap of X.
Suppose that Fy = {x € X | f(x) = x} is the set of fixed points of f. The
classical Banach’s fixed point theorem is established in Banach [3] by using
the following contractive definition: there exists ¢ € [0,1) (fixed) such that
Vx, y € X, we have

d(f(x), f(y)) < ¢ d(z,y). (1)

In generalizing the Banach’s fixed point theorem, Kannan [17] used the
following contractive definition: there exists a € [0, 1) such that

d(f(x), f(y)) < ald(z, f(x)) + d(y, f(y)], €z, yeX. (2)

Chatterjea [11] employed a dual contractive condition: that is, there exists
a € [0, 3) such that

d(f(x), f(y)) < ald(z, f(y)) +d(y, f(2))], €z, yeX. (3)

2Received: 08.05.2009
2000 Mathematics Subject Classification. 47TH06, 47H10.
Key words and phrases. two fixed point theorems; contractive definitions involv-
ing the derivative.
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In 1972, Zamfirescu [24] used a combination of the conditions (1), (2) and (3)
to establish a nice generalization of Banach’s fixed point theorem.

Literature abounds with several generalizations of the classical Banach’s
fixed point theorem since 1922. For some of these generalizations of the
classical Banach’s fixed point theorem and various contractive definitions
that have been employed, we refer the readers to [1, 2, 4, 5, 7, 8,9, 12, 13,
21, 24] and other references listed in the reference section of this paper.
Imoru and Olatinwo [15] and Olatinwo [19] have also investigated stability of
iteration processes with some other contractive-type conditions.

In this paper, we shall establish two fixed point theorems by using two
contractive definitions involving the derivative of a certain function.

Our results are generalizations of the classical Banach’s fixed point theorem
[1, 3, 5, 8, 25] as well as some of the results of Berinde [4, 5, 8].
We shall require the following definition in the sequel:

Definition 1.1. [Berinde [5,8]]: A function ¥Ry — Ry is called a
comparison function if:

(i) v is monotone increasing;

(ii) nh_}rrgo P (t)=0,Vt>0.

Remark 1.1. Every comparison function satisfies the condition 1(0) = 0.
Also, both conditions (i) and (ii) of Definition 1.1 imply that
P(t) <t, ¥t>0.

Definition 1.2. X is said to be d—bounded if

da(X) = sup{d(z,y) |z, y € X} < o0.

We shall employ the following contractive conditions:
(a) there exists k € [0,1) such that V z, y € X, we have

dp dp
=@, fw) S ko li=d(ey), (4)

where o RT — R™T is a function such that ‘é—f|t:€ > (0 for each € > 0;
(b) and also there exists a comparison function ¥y RT™ — R™ such that
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Ve, ye X, we have

do de
=@ rw) S 9 <dt’t:d(x’y)> ’ ?
where pRT — R is as in (4).

Remark 1.2. (i) In (4), if we put

%‘t:d(f(z),f(y)) =t= %fh:d(x’y), V t € RT, then we obtain the Banach’s
contraction condition which is defined by eqn. (1).

(ii) Also, if in (5), ¥(u) = ku, Y u € R, k €[0,1), then we have condition
).

(ii) If in (5), %f’t:d(f(x),f(y)) =t= %‘f\t:d(x,y), YVt € RY, then we obtain an
extension of Banach’s fized point theorem in Berinde [4,5,8].

(iv) Our contractive conditions are independent of those in (2) and (3) as
well as that of Branciari [10].

2. THE MAIN RESULTS

Theorem 2.1. Let (X, d) be a complete metric space and f: X — X a
mapping satisfying (4). Suppose that X is d—bounded. Let pRT™ — R be a
function such that ‘fl—f\t:E > 0 for each € > 0.
Then, f has a unique fixed point z € X such that for each
re X, lim f*(z)=-=z

n—oo
Proof. Let xg € X and let {z,},2, defined by
Tn = f(xpn-1) = f"x0, n=1,2,---, be the Picard iteration associated to f.
From (4), we have that

do _ dp do
& t=d(@n,nm) = T lt=d(F @) f @nim-1) < EGE lt=d(@n—1,201m-1)

2dyp
< k dt ’t:d(xn—2»xn+m—2)

n dy
“ee S k Eh:d(ﬂfo,xm)

dy
k™38 li=s.4(x)

VAVAN

from which we obtain that

de nde
i V=dennim) < K li=sa0x), (6)

where d(zo, m) < dq(X) and §4(X) is as stated in Definition 1.2. Therefore,
we have from (6) that k"%‘f]t:(gd(x) — 0 as n — oo since k € [0,1). It follows

that ‘(ij—fh:d(%’zwm) — 0 as n — oo. By the condition on ¢, then we have
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that d(xy, Tn+m) — 0 as n — oo. Hence, {x,} is a Cauchy sequence and so
convergent. Since (X, d) is a complete metric space, {zy} converges to some
z € X, that is, lim xz, = z. Again, from (4), we have that

n—oo

d d d
T limdwnsn () = @ l=d(f@a) g (2) < K G l=d(zn,2)- (7)
By taking the limits in (7) as n — oo, then we get

dy de
i li=d(es () < ko li=o. (8)

The condition on ¢ gives %f\tzo = 0 so that from (8) %ﬂt:d(%ﬂz)) < 0, which
is a contradiction. Therefore, by the condition on ¢ again, we obtain that
%‘t:d(z,f(z)) = 0, thus leading to d(z, f(z)) =0, or z = f(z).

We now prove that f has a unique fixed point: Suppose this is not true.
Then, there exist 21, 2o € Fy, 21 # 22, d(21,22) > 0. Therefore, we obtain by
using (4) again that

d d d
Tlimdzr) = Eli=d(f(1),1(2) S B li=d(z1,22)

leading to (1 — k)i—f\t:d(zl’@) < 0, from which it follows that 1 — &k > 0, but
Cfl—f\t:d(%z?) < 0. Therefore, by the condition on ¢ again, we get
Z—f\t:d(%zz) = 0 which leads to d(z1,22) =0, or z; = z5. Hence, f has a
unique fixed point.

Theorem 2.2. Let (X, d) be a complete metric space and f: X — X a
mapping satisfying (5). Suppose that X is d—bounded. Let Rt — R* be a
continuous comparison function and ¢ Rt — R™ a function such that

i—f\tzs > 0 for each € > 0. Then, f has a unique fixed point z € X such that
for each z € X, nl1_)no10 f(z) = 2.

Proof. Let zp € X and let {z,},-, defined by
Zn = f(xp-1) = f"x0, n=1,2,---, be the Picard iteration associated to f.
From (5), we have that

dp _ dy dp
E|t:d(xnymn+m) - E’t:d(f(xn—l)yf(xn-‘rm—l)) S w (Eh:d(mn—l@n-ﬂn—l))
2 (dg
S w <E’t:d(5’3n—27xn+m—2)>
d;
< <y (Bliageo om)

<y (%fh:éd(x)) )
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from which we obtain that
de dp
E|t:d($n7$n+m) < ¢n <dt|t5d(X)> . (9)

Therefore, we have from (9) that ¢ <C(l7f‘t=5d(X)) — 0 as n — oo since 1 is a

comparison function. It follows that %f‘t:d(xn,xn +m) — 0 asn — oo

Hence, by the condition on ¢, we have that {z,} is a Cauchy sequence and
so convergent. Since (X,d) is a complete metric space, {x,} converges to
some z € X. Again, from (5), we have that

d d d
@ i=d@ninf(2) = @ lt=d(f@a)f(2)) SV (7f|t:d(mn,,z)> : (10)

By taking the limits in (10) as n — oo, then we get

dep dep
E’t:d(z,f(z)) <y <dt|t0) . (11)

The condition on ¢ gives ¢ (%f’t:[)) = ¢(0) = 0 so that from (11)

C(le‘t:d(z,f(z)) < 0, which is a contradiction. Therefore, by the condition on ¢
again, we have that C(le‘t:d(z,f(z)) = 0, thus leading to

d(z, f(2)) =0, or z = f(z).

We now prove that f has a unique fixed point: Suppose this is not true.
Then, there exist 21, 2o € Fy, 21 # 22, d(21,22) > 0. Therefore, we obtain by
using (5) again that

d d
Tli=d(z1,2) = T li=d(f(21).f(22))
S (%‘t:d(zhn) < %|t=d(21,22) (by Remark 1.1),

leading to a contradiction. Therefore %fh:d(zl,@) = 0, from which it follows
that d(z1,22) = 0, or z; = z9. Hence, f has a unique fixed point.

Remark 2.1. Theorem 2.1 is a generalization and extension of the
celebrated Banach’s fized point [1, 2, 3, 4, 5, 8, 25] while Theorem 2.2
generalizes and extends Theorem 2 of

Berinde [4] (which is Theorem 2.8 of Berinde [5,8]).
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Some cyclical inequalities in inner product
spaces

J. Gibergans-Béguena, J.J. Egozcue and J.L. Diaz-Barrero?

ABSTRACT. In this paper elementary numerical inequalities are used to derive
some elementary cyclical inequalities in real or complex inner product spaces.

1. INTRODUCTION

Inequalities in Inner Product Spaces have important applications in several
topics in Contemporary Mathematics.

They are applied in Probability and Statistics, Nonlinear Analysis,
Approximation Theory, Optimization and Numerical Analysis among other
fields. No doubt that the most famous inequality in inner product spaces is
the well-known inequality involving the norms and the inner product of two
vectors and published by Schwarz in 1885 [1].

The study of mathematical inequalities in general has drawn the attention of
many mathematicians and a lot of papers devoted to the subject have
appeared in the scientific literature given simpler and shorter proof of
classical results or obtaining refinements or generalizations of them. They
have been extensively documented in the works of Hardy, Littlewood and
Pélya [2], Beckenbach and Bellman [3] and mainly in Mitrinovic [4].

Inequalities in inner product spaces have been studied mainly by Dragomir
among others and they have been documented in a lot of papers and books
published in the last decades (see [5], [6], [7]).

Our goal in this paper is to describe an elementary method to obtain cyclical
inequalities, in general inner product spaces.

3Received: 11.03.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Classical inequalities, Euclidean spaces.
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2. THE INEQUALITIES

In what follows, elementary inequalities are used to obtain new cyclical
inequalities in inner product spaces.
We begin with the following

Theorem 1. Let (X, < -,- >) be a real or complex inner product space and
let x,y, z be nonzero vectors in X. Then, the following inequality

||| [lyll Il

e [<y 2 > = <z a S e <y > >
[yl 1]=]] IEIE ][ [[y]
>'<z,x><m,y>' ‘<x,y><y,z>‘ ’<y,z><z,x>‘
- ||| [yl |||
holds.
<z,y> <Y,z > <z, x>|.
Proof. Setting a = il , b= S22 and e = |22 2 into the
[} ]yl [yl ||=]] e

well known elementary inequality a? + b? + ¢ > ab + bc + ca, we get

<33y> <y,z>2
BRI

<z,Tr> 2 '<x,y><y,z>‘
[12[] []]] [l H]yl[? []=1]

‘<y,z><z,az>' ‘<z,x><az,y>‘
][ [[y[] |21 ]2 [y ]]2]

Multiplying up both members of the preceding inequality by ||z||||y|| |||
and rearranging terms yields the inequality claimed. Equality holds when
x,y, 2z are collinear and when x,y, z are orthogonal.

This completes the proof.

Theorem 2. Let (X, < -,- >) be a real or complex inner product space and
let z,y, z be nonzero vectors in X. Then, the following inequality holds:

|<z,y>|+|<y,z>| |<y,z>|+]|<z,z>]
Iyl < z,2>| 2]l [ < z,y > |
|<@z>hﬂ<xy>\26
|zl <y,z>|
<z,y> <Y,z > < z,r >,
Proof. Setting a = il , b= S22 and e = |22 7 into the
[zl gl 1yl =] [12[] 1]]]
well known elementary inequality
b b
a+ n +c n c+a > 6

c a b ’
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[<<x,y> <y,z>>/
+
[ [yl [yl 1]=]]
_ Z | <zy>[+[<y,z>|
lyll| < z,2>|

we have

<z,x>]_

= =N Tle]

> 6

cyclic

Theorem 3. Let (X, < -,- >) be a real or complex inner product space and
let z,y, z be nonzero vectors in X. Then, the following inequality holds:

| <zy>|llzll +1<yz>llzl]l | | <yz>][llz]l+]<zz>]]|]yl
| <z2> |||yl | <z, y> [l
JL<ze > bl + <oy > [l
| <y,z>|]lz|
<zy> <y, z> < >| .
Proof. Setting a = il , b= S22 and e = |22 2 into the
[zl gl [yl =] [z[ ]Il
well known elementary inequality
b b
a+ " +c n c+a > 6,
c a b
we have
[<<xy> <y,z>)/ <z,x>]_
Iyl I =] [lz[| =]l

cyclic

::§:\<%y>\WH+!<%Z>HWH26

= (<22 > Iyl
Equality holds when z = y = 2z and the proof is complete.

Theorem 4. Let (X, < -,- >) be a real or complex inner product space and
let z,y, z be nonzero vectors in X. Then, holds:

‘<%y>\M\‘<%z>M\’<ax>IWH>3

<y,z>| [zl <z >yl [<ay>| 2]
Proof. Applying AM-GM inequality to the positive numbers a, b, ¢
immediately follows

a b ¢
-+-4+-2>3
b ¢ a
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<z,y> <Y,z >

e = Tl Tl =1 ENE kS
preceding inequality and rearranging terms we get the inequality claimed.

<z,xr>

Now, setting a = and ¢ = into the

Theorem 5. Let (X, < -,- >) be a real or complex inner product space and
let x, 4y, z be nonzero vectors in X. Then,

‘<ar:,y>3 ‘<y,z>3 '<z,:z:>3>3‘<x,y><y,z><z,x>'
|21 [E41 lyll | — [ [[ [lyl] |]=I]
<m0y > <z,x>

Proof. Setting a = into the

_‘<y,z>
b= |t

||l || [yl
well known elementary inequality a3 4 b3 4 ¢3 > 3abc, we get

‘,andc:

‘<x,y>3 '<y,2>3 <x,y><y,z><z,x>'

1Ell ||| [ Tyl =]

Multiplying up both members of the preceding inequality by ||z|| ||y||||z]]

z 2| |z
‘<x’y>|3+wl<y,z>l3+w
] y]]

>3l <x,y><y,z><z,x>|

'< Z,T > 3
[yl

g

[lz[[ [yl
12112

| < z,z> 3

TIY
Z |H!I”zHl <zy>P>|<zy><yz><zz>|
cyclzc

Equality holds when z,y, z are orthogonal. This completes the proof.

Theorem 6. Let (X, < -,- >) be a real or complex inner product space and
let z,y, z be nonzero vectors in X. Then,

2
X
E:H;H|N<%Z>PZ‘<%9><%Z><4x>|

cyclzc

Proof. Setting a = =4y > _ =¥z ,and ¢ = =A4HT > into the
||| [[y]] [yl |1zl [z[|{]l]
well known elementary inequality a® + b3 + ¢ > 3abe, we get
<z,y>® |<yz>]® |<zz>? <TYS<yz><z,T>
=3 2 2 2
| [yll]|2 [lz[| ][] 112 1yl []=l]
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Multiplying up both members of the preceding inequality by ||z||? ||yl ||z||?

[lyll*

[Edl
1211 {]]]

[l [[ {1yl

[l

| < z,z> |3
[yl 1]=| ’

| <zy> P+ | <y, z> 3+

>3 <zy><y,z><zx>|

Taking into account the well-known Cesaro’s inequality. Namely,
(a+b)(b+ c)(c+ a) > 8abc valid for all triples of positive real numbers, we
derive two new inequalities.

Theorem 7. Let (X, < -,- >) be a real or complex inner product space and
let z,y, z be nonzero vectors in X. Then, holds

‘<x,y >S< Y,z >< 2,x >

e ‘ (@)

1
s 1 (el <yz> 1+l <2y > ) >

cyclic

}H <]<x,y> ]<y,z>]>>‘<x,y><y,z><z,m>‘ ()

AL IE] IENEE
<zy> <y z>
Proof. (a) Setting into Cesaro’s inequality a = il , b= ‘yz ,
[z 1yl [yl ]]=]]
and ¢ = =% > yields
[z[| |l
<z,y> <y,z> <z, Yy ><y,z>< z,x>
H =8 212112112
[zl gl |yl =] [l [y 1* ]|

cyclic

from which (a) follows after rearranging terms.
<zy> <y,z>

_ . Iz |||
inequality again, we have

<z,r>

into Cesaro’s
[yl|

(b) Setting a = , b=

,andc:’

H <'<x,y>' ‘<y,z>‘> >3 ’<x,y><y,z><z,x>'
||| ||| [ [yl 1]zl

cyclic

and (b) follows.
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Theorem 8. Let (X, < -,- >) be a real or complex inner product space and
let z,y, z be nonzero vectors in X. Then, holds

1 < x,y >? cos(z,y) p/3 3
- Z ’ ’ > H | cos(x, y) [P/
4 — )
3 cyclic HZH cyclic
< > < > < >
Proof. Setting a = 'm‘ b= ‘ ﬁ’ﬂ ’ ,and ¢ = ’m into the
z x Yy

inequality a? + bP + ¢ > 3(abc)P/?, we have

‘<:U,y>p ‘<y,z>p ‘<z,x>p>3‘<x,y><y,z><z,x>p/3
||l [|l] yll 1~ IEII ]

or

1 <x,y>‘p 3 1

22 | 2 I T<ey >

= 3

3 qae el eyt (EIEDG

Multiplying up both sides of the previous inequality by (||z|| ||y|| ||z|])* /3 we

get

p/3
> [ I <zy> 3

cyclic

el lsll oo
B

53

cyclic

Taking into account that < z,y >= ||z|| ||y|| cos(z,y), we get

S | TN o/
3 Z WCOS (zy)| = H [ [[y[| cos(z,y)|
cyclic cyclic
p/3 3
> (=P I 1211%)"7 TT leos(a, y)”
cyclic
or equivalently,
2 2 p/3 2 p/3
1 <zy > ,
1 Z ||| ||;71J|| cob(z,y)| =+ Z x,y c4os(x Y) >
cyclzc H || 3cyclic HZH
> [T leos(a, y)1?

cyclic

This complete the proof.



508 J. Gibergans-Béaguena, J.J. Egozcue and J.L. Diaz-Barrero

Theorem 9. Let (X, < -,- >) be a real or complex inner product space and
let z,y, z be nonzero vectors in X. Then, if «, 3,y > 0 such that
a+ B+ =1holds

Y a

cyclic

[zl llyl] <z,y>""*
<Y,z >B< 2w >

| 7] | e

Proof. We begin proving the following inequality: if «, 3, > 0 such that
a+ B+ v =1, the holds

b’ <aa+pb+c

Taking into account Jensen’s inequality

if f(z)=Inz, 1 =a, g2 =0b, g3 =cand x1 = a, x9 = b, x3 = ¢, then

In(aa+ Bb+yc) > alna+ Blnb + ylne = In(a“b’c)

<zy> <y,z> <zx>| .
Setting a = ik , b= L4 ,and ¢ = ‘ into the
S 2] Tyl
preceding inequality, we have
<zy>|*l<y,z>Pl<z,z>] <z,y> <y,z> <zT>
> a|——— |15 +
||| [E41 [yl |21 ||| [yl

Multiplying up both sides of the previous inequality by
(<z,y>2<y,z>P< 2,2 >’7)71 we get

<y, z > ly|| ||=]]
<z,y >z, >

'<:u11>1_“H$HHyH
«

<zx > |z|]||2]|
<y,z>PB<z x>

<zy >o<y,z >P

+5]

< [fael|7 Myl =)

This complete the proof.
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On the Twice Repeated Trapezoid and
Hermite’s Rules

Vlad Ciobotariu-Boer 4

ABSTRACT. In this paper, we state some derived quadrature formulae for which
the errors of approximation are smaller than in the twice repeated trapezoid rule.
We also give examples to show that the bounds obtained within this paper may be
tighter than in the one above. In the end, some applications for special means are

given.
1. INTRODUCTION

The following inequalities are well known in the literature as the trapezoid
inequality (see [1])

b
f(a) + f(b) 1"l
/f(:c)dx—Q-(b—a) < T-(b—a)3 (1.1)

and the midpoint inequality (see [2], [3])

b
/f(x)dx—f(a;b) (b—a)| < %-(b—a)z)’, (1.2)

where the mapping f : [a,b] — R (a,b € R, a < b) is supposed to be twice
differentiable on the interval (a,b), with the second derivative bounded on
(a,b), that is,

1f"lloo =" sup |f"(z)] < oo.

z€(a,b

In this paper, we point out the twice repeated trapezoid rule, namely

4Received: 11.01.2009
2000 Mathematics Subject Classification. 26D15, 65D30, 65D32.
Key words and phrases. Midpoint and trapezoid rules, integral inequalities.
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/bf<m>d:c—;-[f(“)+f<”’+f(““’)]-<b—a> <

and the twice repeated Hermite’s rule on a double point, namely:

/bf(””dw‘ o [T (50)] - O - s <

”f;';‘“ - (b—a). (1.4)

If we consider that A :a =29 <21 <2 <...< Zp_1 < T, = bis a partition
of the interval [a,b] and f is as above, then we can approximate the integral

<

b
[ f(z)dz by the quadrature formulae Arr(f,A) and Aggr(f, f/,A), having
the remainder terms given by Rrr(f, A) and Rugr(f, /', A), where

Arr(f,A) = % . g [f(xi—l);r flai) f (951—1;332)} i,

Aur(f, £/, A) == é . i |:f(xi—1)2+ f(x) Ly <37z'—12+ xzﬂ hy—

i=1
[f/(l"i) - f/(%el)} ) h?v

=1

1
32

and the remainders satisfy the estimations

1 n
[Ree(f, A)1 < 1" loo - > 1,
=1

1 n
‘RHR(faflaA)l < % : HfHHOO Zhg)a
i=1
where h; ;= x; —x;_1 fori=1,2,...,n.

In this paper, using some classical result from the Theory of Inequalitites
(Holder’s inequality, Griis inequality, Hermite-Hadamard inequalities), we
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state some quadrature formulae for which the errors are smaller than the
ones given above.

Some applications to special means: arithmetic means, geometric means,
identric means, logarithmic means, etc., are also given.

2. SOME INTEGRAL INEQUALITIES

We shall start with the following lemma, which will be useful in the sequel.

Lemma 2.1. Let f : [a,b] — R be a twice differentiable mapping on (a, b).
Then, we have the identities

,{f<a>+f<b>+f<a+b>}_ ! ./fmdx:

N | —

2 2

- w(;_@./b(x—a)(b—x)- [f” (x—;—a) + 1" (‘x;rbﬂ dz (21)

and

b

_ m(bla)/<x_ “;b>2. [f“ <$2+“> L (”32”’)] de.  (2.2)

a

Proof. At first, we show that
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We have succesively

/b(x—a)(b—x)j”(x;a)dx

2—2-/(—2x+a+b)~ [2~f<x;a>]/dx:

— 2= a0 1 (55°)

—4b—a)- [f( : >+f(a)} —16-/ f(@)da.
We can also prove that

b

/(w—a)(b—:ﬁ)-f” (T’) dz =

a

—A(b—a)- [f(b) ny <“;b>] - 16-/; Fx)de. (2.4)

From (2.3) and (2.4), we obtain(2.1).

In order to prove (2.2), we show that

a+b

b 9 atb
/(x_a;_b> .f”<$2+a>dx:16-/2 f(z)dz—

a

—A(b—a)- [f (“ : b) + f(a)} 4 ‘2“)2 . [f’ <‘”2”’> _ f’(a)] . @25)

By calculation, we have succesively

Jemt) ey (53 (3o
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- (b;a>2-{f’<a;b> f’(a)]4-a/b <x— “;b>[2-f<x;ra>]/dx:

_ (b—2a)2 _ [f/ (“‘2”)> —f’(a)} —4(b—a)- [f (a;b> +f(a)] +

_i(b— a)- {f (a;l)) +f(a)] +16-/ Fa)da.

We can also prove that

J o) (e o ()

—4lb—a)- [f <“ ’ b) + f(b)] + i F(@)da. (2.6)

From (2.5) and (2.6), we deduce (2.2).
The following lemma also holds.

Lemma 2.2. Let f : [a,b] — R be a twice differentiable mapping on (a, b)
and suppose that

1" |so := sup |f"(z)| < oo.
z€(a,b)

Then, we have the estimations:

b

/f(x)dx—;- [WH(“?)] (b—a)

<




On the Twice Repeated Trapezoid and Hermite’s Rules 515

%-(b—a)?’

L a2+

<9 Mg Blo+1p+ 1)) - (552)777,
U5t (b —ap?

D=
Q=

%-(b—a)?’

[1"1lq . (b—a)2+%
1
4(2p+1)P
||f32\|1 (b— a)?

IN

; (2.8)

where

b b %
HMhF/W%MaHWMF</U%W>,mA

and B is the Beta function of Euler, that is,

1
B(l,s) := /t“ (1 —t)*tdt, 1,5 > 0.
0

Proof. From (2.5), we get the equality

b

'[f(a);rf(b)Jrf(a;b)} .(b—a)—/f(x)dx:

a

N

b

_ % (z —a)(b—z) - [f” (552”) + 1" <x;rbﬂ dz.

a

Thus



516 Vlad Ciobotariu-Boer

a/b d:n—f [ );f(b)Jrf(a—gb)] 6-a)| <
e (52
Note that
/b (@ - a)(b— ) = L=
and then '

/b(x—a)(b—x).(

a

b

<2 [ =)o - rye = 5]

5 (b—a).

a

Thus, by (2.9), we get the first inequality in (?7). Further, by Holder’s and

Minkowski’s integral inequalitites, we obtain

/b(:c—a)(b—:c) z <~’02+a>+f,, <x2—|—b)

a

< (/b(xa)p-(bm)pdm);. ( ir (ﬂr;a)”u (m2+b>

a

2

dz <

0

1
q q
dx) <
1 X 1
q 1 q q
dx) _|_( //(552—’_b> d:c) ]<
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b

<21, / (x —a) - (b— 2)Pda,

a

where }D + é =1, p>1and ||f"||, is as given above.
Now, note that

b 1
/(a:—a)p-(b—a:)pdx = (b—a)2p+1-/tp-(1—t)pdt= (b—a)***1.B(p+1,p+1),
0

a

where B is the Beta function of Euler, and the second inequality in (2.7) is
proved.

Finally, we have

b
J@-ap-a-

n{Tta nfx+b
() ()
e

b
—a 2 "

2

and the third inequality in (2.7) is proved.

From (2.2), we deduce the equality

[ oraa =g [FO7 I s (430)] 0=+ O - s =

b 2
) () e () e

Thus
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Noting that

we have

Je s (r () ()

b
a+b\? b—a)’
<20l [ (2= 50 ao = C 1)

a

Thus, by (2.10), we find the first inequality in (2.8). Further, by Holder’s
and Minkowski’s integral inequalities, we deduce

b 2

[(-57) - (50) o ()
/ a+b\% g ; r+a T+0b
[(=552) ) ([l (7)o (55)
f//<x‘2|_a)

de <

PANK
<
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1
b v

1 b\ *
<2017, - /(m—a;> dz |

a

where % + % =1,p>1and ||f"||, is as given above.

Now, noting that
b 2
/ a+b\? (b— a)2p+1
T — de = ——F———,
2 (2p+1)-2%

the second inequality in (2.8) is proved.

In the end, we have

Je-s2t) ()b (30
S ) (52 e

b
(b=a)® [ :
< i = T - 2

2

and the third inequality in (2.8) is proved.
Another result of interest is the following lemma:

Lemma 2.3. Let f : [a,b] — R be a twice differentiable mapping on (a, b)
and assume that

m:= inf f’(z)>—-o00 and M := sup f"(z) < oco. (2.11)
z€(a,b) z€(a,b)

Then, we have the estimation
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—a)3 (M —
< b—a) (M —m) (2.12)
128
Proof. We apply the celebrated Griiss’ inequality which says that:
. b . b b

| h - . . <

P / (x)g(z)dx b—a)y /h(x)dx /g(x)da: <
L (@-9)T =) (2.13)

— 4 9
where g, h are integrable mappings satisfying the conditions ¢ < h(z) < @
and v < g(z) <T for all = € [a,b].

Now, if we choose in (2.16)

= (o= 50w = () e (55 et

=0, &= vy=2m, and I =2M,

and we can state that

1 / b2 b 1
_a—|— . Y i n [T+ I

[ ) () ()| e

s o [l (552) o ()

a a

: (2.14)

Since

and
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j{W<f?v+¢”C§hﬂdm=%/ﬂ@Mx=%Nw—fmm

then, from (2.14).

i(m‘a§§2[ﬂ<x§a)+ﬂ<x§€ﬂdx—“;”2¢mw—fmn

a

=P —m)
- 8
Finally, using the identity (2.2), we have:

_ - (M—m)
- 128

and the lemma is proved.
In the following, using a classical result on convex functions due to Hermite
and Hadamard, we state the lemma:

Lemma 2.4. Let f : [a,b] — R be a twice differentiable mapping on (a, b)
and assume that —oo < m < f"(z) < M < oo for all z € (a,b). Then, we
have the double inequalities

m 1 [f(a)+ f(b) a+b 1
48-(b—a)2§§- 5 +f< 5 )]—b_a /f(w)de
M

and
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%‘(b—a)QSbia /f(a:)dx—;.[f(a);‘f(b)+f<a—2|—b>}+
+b3_2a [f,(b)_f'(“)]ﬁ%-(b—a)2 (2.16)

- U (2.17)
and
b
I [fl@)+ (), (a+b
o 23239
(b= 1y - ) - DO @ (M =m)b=a) g
2 192 = 192

Proof. We use the following inequality for convex mappings g : [a,b] — R
(see [4])

bia'/g(x)dx _ % [g(a)+g(b) +g<a‘2”’>]. (2.19)

Let us choose firstly g : [a,b] = R, g(z) = f(z) — % - (z — “T’Lb)g. Then g is
twice differentiable on [a, b] and

/@)= 7@ =m (2= 50). ') = £~ m = Oon (a,0),

hence, g is convex on [a,b]. Thus, we can apply (2.19) for g and we obtain

b
1 m a+b\2
b—a'/ f(a:)—2-<a:— 2 >

dx <
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<

% [f(a)—;f(b) Ly (a—;b> - m(bS—a)T

map e b LSO (e L,

m
48 2 2

which is identical to the first inequality of (2.15.)

The second part in (2.15) follows by (2.19) applied to the convex (and twice

differentiable) mapping g : [a,b] — R, g(x) = % (x - aTer)Z — f(z).

In order to prove (2.16), we can write successively

om < f" (f”2+a> + 1" (T) <2M,

(53 = () P (5 o ()]

Je s I (5 o (3o i (252 o

or, applying the identity (2.2)

b
m 1 1 [f(a)+ f(b) a+b (b—a)
AR v /f(x)dx_z'[ 2 +f< 2 )] 32
F6) ~ (@) < o - (b a?
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Now, it is straightforward to see that, for « <t < 8 and thus
‘t— a—w‘ < ﬁ % on taking o = £ - (b—a)? and g = %‘(b—a)Q, from (77)

we get the de51red estimation (2.17). If we take v = g& - (b — a)? and

8= % - (b—a)?, from (??) we find the estimation (??)

Remark 2.1. In the conditions of Lemma 2.1, if the mapping is convex on
[a,b], then

5 [M s (50)] - P52 e - ran < -jf(x)dxs

2 32 b—a
<L [Hrio) g (a20)],

3. SOME QUADRATURE RULES

In this section, we consider applications of the integral inequalities developed
in Section 2.

Theorem 3.1. Let f : [a,b] — R be as in Lemma 2.2. If
Ata=x90<z1<...<Zp_1 <z, =>1is a partition of the interval [a, b],
then we have

b

[ @) = Arn(£.8) + Bra(s.8) (3.1)

and

b

/ f(@)dz = Ann(f, ', A) + Run(f, £, A), (3.2)
where

3y L S [ S (rasa]
=1
and
Aur(f, £/, A) 7% Z{ Zio1 +f(:m) f<xi_12+xi>] e

=1
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1 . /(. I 2

39 o [f (xz) f (xzfl)} hi,
are quadrature rules and the remainders Rrr(f, A) and RTr(f, f', A) satisfy
the relations

[Rrr(f, Q)] <

n
171l - 2 b
1=

7 1 n
2+ 1 i p g
33 1]l - 0*(A)
and
1 " - 3
a6 1" Moo = 22 B3
=1 . 1
1" P
Rim(f 7 A <3 e ($2021)7 Lk —1 1 (34)
2" p.(2p+1)P i1
[ 35 177l v*(A)
where h; :==z; —x;-1,i=1,2,...,n and v(A) = max h;.
i=1n

Proof. Applying the first inequality in (2.7), we obtain

for alli € {1,2,...,n}.
Summing over ¢ from 1 to n, we get the first part of (3.3).
The second inequality in (2.7) gives us

(7fQMx_;,V@Fo+fw»+f(mA+xO]wdS

2
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1 xT; %
hi\*"» 1
< (%) mor - | [ iroma
Li—1
for alli € {1,2,...,n}.
Summing and using Hélder’s discrete inequality, we obtain
b
Ren(£,8)] =| [ fla)de — Ara(£,8)| <
1
n 2p+1 z; B
<o+l Y () 7| [ 1w | -
S p P £ 9 =
- Li—1

Q=

1 n 2p+1 % n
—[B<p+1,p+1>1p-<z(i;’) ) A [ isoma| =
i i:1561‘71

1
n v
1 2p+1
- 92+3 -[B(p—i—l,p—i—l)]ﬁ-(il:hip ) -
1=

The third inequality in(2.7) gives us

/ T LR O e

2

[ 1
i1
for alli € {1,2,...,n}.

Summing over ¢ from 1 to n, we obtain

IA
B

n

rRTR<f,A>\§312-; / | - n

Li—1

SO
IN



On the Twice Repeated Trapezoid and Hermite’s Rules 527

i=1,n

1 2 g i " 1 2 "
Sgp et 3 /|f (ldt | = 55 - 0> () - 17l
- i—1

g

and the relations (3.3) are proved.
Now, applying the first inequality in (2.8), we have

1 [fziz1) + fxs) Ti—1 + T h?
/f(fv)dx—2-[ 5 +f( 5 >] hi + 35
h3
< o1

for alli € {1,2,...,n}.

- (i) — fl(@im)]] <

Summing over ¢ from 1 to n, we obtain the first part of (??). The second

inequality in (2.8) gives us

" @

1 h; 2+

<t (5) | [ i
4(2p+1)7 o

for alli € {1,2,...,n}.
Summing and using Holder’s discrete inequality, we find

b

Run(f, £, A)] = / F@)de — Aur(f, £, A)] <

Q=

< SRt / ()0
Ti—1

f (i) = f(wi)]| <

<
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Q=

IN

1 x;
1 n P n
(Zhi”“) 1> / f()ede | =
i=1 i=1,7

25 . (2p + 1)
(5 e
" q T hip+
p

r-(2p+1) i—1

8) gives us

B =

D=

2
The third inequality in (2.

[ (o)t — - (LI g (Bt S B ()~ )] <

2 2

2 1
71 dt
<3 / ()]
for all € {1,2,...,n}.

Summing over ¢ from 1 to n, we obtain

32

T

[Bum(f, 8] < 5 > | [l | <

1 2
< — (A )y
< o5 () 1]l

and the theorem is completely proved.
We shall now investigate the case when we have an equidistant partitioning
of the interval [a, b], given by

b—a

A:x;=a+ -1, 1=0,1,...,n

The following result is a consequence of Theorem 3.1.
Corollary 3.1. Let f : [a,b] — R be a twice differentiable mapping and
[|/”l|cc < 0. Then, we have

b

/f(l’)dﬂﬁ = Atrn(f) + RTRn(f)

a
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and

b

/ f@)de = Aura(f. f) + Runn(fs f)

where

prt 2 2n
and
Anralf 1) = 5 "
" a+ e (- a+ =a —a
3 fla+ e 1)2)+f(+n ))+f<a+.(2¢—1)>]—
=1
)2
O 1) - £ )

and the remainders Rrgr ,(f) and Rur,,(f, f') satisfy the estimations

(GRS
48n2
” o241 1
Rrra(Hl <) 10 (250" B+ Lp+1))r, 1+1=1p>1
b=a)*||f"|ly
32n2
and
(b=a)*[|f"]|o
96m2
1/ _ 2+l
R ,/ < f"Ng . (b=a P, l_|_l:1, >1
’ HR,n(f f)‘ = 4(2p+1)% ( 2 ) P q p
(b—a)* || /"]l

32n2
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for all n > 1.

Theorem 3.2. Let f : [a,b] — R be as in Lemma 2.3 and let A be an
arbitrary partition of the interval [a,b]. Then, we have

b

/ f(x)dz = Aun(f, £, A) + Bun(f, 1, A) (3.5)
where
Aur(f, f',A) % ;{ Tio1 +f(xz) f<xi_12+xi>] i
1 = / !
e I ) — )] 2

=1

is a derived rule and the remainder term Ryugr(f, f’,A) satisfies the
estimation

M—-—m -5

128 4=
=1

|[Rur(f, f',A)] < (3.6)
where the h; are as above.

Proof. Writing the inequality (2.12) on the intervals [z;_1, 2]
(i=1,2,...,n), we obtain

= Lo ) (B o 1)~ £ 12 <

M-m 4
< R
- 128 ¢

for alli € {1,2,...,n}.
Summing over ¢ from 1 to n, we deduce easily the desired estimation (3.6).

Remark 3.1. As

0<M—m<2-|[f"|o0,
then
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M—m _[1f e [1flee
128 ~ 64 48

b
and so, the approzimation of the integral [ f(x)dx by the use of
Anr(f, f',A) is better then that provided by the formulae Arp(f, A) for

every partition A of the interval [a, b).
The following corollary of Theorem 3.2 holds:

Corollary 3.2. Let f : [a,b] — R be as in Lemma 2.3. Thus we have

b

/f(l’)dil] = ZHR,n(fa f/) + RHR,n(.ﬂ f/)v

where

ZHR,n(fvf/): b_a'z

2n
i=1

b—a

w (0 2520 )] - L2t o) - )

and the remainder Ry ,(f, f’) satisfies the estimation

(M = m)(b - a)?
128n2

‘RHR,n(fa f/)‘ <

for all n > 1.
Now, applying Lemma 2.4, we state the following quadrature formulae:

Theorem 3.3. Let f be as in Lemma 2.4. If A is a partition of the interval
[a, b], then we have

b
/f(ﬁﬂ)dm = Arrm,M (f, A) + RrRm,m (f, A) (3.7)

a

and

b
/ f(x)dx = AHR,m,M(f; f/7 A) + RHR,m,M(fa f/7 A) (38)

a
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where

Arrmar (f, A) = ;zn: [f(:vlw) + f(z:) ny (Wﬂ P +M.Zn: B3
i=1 '

and

Aurm oy (f, [, A) = % : Z {

=1

f(évz'l);— f(zi) +f <W>] Ty

n n

1 2 0 — (. m+M, ;
_m';hi'[f(%) Flim)] + 192 ;hi

are two quadrature formulae and the remainder terms RTR m a(f, A) and
Rur,m,m(f, f', A) satisfy the estimations

M-—m <&
m A)| < N RS )
|RTRm,m (f, Q)] < 96 ; i (3.9)
and
M—-—m <&
m A< : 3, .
[Rummar (£, 1 8)] € =5 Z;h (3.10)

Proof. Applying the inequalitites (2.17) and (??) on [z;_1,x;], we get

/ f(:r)dm—% |:f(xi—1)2+ f(xi) ny <$7;—12+ sz>] bt m+M 13| <

M —m
< - h3
- 96 !

and

7i f)de — % [f(xi—l) +f@) g <$z’—1 +$z>] hat
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hZQ ’ , m + M 3 M —m 3

A N ) _ 3 < RS

for alli € {1,2,...,n}.

Summing over i from 1 to n, we deduce easily the desired estimations (3.9)
and (3.10).

Corollary 3.3. Let f be as above. Then, we have:

b
/f(ﬂﬂ)dx = AtrmMn(f) + BTRm M (f)

a

and
b
/f(x)dx = AHR,m,M,n(fv fl) + RHR,m,M,n(f, f’)
where
1 G fla+ B2 (- 1) ++f (a+ 2 9)
ATR,m,M,n(f) = 5 . ; 5 n
b— M
+f <a +— (20— 1))] 96_1:2”1 (b— a)S
and
n b—a - b
Anrmmn(f, ) = % : flat2ge -G 1)2) +f(a+ =2-9)) )
=1
_ b— a)? I
+f <a+ 5270, . (2i — 1)>:| _ ( 32a) . [f,(b) . f’(a)] 4 19;-”7;”0 . (b— a)3

with the remainder terms RrR m an(f) and Rur.m amn(f, f') satisfying the
estimations

M —m

oez (0~ a)*

| RTR,m, M (f)] <

and
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M—m
19202 (b —a)’.

Remark 3.2. As0< M —m < 2-||f"||co, the approximation given by
b

| Rir,m, i (f5 )] <

Aprmmn(f, ') to the integral [ f(x)dx is better than the first given by

Arrn(f)-

4. APPLICATIONS FOR SOME SPECIAL MEANS
Let us recall the following means:
a) The arithmetic mean: A = A(a,b) := %b, a,b>0;

b) The geometric mean: G = G(a,b) := Vab, a,b > 0;

¢) The harmonic mean: H = H(a,b) := 1+1, a,b > 0;

a, 1f a=1b
d) The logarithmic mean: L = L(a,b) { ln(b 1fa £b a,b>0;
a,if a
e) The identric mean: I = I(a,b) :=q
o (%) SRS
f) The p-logarithmic mean:
a,ifa=1"
L=1L,(a,b):= gt _gptl , peR—-{-1,0}.
[@ﬂﬁfﬂ} a7 b

The following inequalities are known in the literature

H<G<L<I<A.

It is also well known that L, is monotonically increasing for p € R (assuming
that Lo := 1 and L_1 = L)

4.1. Results for the rules (2.7) The inequalities (2.7) are equivalent to

o [0 (]
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Wl — q)2
1" 1 1+1
<{ W Bp+ip+1)r (5527, b+l=1p>1 (4D
Ll (5 — )

We can now apply (2.7) to deduce some inequalities for the special means
given above using some particular mappings as follows.

i) Consider the mapping f : (0, +00) — R, f(z) = 2", where r € R — {0, 1}.
If a,b € (0,400) with a < b, we have

1(5) =@,

b2 if r € [2,00)
17 o - . ) )
170 = lrtr =1 { B S B y

Qe

1f"llg = Ir(r =1)[- (b —a)a - Lyt (a,b),

(r

11y = Ir(r = 1)] - (b= a) - LyZ}(a,b).

Thus, the inequalities (4.1) give us

|L"(a,b) — % [A(a", ") + AT(a,b)]] <

|r(r7121|8-5r(a,b) . (b o a)Z

1
S = Dl (b— ) Ly () [Blp+ Lp+ D)7,

1,1
p T g

IN

[r(r—1)|- LI} (@.b)-(b—a)?
32

where

=1p>1,
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br2if r € [2,00)

57’(0‘7 b) = { aT727if7’ S (_0072) - {_1’0}

ii) Consider now the mapping f : (0, +00) — R, f(x) = %, and

a,b € (0,+00), a < b. Then, we have

b

i [ f@ne =

a

fla)+ f(b) _ Ala,b)

L~ 1(a,b),

2 T G2(a,b)’

f(a;b>:A<i,b>’

2
1" 1loe = =5+

I
1 llg =2(b—a)a - L”

171l =2(b - a)
Then, the inequalities (4) give us

1A 1)1 o111
L 2|G2 Al|l|l |L 2\H A
(b—a)?
24a2
—a)2 . 1
<0 O L) B+ Lo+ 1),
—a)2 _
(blﬁ) 'Lfg(avb)

5,(a,b),

- L73(a,b).

1

7~

1
p

_l’_

1
q

1
) <

=1,p>1

iii) Let us consider the mapping f : (0,+00) — R, f(z) = Inx, and

a,b € (0,+00), a < b. Thus, we have

b
1

b—a

a

~/f(m)dx:lnl(a,b),
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F@+F0) 1 i,

2
F(*5") = mata
1
110 =
1 _
171l = (6 — )t - L3, (o, B),

111 = (b~ a) - LT5(a,b).
Then, the inequalities (4.1) give us

(b—a)?
48a2
I —_a)? _ 1
lnm’§ U L) B+ Lp+lr, L4 g=lp>L
b—a)? —
(32) -Lfg(a,b)

Results for the rule (2.8). The inequalities (2.8) are equivalent to

b
a b a+b b—a '
bia./f(x)da:—;'[]c();f()—kf( ; )]Jr 35 0 = fla)lf <
U lee . (3 — )2
15", (ba)i+p 11
< e 5%) , 3ty =1Lp>1 (4.2)
gt --a

Applying (4.2) to the mappings chosen for (4.1), we obtain successively:

i) For the mapping f(z) =", r € R — {0, 1} on the interval [a, b] C (0, +00).
Noting that

POSO vy g
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the inequalitites (4.2) become
1
Li(a.8) — - (A 0) + A7(@,5)] + rlr — (b —a)® - L 3(a.b)| <

r(r—1)|-6r(a,
=D ad) | _ g2

r—1
|r(r71)|-Lq(T_1) ga,b) .

(b - a)27

2D (2p 1)
[r(r=1)I-Ly =1 (ab)
IC=DEEED (g2

L on the interval [a, b] C (0, 4+00).

Tz

ii) For the mapping f(z)
Noting that

the inequalities (4.2) become

1 1 /A 1 (b—a)? A 1 1 (b—a)?
——s ==t )+ —il=1F - + <
L 2 \Gz A 6 G4 L H(H/A) 16HG?
(b—a)?
48a2

(b—a)?-L =3, (a,b)
1 1
2Pt r.(2pr1)7

(b—a)?-L=3(a,b)
16

+>=1p>1

1,1
P g

iii) For the mapping f(z) = Inz on the interval [a,b] C (0, +00).
Noting that

—a G
the inequalities (4.2) become

(b—a)?

96a2
| r (b—a)? (b—a)® LT3 (ab) | +loq1p>1
YVAG 326G | 2 haprny P47 '

(b—a)?-LZ5(a,b)

32

Remark 4.1. If we use the inequalities (2.12), (2.17) and (2.18), we can
deduce similar results. We shall omit the details.
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On an Extension of the Hilbert Integral
Inequality

Chen Xiaoyu, Gao Mingzhe and Mihdly Bencze®

ABSTRACT. In this paper it is shown that an extension of the Hilbert integral
inequality can be built by introducing a parameter A (A > —1). And the constant
factor expressed by I'-function is proved to be the best possible. As applications,
some equivalent forms are given.

1. INTRODUCTION

Let f(x), g(x) € L?(0, + oo). Then

//f dxdy< ™ /f2 /g2 (z) dx (1.1)

where the constant factor 7 is the best possible. And the equality contained
in (1.1) holds if and only if f(z) =0, or g(x) = 0.

|
8
V]

This is the famous Hilbert integral inequality, see [1],[2]. Owing to the
importance of the Hilbert inequality and the Hilbert type inequality in
analysis and applications, some mathematicians have been studying them.
Recently, various improvements and extensions of (1.1) appear in a great
deal of papers (see [3] etc.).

Specially, Gao and Hsu enumerated the research articles more than 40 in the
paper [4].

0
For convenience, we define (ln %) = 1, when z = y. The purpose of the
present paper is to establish the Hilbert-type integral inequality of the form

SReceived: 05.07.2009
2000 Mathematics Subject Classification. 26D15.
Key words and phrases. Hilbert integral inequality, I'— function, Euler number,
Catalan constant.
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//‘ln (y)d$dy§ C 7f2(x)da: : 7Og2(a:)dx % (1.2)
0

where A > —1. We will give the constant factor C', and will prove the
constant factor C' in (1.2) to be the best possible, and then give some
important and especial results, and study some equivalent forms of them.
Evidently, the inequality (1.2) is an extension of (1.1). The new inequality
established is significant in theory and applications.

2. LEMMAS

In order to prove our main results, we need the following lemmas.

Lemma 2.1. Let a be a positive number and A > —1. Then

o0

/x)‘eaxda; = M, (2.1)

A
0

where I'(z) is I'-function.
Proof. According to the definition of I'-function, we obtain immediately
(2.1). This result can be also found in the paper [12] (pp. 226, formula 1053).

Lemma 2.2. Let a be a positive number. Then

T 2G

= 2.2
/cosha:n a? (2:2)
0

where G is Catalan constant, i.e. G = 0.915965594 -
Proof. Let A > —1. Expanding the hyperbolic secant functlon
then using Lemma 2.1 we have

cosh ax’ and

o0 o0 a:_Aefax o0 00
-9 dr = J? e aa:§ : k+1 —2k l)aazdx_
cosh ax 1+ e—2az
0 0

k=1

[e=]

o0 k+1

) o0
2I‘ A+1)
_ k+1 A —(2k—1)ax _
=23 () [ ey - BUED ST S
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oT(A + 1)
T

where the function G()) is defined by

G\ (2.3)

e (_1)k+1

GN) =) G T (2.4)

k=1
Let A = 1.Then I'(A + 1) = 1. In accordance with the definition of the
Catalan constant (see [10], pp.503.), i.e.

& (_1)k+1
G(l)=G= ; Tk T)F = 0-015965504 -

We obtain from (2.3) the equality (2.2) at once.

Lemma 2.3. Let A > —1. Then

1 1

1
/t— <ln t) ' 1itdt = 2P A+ 1)G(N). (2.5)
0

[N

where the function G()) is defined by (2.4).
Proof. Substitution x =In %, it is easy to deduce that

1 fe'e) 00 o0
1 N\ 1 e 2" o 1 a?
t72(In-) ——dt = 7_xdx = +—do=< | ———du
) t) 1+t 1+e ) e2% 4 e~ 2% 2 ) cosh 5z

0
By using (2.3), the equality (2.5) follows.

Lemma 2.4. With the assumptions as Lemma 2.3, then

[ee]
/t_; n 1} dt =2 T(A+ 1)G(N) (2.6)
0
where G()) is defined by (2.4).
Proof. 1t is easy to deduce that
o] 1P i 11 Foal 1P 1
/t_ In - dt:/t_ In— dt+/t_2 In—-| ——dt =
/ t| 1+t ) t| 1+¢ / t| 1+4+¢
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1

1
]-—’_tdt‘i‘/'l)é |h’l'l}’)\
0

1 A 1 A 1 A
/t—ill 1dt+/—511 L 2/t—§11 LI
= n-| — v n— v = n-| ——dt.
t) 1+¢ v) 1+v t) 1+¢
0 0 0

By Lemma 2.3, the equality (2.6) follows at once.

A

1
2 [ln —

1
dv =
t v

3. THEOREMS AND THEIR PROOFS
In this section, we will prove our assertions by using the above Lemmas.

Theorem 3.1. Let fand g be two real functionb, and\ > —1. If

0< fo° fA(x)de <+ 00 and 0 < [ ¢*(x)dx < + oo, then
1 1
‘ln 9(y) Oo2 ) OO2 :
dedy < C d d 3.1
// S dedy < 0/f<x>x O/g<x>a: (3.1)

where the constant factor C' is defined by

C=22P2P(A + 1)G(N) (3.2)

and the function G()) is defined by (2.4) and I'(z)is I'-function. And the
constant factor C' in (3.1) is the best possible. And the equality in (3.1)
holds if and only if f(z) =0, or g(z) = 0.

Proof. We can apply the Cauchy inequality to estimate the left-hand side of

(3.1) as follows.
)ln 9(y)
// dxdy <

2 2
< O/ w(@) (@) 0/ w(@)g? @) | (3.3)
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0o ‘ln 2| %
where w(z) = of S (%) dy.
By proper substitution of variable, and then by Lemma 2.4, it is easy to
deduce that

® ’111
2=/

0

1 00
5[75 _1 A 1
—) dy= [t 2]|Int dt =C 3.4
oy () = [t (3.4)
0

where the constant factor C is defined by (2.6).
It follows from (3.3) and (3.4) that

//)m . (y)d:vdy <

2 2
< C O/f (z)dz O/Q (x)dx p (3.5)

If (3.5) takes the form of the equality, then there exist a pair of non-zero
constants ¢; and ¢y such that

R TIOR RO

Then we have

c1z f2(z) = coy g° (y) = Co  (constant) a.e. on (0,4 00) x (0, + o)

Without losing the generality, we suppose that ¢; # 0, then

/ 2 (x)de = = z .
0 €1 Jo

This contradicts that0 < fooo f?(z)dx < + oo. It is obvious that the equality
in (3.5) holds if and only if f(z) =0, or g(z) = 0. It follows that the
inequality (3.1) is valid.

It remains to need only to show that C in (3.1) is the best possible.

vV 0<e<l.
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Define two functions by

; {0 x € (0, 1)

0 y € (0, 1)
lte and g (y) = _lde
T2 z € [1, 00) y 2 y €1, 00)

It is easy to deduce that

+0o0 +0o0 1
[ P@d= [ #wma=1.
0 0

If C in (3.1) is not the best possible, then there exists C* > 0, such that
C* < C and

=
>
I
=3
<8
&
+| =
—~
)
< \':
QL
S
=N
<
AN
Q
*
~
8
~hy
(&)
—~
)
S~—
QU
=
~
N[
o
\8
N}
[\
S
QL
N
~
I

0 0 0
1
o 2 0. ] 2 C*
— | [Pwa) | [Fwaw] =S (36)
1 1
On the other hand, we have
o F e f@iw
( )_// T+ oy o
0 0
£ A £
o {5} s o5
:// dxdy =
r + vy
11
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oo _14e o S by _14e
\1nt| 2 1 / /|lnt| 2 -
(L LR G SS B L ML S B
1 + ¢ 1 + ¢
1

1/x 1 1

AN nt|* ¢ 7 Tmer 5
—1—e n 2 1 2 —1—e
= d —dt —dt d
/ x T 1+ ¢ —I-/ 1+ ¢ {:1: } T
0 |1/t 1 1

1 1—e [ee) A

Int|* = 1 [ |lnt| =

—— | dt+- [ =t 3.7

€ 1 + ¢ +5 1 + ¢ (3.7)
0 1

When ¢ is sufficiently small, we obtain from (3.7) that

[N

L e 1 Tt o3
n n
H(\) = - —dt 1 — — dt 1 =
<>€/Ht +o1<>+€/1+t +on(1)

0 1

1

/‘1“' 5dt+o(1) (e —0)

By £73.4), we have

H()) = é (C+o(1)). (c—0) (3.8)

Evidently, the inequality (3.8) is in contradiction with (3.6). Therefore, the

constant factor C' in (3.1) is the best possible. Thus the proof of Theorem is
completed.

Based on Theorem 3.1, we have the following important results.

Theorem 3.2. If0<ff2 d:c<+ooand0<fg Ydz < 400, then

jlrilsoow,
// ddy§8G 0/f2()d 0/92()d . (3.9)




On an Extension of the Hilbert Integral Inequality 547

where G is the Catalan constant. And the constant factor 8G in (3.9) is the
best possible. And the equality in (3.9) holds if and only if f(z) =0, or

g(x) = 0.

Theorem33 Let A=2n (n € No) If 0 < [° f(z)dx < + oo and
0< fy° g*(z)dx < 4 oo, then

// x+y)g<y)dxdy .

< (772"+1En) /f2 () dx /g2 (z)dz p (3.10)
0 0

where Ey =1 and the FE, , are the Euler numbers viz.

Ey=1, Es=5, E3=61, £y = 1385, etc.. And the constant factor
72" E, in (3.10) is the best possible. And the equality in (3.10) holds if
and only if f(z) =0, or g(z) = 0.

Proof. We need only to show that the constant factor in (3.10) is true. When
A = 2n, it is known from (3.10) that

(o] k+1
— A+2 _2n+2 _ 2n+2 |
C = 22T+ 1)G(N) I'(2n+1)G(2n) =2 § | %

2n+1

According to the paper [11] (pp. 231.), we have

e (_1)k+1 B 7r2n+1 5
kzl (2]{: _ 1)2n+1 - 22n+2(2n)! n:

where the FE,4 are the Euler numbers viz.
E1 =1, Ey =5, E3=061, E4 = 1385, etc. Notice that

k+1
Z (2i = %,hence we can define £y = 1. Whence we obtain
C sy

4. SOME APPLICATIONS

As applications, we will build some new inequalities.

Theorem 4.1. Let f be a real function, andA > —1. If
0<f0 f?(x)dxr < + oo, then
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2
/ /x —Zky (w)du o dy < CQO/fQ(:v)dx, (3.11)

where C is defined by (3.2) and the constant factor C? in (4.1) is the best
possible. And the inequality (4.1) is equivalent to (3.1). And the equality in
(4.1) holds if and only if f(z) =

Proof. First, we assume that the inequality (3.1) is valid. Setting a real
function g(y)as

@\i%

By using (3.1), we have

o —3
\
S
+ te\a
@

%3
Q

<

Il

0\8

0\8
8 |[—/—

=
+ |8
<
\
=
8
QL
<
A\

. L L1 2 V3
=C O/fz(x)dx 0/ /0 Mf(x)daz dy (4.2)

It follows from (4.2) that the inequality (4.1) is valid after some
simplifications.

On the other hand, assume that the inequality (4.1) keeps valid, by applying
in turn the Cauchy inequality and (4.1), we have

JIE

[colN e o}

7 () dxdy—/ /

0

@\&
@\&

x)dx p g(y)dy <
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2

< / /Lanr , ] @ de | dy ZQQ(y)dy

<8

<C? | fA(x)dx 9 (y) dy

/ /

e / £ () de / Py s (4.3)
0 0

Therefore the inequality (4.1) is equivalent to (3.1).

If the constant factor C? in (4.1) is not the best possible, then it is known
from (4.3) that the constant factor C' in (3.1) is also not the best possible.
This is a contradiction. It is obvious that the equality in (4.1) holds if and
only if f(z) = 0. Theorem is proved.

Theorem 4.2. Let f be a real function. If 0 < fo f?(z)dz < + oo, then

/ /x+y z) dz 2dy<64G2Z)fz(fb‘)dﬂc (4.4)

where G is the Catalan constant and the constant factor 64G? in (4.4) is the
best possible. And the inequality (4.4) is equivalent to (3.9). And the
equality in (3.1) holds if and only if f(x) =

@\R

Theorem 4.3. Let f be a real function, and n € Ny. If
0< [y~ f3(x)dx < + oo, then

e

where Fy =1 and the FE,ss are the Euler numbers viz.
Ei1=1, Ey =5, E3=061, E4 =1385, etc.. And the constant factor

2

(x)dx p dy < (W2"+1En)2/f2(a:)dx
0

@\H

_|_
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(7r2"+1En)2 in (4.5) is the best possible. And the inequality (4.5) is
equivalent to (3.10) . And the equality in (4.5) holds if and only if f(x) = 0.

The proofs of Theorems 4.2 and 4.3 are similar to one of Theorem 4.1.
Hence they are omitted.

Foundation Item: A Project Supported by Scientific Research Fund of
Hunan Provincial Education Department (09C789).
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Some inequalities and Khintichine theorem
for intuitionistic fuzzy random variables

J.Earnest Lazarus Piriyakumar and J.Daniel®

ABSTRACT. In this paper the theoretical framework of intuitionistic fuzzy
random variable is introduced. Standard stochastic inequalities such as Markovs
inequality, Chebyshevs inequality are established for intuitionistic fuzzy random
variables. We have also established Chebyshevs theorem and Khintehines theorem
for intuitionistic fuzzy random variables.

1. INTRODUCTION

Atanassov [1,2] introduced the concept of intuitionistic fuzzy sets, which is a
generalization of fuzzy sets. In the recent years intuitionistic fuzzy sets have
been realized as the most fitting theoretical framework to deal vagueness.
Initially fuzzy sets have been advocated as a way of grasping imprecision in
probabilities. The imprecision inherent in probability models make the
distinction of probability models with standard models.

Impression in probabilities is needed to reflect the amount of information on
which they are based. Imprecise probability models are easier to determine
and extract than precise ones. Impression can stem from incomplete
information as well as from incomplete assessment. It may be due to the
conflict between several types of information. In this context intuitionistic
fuzzy set is the unique set that manifests a coherent association between the
universes related to available information and non-available information.

When fuzzy sets are employed to determine uncertainity one must ensure
appropriateness of the membership functions. In case of random phenomena,
where dimness of perception is prevalent random excitation and fuzziness

5Received: 01.02.2009
2000 Mathematics Subject Classification. 03E05
Key words and phrases. Intuitionistic fuzzy random variable, Intuitionistic fuzzy
numbers, Intuitionistic fuzzy probability density functions, Intuitionistic fuzzy expec-
tation and Intuitionistic fuzzy variance.
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have to be simultaneously dealtwith. To accomplish this task full fledged
fuzzy parameters are necessary. As an added advantage intuitionistic fuzzy
sets naturally accommodate a hesitation part in its conceptualization. The
hesitation part is the balancing idea of membership functions and
non-membership functions that evades several conflicts that arise in the
formulation of fuzzy sets. The compartmentalizations such as membership
function, non-membership function and hesitation part of intuitionistic fuzzy
sets are more feasible than any other theory to deal with uncertainity where
randomness and fuzziness are in co-existence. Along this line Earnest
Lazarus Piriyakumar et al., [15] have introduced the concept of intuitionistic
fuzzy random variables based on the formulation of Kwakernaaks [6] fuzzy
random variables and studied random walks for intuitionistic fuzzy random
variables.

Fuzzy random variable is viewed as the imprecise observation of the
outcomes in a random experiment. The co-existence of randomness and
fuzziness in the same framework compelled the researchers to employ fuzzy
random variables to handle imprecise probability theory. The concept of
fuzzy random variable is introduced at the end of the 1970s to handle
situations where the outcomes of a random experiment are modelled by
fuzzy sets. A fuzzy random variable is a mapping that associates a fuzzy set
to each element of the universe. In this paper, the intuitionistic fuzzy
random variable is considered as a mapping that associates an intuitionistic
fuzzy set to each element of the universe.

In this paper expectation is considered as an intuitionistic fuzzy subset of the
final space and it plays the role of the average value of the intuitionistic
fuzzy random variable. As a natural corollary to the notion of expectation
we can define the variance of the intuitionistic fuzzy random variable as the
mean of the squares of the distances from the images of the intuitionistic
fuzzy random variable to the (intuitionistic fuzzy) expectation. To put it
precisely variance of an intuitionistic fuzzy random variable is fixed as an
intuitionistic fuzzy number that quantifies the degree of dispersion of the
images of the intuitionistic fuzzy random variable.

Different approaches to the conceptualization of fuzzy random variables have
been developed in the literature, most widely considered being that

introduced by Kwakernaak [6] and Kruse and Meyer [7] and the one by Puri
and Ralescu [11]. According to Kwakernaak [6] fuzzy random variables are a
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particular kind of fuzzy sets whose end points of ?-cuts are amenable to
satisfy measurability conditions. H.C. Wu [7-11] has finetuned the work of
Kwakernaak [6] in a series of papers, by invoking strong measurability
conditions. H.C. Wu [7-11] has introduced various rudiments of fuzzy
random variables, such as fuzzy probability distribution function, fuzzy
probability density function, fuzzy expectation and fuzzy variance, in a well
built theoretical setting. In this paper we adopt the theoretical notions of
H.C. Wu [7-11]. Following the work of Kwakernaak [6] and H.C. Wu [7-11],
an intuitionistic fuzzy random variable is viewed as a particular kind of
intuitionistic fuzzy set whose end points of 7-cuts are subjected to satisfy
measurability conditions.

This paper is organized as follows. The preliminaries and related definitions
are briefly introduced in section 2. The theoretical framework of
intuitionistic fuzzy random variables is introduced in section 3. Stochastic
inequalities such as Markovs inequality, Chebyshevs inequality for
intuitionistic fuzzy random variables, Chebyshevs theorem and Khintchines
theorem for intuitionistic fuzzy random variables are introduced in section 4.

2. PRELIMINARIES

Let f(x) be a real valued function on a topological space. If the set
{z; f (x) > a} is closed for every «, f(x) is said to be upper semi continuous.
f(z) is said to be lower semi continuous of — f(x) is upper semi continuous.

Theorem 2.1. [5] Let S be a compact set in R". If f(x) is upper semi
continuous on S than f(x) assumes maximum over S and if f(z) is lower
semi continuous on S then f(z) assumes minimum over S.

Let X be an ordinary finite non-empty set. An intuitionistic fuzzy set in X
is an expression given by

A={<z,us(x),Vy(z)>zX}

where pg : X — [0,1], V4 : X — [0, 1] with condition

0 <pa(x)+Vy(x) <1 forall xin X. The numbers pu4 (z) and Vy (x)
denote respectively the membership degree and the nonmembership degree of
the element = in A. We call w4 (x) =1 — pa (z) — V4 (z) the hesitation part
of the element x in A. w4 (z) denotes the measure of non-determinacy. The
operations of intuitionistic fuzzy sets are defined as follows. For each
intuitionistic fuzzy set A, B, we say A < B if and only if u4 (z) < pp (z) and
Va(z) > Vp(z) forallz € X. A= B if and only if A < B and B < A.
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ANB ={< z,min(pa(x), pp(x)), max(Va(x),Vp(x)) >;z € X}
AUB = {< z,max(pua(x), pp(x)), min(Va(x), Vp(x)) >;z € X}
The complementary of an intuitionistic fuzzy set A is

A ={< z,Vy(x), uA(z) >z € X}.

Definition 2.1. [15] An intuitionistic fuzzy number is an intuitionistic fuzzy
set with the real line R as its basic set. It is specified as the mapping

(1, v) : R — [0, 1] satisfying the following conditions.

1. p is upper semi continuous and V' is lower semi continuous.

2. There exists € R, such that u(x) =1 and V(z) = 0.

3. For z1,29 € R, A € [0, 1]

Az + (1= X)) x2) <v(z1)Vo(ze)

and

V( Az + (1 =X x2) <wv(zp)Vo(r)

In the case of fuzzy sets if we want to exhibit an element x € X, that
typically belongs to a fuzzy set A, it is required that its membership value to
be greater than some threshold « € (0, 1]. This has generated a nested
sequence of a-level sets. A fuzzy set is tractable from these a-level sets
whose membership function can be expressed in terms of the characteristic
functions of its a-cuts since an intuitionistic fuzzy set is endowed with
membership and non-membership functions, the formulation of level sets of
an intuitionistic fuzzy set, need to be two folded. The (a, 3) level set of an
intuitionistic fuzzy set where « represents the membership function and 3
represents the non-membership function is defined as follows.

Definition 2.2. The set of elements that belong to the intuitionistic fuzzy
set A with membership at least to the degree o € (0,1] and non-membership
at least to the degree 3 € [0,1) is known as the (o, ) level set of an
intuitionistic fuzzy set A. It is defined as

B
aA = {z;pa(r) > aANVy(x) > B}

The (v, ) level set of the intuitionistic fuzzy set A is the common region of
the two level sets. If a > (3 then the («, 3) level set of the intuitionistic fuzzy
set A is
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PA={z e X;Vy(z) > 3}

If 8 > « then the (o, 3) level set of the intuitionistic fuzzy set A is

cA={r e X;pua(x) > a}.

Without loss of generality, throughout this paper we assume that o > 3. i.e.
The membership value of belongingness is greater than that of
non-belongingness.

Definition 2.3. If @ is a closed intuitionistic fuzzy number then the («, )

level set of a with o > 3 is a closed interval denoted as _ g—[ij s-u] We can
aa—[ a* . Pa ]

see that if @ is a bounded intuitionistic fuzzy number then {z;ugz (z) > 0} is
a compact interval.

Definition 2.4. @ is called a canonical intuitionistic fuzzy number if it is a
closed and bounded intuitionistic fuzzy number and its membership function
is strictly increasing on the interval [oaL 1 &'L:] and strictly decreasing on the
interval [1EU,0 EU:}.

Theorem 2.2. Suppose that @ is a canonical intuitionistic fuzzy number.
For an («, 3) level set of the intuitionistic fuzzy set a, with o > (3. Let

g(a) =P a" and h(a) =P aV. Then g(a) and h(a) are continuous for each
a,f €10,1], «+ 5 <1 and o > (. Following the principle of resolution
identity proposed by Zadeh [14] and Negoita and Ralescu [17], and as a
natural corollary to the principle of resolution of identity the following result
is stated. For an intuitionistic fuzzy set A, oA and #A are defined as follows.

dA={r e X;pua(r) > a} (2.1)

A= {2z € X;Va(z)> B}

Theorem 2.3. Let A be an intuitionistic fuzzy set with membership
function g4 and non-membership function V4. Then for the (a, 3) level set
of A,

pa(x) = sup alqa(z) and Vo (z) = sup [Blga (x) (2.2)
a€lo,1] B€[0,1]
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Where 1(,) denote the indicator function of (e).

Definition 2.5. Let A and B be two intuitionistic fuzzy numbers in R. The
operations on intuitionistic fuzzy numbers are defined as follows.

Let [Bg LB A U} and [BE L6 B U} be the (o, 3) level set of A and B. Then

A+B= [5KL+5§L,ﬁEU+BEU}
A_B:[ﬁgL_ﬁEU’BZU_ﬁéL}
AeB= [ﬁﬁLﬁEL,ﬁZUﬂEU}

A+B= [BKL+5J§U,B/TU+5§L}
3. INTUITIONISTIC FUZZY RANDOM VARIABLES

In this section based on the theoretical frame work of fuzzy random variables
by H.C. Wu [7-11] we provide the theoretical details of intuitionistic fuzzy
random variables.

Let x be a real number. This real number x can induce an intuitionistic
fuzzy number Z with the membership function pz (r) and non-membership
function Vi () such that pz (z) =1, Vz(x) =0, pz (r) < 1 and Vi < 1 for
r # x, subject to the condition that pz () + Vz (v) < 1 we denote the
intuitionistic fuzzy real number induced by the real number z by Z.

Let Fr be a set of intuitionistic fuzzy real numbers induced by the real
number system R. Let ~ be a relation defined on Fr. We say 2! ~ z2 if and
only if ! and Z? are induced by the same real number z. Clearly ~ is an
equivalence relation. This equivalence relation induces equivalence classes
[z] = {a;a ~ z}. The quotient set Ff/~ is the set of all equivalence classes.
Then the Quotient set and the real number system R are one and the same.
This claim is justified by the mapping R — Fg/~ with the specification

x — [Z].

We call Fr/- as the intuitionistic fuzzy real number system. For practical
reasons we consider only one element from each equivalence class [z] to form
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the intuitionistic fuzzy real number system. We define

(Fr/-)r = {ala € [7], a is the only element from [7]}.

Definition 3.1. Let (X, M) be a measurable space and (R, B) be a Borel
measurable space.

(i) [4] Let f: X — P(R) (Power set of R) be a set valued function.

Then f is called measurable if and only if {(z,y);y € f(z)} is a measurable
subset of M X B.

(ii) f (z) is called an intuitionistic fuzzy valued function if fX — F (the set

of all fuzzy numbers). If f is an intuitionistic fuzzy valued function then aﬁ 7

is a set valued function for all «, 5 € [0, 1], where N fféx) is the («, ) level set

of the intuitionistic fuzzy number f(x) for any = € X. fis called measurable
if aﬁf (set valued) is measurable for each o, 3 € [0,1], and a + 3 < 1.

Let F.; denote the set of all closed intuitionistic fuzzy numbers. fvis called a
closed intuitionistic fuzzy valued function if

f:X_’Fcl

B
Then oF(@)=[PF L@ F U (@)] where z € X, a, € [0,1]] a+ 4 <1and a > (.
The following theorem is an extension of the proposition 3.3 by H.C.Wu [8].

Theorem 3.1. Let f(x) be a closed intuitionistic fuzzy valued function
defined on X. Then the following two statements are equivalent.

(i) For the (o, 3) level set of f (z) and for a > 8, 2f L (x) and #f U (z) are
(real valued) measurable for all a, 8 € [0, 1].

(i) f (2) is (intuitionistic fuzzy valued) measurable and one of #f L (z) and
Af U (z)is (real valued) measurable for all a, 3 with o + 8 < 1.

Definition 3.2. Let f (z) be a closed intuitionistic fuzzy valued function.

f (z) is called strongly measurable if one of the following conditions is
satisfied.

(i) For the (a, 3) level set #f L (z) and P f U (2); a > 3 are (real valued)
measurable.

(ii) f (z) is (intuitionistic fuzzy valued) measurable and one of #f L (z) and
Bf U (x) (real valued) is measurable for all a, 8 € [0,1], a + 5 < 1 and « > S.
Definition 3.3. Let (Fg/-)r be a canonical intuitionistic fuzzy real number
system.
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Let X : Q2 — (Fg/~)r be a closed intuitionistic fuzzy valued function. X is
called an intuitionistic fuzzy random variable if the mapping X is strongly
measurable.

The object of the definition is to make the end points of each («, 3) level set
(@>f),5X L and PX U as random variables for all a, 8 € [0,1] and

a+ <1

Theorem 3.2. Let (Fr/-)r be a canonical intuitionistic fuzzy real number
system, and X : 0 — (Fr/-)r be a closed intuitionistic fuzzy valued function.
X is an intuitionistic fuzzy random variable if and only if °X © and X U
are random variables for all a, 8 € [0,1] with & > f and a + 3 < 1.

Let the end points of the («, ) level set of the intuitionistic fuzzy random
variable with o > 3, viz., X © and #X U have the same continuous
probability density function f(x). Let Z be any intuitionistic fuzzy
observation of the intuitionistic fuzzy random variable X (X (w) = ).

Then the («, ) level set with a >  and o+ 3 < 1 of T is given by

B
axr = [BXL BXU]

where #Z ' and #Z U are the observations of X © and #X U respectively.
From theorem 2.2 #X £ (w) = 2 L and #X Y (w) =% Z U are continuous
with respect to S for fixed w. For any real number = € [ﬂa?L,ﬁ %U], ="
or x =Y zV for some r > 3. Thus for any z € [5§L B 5U] we can associate a
probability density f(z) with . If we construct an interval

B
aD = [min{ min f(7ZY), min f(/YEU)}a

Blaly BLaly

L

max{ max f ("7%), max f('YEU)H (3.1)

BLaly B<ay

then this interval will contain all of the probability density associated with
each z € [6 zl p EU]. The membership function of the intuitionistic fuzzy

probability density of Z denoted as f(i) is defined as
16 (v)= sup aolyp (7)
B<asy

The non membership function of the intuitionistic fuzzy probability density
of  denoted as f (7) is defined as
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Vigy (1) = ,inf_go1} () (3.2)
Let X be an intuitionistic fuzzy random variable. Then by the theorem #X
L and #X U which are the end points of the (c, 3) level set with o > 3 are
random variables. Since YX* and "XV ¢ [ﬁXL,ﬁ XU] for v > 3. The
intuitionistic fuzzy expectation of the intuitionistic fuzzy random variable is
defined as follows.

Let

B
aE:[min{ inf E("XL), inf E(VXU)},

BLaly B<ay

max< sup f (VXL) , sup f (WXU) (3.3)
BLaly BLaly

The membership function and the non-membership function of the

intuitionistic fuzzy expectation of the intuitionistic fuzzy random variable X

is defined as

) = g Men ) Vel = B A% 6

The intuitionistic fuzzy variance of the intuitionistic fuzzy random variables

X is formulated as follows.
Let

B
aV = [min{ inf V(7XL), inf V (VXU)} ,
B<a<y B<a<y
max{ sup V (VXL) , sup V (WXU) }] (3.5)
Bla<y B<a<y

The membership and non-membership function of the intuitionsitic fuzzy
variance is specified as

MV((Z:) = 52;1;7 alyv (), VV((Z)) = inf; p1 \Y (7) (3.6)
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4. MAIN RESULTS

In this section, with the support of the theoretical settings developed in
earlier sections, standard stochastic inequalities such as Markov‘s inequality
and Chebyshev‘s inequality for intuitionstic fuzzy random variables are
established. Using these inequalities Chebyshev‘s theorem and Khintchine‘s
theorem for intuitionistic fuzzy random variables are proved.

Theorem. 4.1. (Markov‘s inequality) Let X be a non-negative
intuitionistic fuzzy random variable and og( be the (a, 3) level set of X with
« > 3. Then for any canonical intuitionistic non-negative fuzzy number a

P{X>a)cC E(EX)

Proof. By stipulation X is a non-negative intuitionistic fuzzy random
variable. .. The end points of the (o, 3) level set viz., ’X* >0 and PXY >0
for each o, 5 € [0,1], « + 3 <1 and a > . Then

~L ~U L U
<Ba 1/[6ﬂwl‘2a] VBCL 1[ﬁzU2a]> S’B X \/B X
Taking expectations both sides

Bl p {‘ﬂXL _ a’ > o} Vi aUP{)ﬁxU _ a) > o} <E (ﬁXL> VE (BXU>

E(PXE) FE(°XY)

BgL BgU
This is true for each («, 3) level set of the intuitionistic fuzzy random
variable X.

P{)ﬂXL—a‘ zo}vp{’ﬁXU—a’ zo}g

E(X)

S P{X >a} <

Theorem. 4.2. (Chebyshev‘s inequality) If X is an intuitionistic fuzzy
random variable with finite intuitionistic fuzzy expectation E(X) and
intuitionistic fuzzy variance V(X) then for any non-negative k € R.

(P -BE0) 2K <
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Proof. (ﬁXL - F (5XL))2 and (BXU - F (ﬁXU))2 are non-negative random
variables. Then by Markovs inequality

P{xt - (x)) v (xv - p (x)) 202 <

XL _ g (PXLY))? XU _ g (BXUY)?
<E(X E (PXx1)) vE(X E (FXY))
= K2 2
(PXL — E(°XL))® > k2 if and only if [P XL — E (*XL)| > k and
(XY — E(°XY))* > k? if and only if [P XV — E (°XV)| > k.
. (4.1) implies

Pyt =50 - ()] 24}

(4.1)

BNt -B(XH) | BCXU-B(XY)? VXY VEXY)

= k2 k2 k2 k2

This is true for each («, 3) level set of the intuitionistic fuzzy random
variable X.

V(X)

k2
Theorem 4.3. (Chebyshev‘s Theorem) If X7, Xo, ........ D, G is a sequence
of pairwise independent intuitionistic fuzzy random variables with finite
intuitionistic fuzzy variances, each of its end points of the («, ) level sets are
bounded by the same positive constant ¢ and o + § < 1 then for any €> 0.

{P(X-E(X)) 2k} <

lim P{|Y, —p| <€} =1
When Y, = X7 + Xo + ......... + X, and

Proof. Since X1, Xo, ........ X, are pairwise independent intuitionistic fuzzy
random variables.

v <5YnL) vV (ﬁYnU> - %ZV (ﬁXKL) v % v <5XKU> < %
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) <}

By Chebyshev‘s inequality

Al

n

1y 13 e
k=1

1 & 1 &
Zﬂ U Z By U
k=1 k=1 k=1

\

e2 €2

Letting n — oo

lim P{(‘@YnL—ﬁﬁL‘ Vv ‘ﬂYnU—ﬁﬁUD <e} =1
n—oo

This is true for each («, 3) level set of Y, and p
nlirgoP{lYn —pl<e} =1

Theorem 4.4. (Khintchine's theorem) Let {X}} be pairwise independent
and identically distributed intuitionistic fuzzy random variables and let
E(X%) = M where M is a finite intuitionistic fuzzy number. Then for any
e> 0.

Y. —M‘ <€} =0, where Y,, = izn:Xk
k=1

lim P{

n—oo

Proof. We define the intuitionistic fuzzy number O as follows.

1 ; z=0 0 ; =0
“5(3”):{0 ;2 A0 ’V5(x):{1 ; T#0

Without loss of generality we assume M = O. We define a new intuitionistic
fuzzy random variable as follows.

ﬁXKL
ﬁXKL

<k
>k

ry = Xj for
=0 for

<k and 5XKU
>k and ﬂXKU

If f (z) is the intuitionistic fuzzy distribution function of the intuitionistic
fuzzy random variable X then

k

1 — . 1< 15T [ A~ _

() =L () =X [ o ()4
k=1 k=12,
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k
1 — . 1 — _ B~ _

(W)= e () = Ly [ () a i
k=1 k=1 “k

Letting £ — oo we note

/ Byl B L (ﬁgL) dBFL =B pfL =B OL
and
/ POV (937) d O =0 MY =2 OV
This shows that lim = z E (BX *L) =0, 1m % > FE (ﬁXk*U) =0.

For the intuitionistic fuzzy variance V (X;).
k
CE ROy (COR RO
—k

v(xY) < B (Px) = /k (o) oo (o) e
Zk

L B < k[ ()T () 0
k=1 -n
vn ~

G I PR AT (R 4R || 0 (38 05
~vn |75 > v

and 5 ZV(ﬂX *|U)_
1 v BzU| B7U (B=UYN g BU B5U| BFU (BzUY g B7U
<ﬁf‘x|f(w)dx+ / |PZV| P U (PzY) d Pz

v 730> v

Consequently we obtain

_ By =LY} _
i 3 (7)o
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n

1
i By *U\ _
nh_{n 2 kgl var ( Xy ) = 0.

We introduce another intuitionistic fuzzy random variable Y;¥, such that

ﬁYn,’;L (Z 6Xk + Z Fx *L>

k=r+1

and

Oy, ®U = (Z °x, Y+ Z ix *U>

k=r+1

we note that the sequence of intuitionistic fuzzy random variables
X1, Xo,.....X,, is such that as n — oo.

n
#Var <Z BXiL>tends to zero then for any positive constant €

i=1
1 — 1 —
S S|
=1 =1

o}

=0

lim P {
n—oo

similarly we obtain

1 n 1 n
1 - ﬂ . — - .

Letting n — oo we note that

lim P{‘ﬁynj;?

n—oo

>ef =0and lim P {‘Bynj;U

n—oo

Now

n
P A Y ) < 3 p (v A xpt) =

k=r+1
Z / (77t a’zt / ‘%’L‘ﬁ}“ (7zt) a°z"
PG ]%Lbr

In a similar fashion we can derive
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B
A 0 I I L e O e
|55L|>r

If r is sufficiently large, then for any § > 0
Pk # v, ) v (v #7v,0)) <6
Hence for any €> 0
P((Prrfv ) >e) =
=r { (‘BYnL‘ v ‘ﬁYnUD >€’6 Y”v*TL Ve Ynj;"U #ﬁ Ynﬁ VA Yn,[i} +

+P{(v"

and so lim supP{‘BYnL‘ >e} < 4.
n—oo

Since § > 0 is arbitrary, we obtain

Vv ‘BYHU D >efy vy U =Py LAy U }

lim P{’BYnL >e} ~0 (4.2)
n—oo

Similarly
lim P{’ﬁYnU’ >e} ~0 (4.3)
n—oo

(4.2) and (4.3) are true for each («, 3) level set of the intuitionistic fuzzy
random variable which completes the proof.
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About H. Guggenheimer‘s inequality
Mih&ly Bencze”

ABSTRACT. In this paper we will present a refinement of H. Guggenheimer‘s
inequality, along with some relations connected with this inequality.

INTRODUCTION

H. Guggenheier in American Mathematical Monthly 73 (1966), 668 presented
the following inequality

valid in any triangle for all ¢ > 0.
MAIN RESULTS

Theorem 1. In all triangle ABC holds

(4R+) ((4R +r)? — 332) '

ro\ 2t
<) =311
Z (wa> - N 3s2r

for all t > 1.

Proof. Starting from r, = %, Wy = %}T\/ZC\/S (s — a) we obtain

ra —b)(s— —b)(s— o .
To = (s s,)és 9 ;\J/Fbic > (s s,)és 9 _ (slﬁa- From Jensen‘s inequality
we get

Y

S(5) ) 25

"Received: 15.02.2007
2000 Mathematics Subject Classification. 26D15, 26D05, 26D15, 51M16
Key words and phrases. Geometric inequalities, triangle inequalities
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(4R +7) ((4R )2 3s2>

t
rls 1 t
(5T ) o 357 ’
because

1 4R+r 1 1 1
Zs—a_ sr ’Z(s—a)(s—b)_rg’z( —a)?

S

Z( : SZH(SS_a)Jr(Zsia) (Z( : 2_Z(s—a)l(s—b)):

5 (AR+7) (4R + 1) - 352)

512 5373

This is a refinement of H. Guggenheier‘s inequality for ¢t > 1.
How can we give a refinement for ¢ € [0,1)?
If ¢ > 0 then we have:

2 <w> 22 <<—>fﬁ>
In [1] is proved that

1
r+y+z>3Yxyz + 3 ((a: — )+ (y—2)°+ (2 — a:)2> , therefore

() = ()

And we have prove the following:

Theorem 2. In all triangle ABC holds

Z(IZYZ“@Z((S—Z)? - ‘”)2

for all ¢ > 0.
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This is an another refinement of H. Guggenheimer‘s inequality.

Theorem 3. In all triangle ABC holds

1). § S > Al 2). ST > r (4R 4 )
s—a)r? R+41)2—242 T S
3. ¥ leard » @hirf2 DT

Proof. We have:

D). SV 2 /5 Y g =

2). 3 7(573%2 >r2sy L =r(4R+7)
3). 3 (;7“2)2 22 Y o = e

S

(s—a)(s=b)rar r2s ror Nz
4). We have FT b > E R \/Eu?awb 2 oo therefore

raT 1 _ S
2 Vot 2TV maemn =

Theorem 4. In all triangle ABC holds

1 1 1 s2—r?—4Rr
D 2w 2 o 2). 2ur 2 S5
2,2 2 2
1 82+T2+4R7’ 1 (S +7r +4R7‘) —16s“Rr
3) Z w2w? = 16s2R?r? 4) 2 wiw Z 25651 RAr?t

Proof. We have:

2v/bc 2v/be(s + 5 — a) = Vbe, therefore

wa:b-l—c s(s—a) < 20+ )
DY 2y %=
2). ik > T = S
Y. Tt 2 ke Lk =
)
b w:slwg* > e = (52+T22‘;‘éi24;16521%r

Theorem 5. In all triangle ABC holds

2 2
max{Z%;Zug;z%b} < 2s
2

Proof. We havez%g <Y e=2s > "2 <3

c —

[
[\
\’CIJ
(]
g
Q
&
IA
(]
o
[
[\
[Va)

Theorem 6. In all triangle ABC holds
a 2(4R+r

1). 3 o > (\/Sjr )
2 4((4R+r)*—2s?)

2)Zsa—iaZ s
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i 8((4R+r)3—12s2R
3) Z (s—a)v/s—a Z ( )

S
h — )8t [ s | szbis—c _a [_s
Proof. We have r, = a0 SA\/s—a' 2 —24/5-a Or

a_ > 2@, therefore

s—a Vs
). ¥ > 25y, = 200
2
2). ¥ > 4y 2 = AT
a3 8 3 8((4R+r)®—12s2R)
3 L e 2T = e

Theorem 7. In all triangle ABC holds
6452 Rr? < < 8s2Rr
WaWpWe < ——————
27R2+8Rr+4r2 = e = R4
Proof. We have w, = b +C \/ (s — a), therefore

Iw 2v/be ) = 165% Rr?
S § S 824724 2Ry

ut

3V3R
3V3r <s < \g,

H < 16s2Rr? 8s2Rr q
w = an
“=2Tr2 42+ 2Rr R+ l4r

16s2Rr? 6452 Rr?
H Wa = 27R

+ r2 + 2Rr 27R2 + S8Rr + 47"2

Theorem 8. In all tr1angle ABC holds
FaWa 23(32—r2—R7')
1). > rege <

s2+r2+2Rr
2) r2w? < 82(52*3T2*4RT)+T2(6R2+2Rr+r2)
’ be  — (s2+r2+2Rr)?
3) Z raw? < §3 6Rr + 8(82*T2*R7‘)3 _ 6(327r27Rr)(32+r272Rr)
C bt T T\ SRR T (2402 42Rn)° (s+12+2Rr)’?

Proof. We have

2\/ be avbc-s
— — <
b CS (8 b) (S C) b c

2(32—7’ —Rr) b —
TaWq as a a __ 8°4+r*—2Rr
< b+c and Z b+c  824r242Rr Z (b+c)(ct+a) — s2+4r2+2Rr>

e ( )+r%( )
s2(s2—3r2—4Rr)+r2(6R2+2Rr+r?
Z (m) = (Z ﬁ‘lc) 2 Z b+c)(c+(l = (52+T2+2R1")2 )

TaWq = or
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3 3
a _ a a a ab _
2 () =3l + (Sr) —3(Toke) © fterm -
8(5277" er) 6(8277‘ er)( 2+T272RT)
(s2+r2+42Rr)3 (s2+r2+42Rr)?

W Wa 25(5 —r —R’I‘)
D). 2 e S 82 5 = oo

6Rr
s24r24+2Rr +

r2w2 9 2 s%(s—3r2—4Rr)+r?(4R?+2Rr+r?)
2) be < Z (ﬁtc) - (52+r2+2R7")2
rdwd 3 ( a )3 _
. —a—gc 4 =
3). > bo)s = s° 2 bt
83 6Rr + 8(52—r2—R7")3 _ 6(5 —r —Rr)( 2+r2—2Rr)
s2+r24-2Rr (s2+r2+2Rr)* (s24r2+2Rr)?

Theorem 9. In all triangle ABC holds

) Zrawa < 3
2). Zr2w2 § ( 2—r2—4Rr)
2

3). Sordwd < 1s* (s —3r2 — 6Rr)
Proof. We have
TaWq = ?}E (s=b)(s—c) < ab _ECCS < %, therefore
1). Yrqwg < 5> a=s?
2). Yor2w? < % Sa? =1s% (s> —r? —4Rr)
3). Sordwd < %Za‘g = is‘l( 2_3r2— 6RT‘)

Theo;‘em 1(1). In a?}l triangle ABC holds e )
%):Jgsw?; 8227,%1165)_’_ T)4SRT (s r2 4R1“) 1 (s +re 4+ 4R7‘) <
2). S wiwf < str? ((4R +7r)? — 232>

3). S wlwd < 57 ((32 —2r? — 8Rr)2 —r(8R — r))

Proof. We have w? = bc — (ngb; < s(s—a) and w? > bc — 1a?, therefore
1). 7s?Rr — 3" ab® —4sRr (s> —r? —4Rr) + % (s + 12 +4R7") =

:Z(bc—icﬂ)( — 10 < S wiw? <s*Y (s—a)(s—b)=sr(4R+7)

2). Swiwt < 4 (s — a)? (s — ) = st ((4R+1~) _282)
3). Lufuf <85 (s —a)’ (s b)° =

S -+ (s-a) (T-a =25 (s—a)(s b)) =
s’ ((52— 8R7“)2 r 8R—7“)>
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Theorem 11. In all triangle ABC holds

1). 3(s*+3r%) +6Rr <> w? < s

2). L(s2+r?+ 4R7")2 +1(s2=r?— 4R7")2 —19s2Rr <Y wi <

52 (52 —or? — SRT‘)

3). (s +r2+4Rr)” — £Br (9652 4 10872 + 349Rr) — L (s — 2 — 4Rr)® +
2 (s =1 —4Rr) (s* +r? + 4Rr)2 <> wd < s*(s* — 12Rr)

Proof. We starting from

1
bc — ZCLQ <w? < s(s—a), therefore

1). 3 (s? +3r)+6Rr— > (be— ja )<Zw <Y s(s—a)=5

2). z(s +r2 +4R7") 7( r? 4R ) —1982Rr:Z(bc—ia2)2 <
Swh <3 8% (s —a)® = s (52 — 8Rr)

3). Y a®b® = (3 ab)® — 3abe]] (a +b) =

(32 +r2 4+ 4R'r)3 — 245°Rr (82 +r? 4 2R7“) ,

> ab =3a*b*c + (3 a?) ((Z a2)2 -3> a2b2> = 4852 R%*r? +

8 (32 —r? - 4R7’)3 —6 (32 —r? - 4R7’) ((82 +r? 4 4]%7”)2 — 16$2R7’> ,
therefore (32 +r2 4 4Rr)3 — SQRT (9652 + 10812 + 349Rr) —

% (52 —r? - 4Rr)3 332 (82 —r? - 4R7“) (32 +r2 4+ 4RT)2 => (bc — iaQ)g <
S wd <383 (s —a)® = s (s* — 12Rr)

Theorem 12. In all triangle ABC holds

S 2 5 S WV (W VD)

Proof. We have h—b = % 1+ T—” , therefore

TpT 1 Ty ” o 2 1 o 2
102 )(0+2) 21 ) -1 (1 ) o
ﬁ = 25\/1ﬁ (\/Fa"‘ V) (\/ﬁ-i- V/Tc) , therefore
Z\/E_st/ﬁz(r V7o) (VT + /Te) -

Theorem 13. In all triangle ABC holds

1). 3 /e > 2 2). Y \frary > STl
3). I (vra + Vi) <

\_/

AN
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4). H(%—i— W) < Wforalln>2

Proof. We haver—a:%(:—:—f—m) > Worm>ha, therefore
1). \/Tbrcm> hahy or \/E> ~7=hahp, therefore

2). Zm>2h = SR therefore 3 \/re > 2= L% hahy = 2/
3). ;bzi_2<1+,/ ) thereforeH(1+\/>><H ;ZZZ_SH;TZOY
[T (vra+ i) < 8T[75 = 4

9). TI (3 + /) <8T] {/ ™4™ = VP 12R

Theorem 14. In all triangle ABC holds

1 3
> >
ha—=Ar — (3=MN)r

for all A € [0,2].
Proof. We have ;= =1 so 3° }L“T_a’\r =3 — X and from

(Z Lﬂ”) (E haj)\r> > 9 we get:
ha S 9
ho —Ar — 3—A

and

SO
1.3
ha—X — B=N\)T

If A = 2 the we obtain the inequality of E.A. Bokov (Matematika v. scole,
1966, Nr. 4, 77).

Theorem 15. In all triangle ABC holds

1). % (52 +3r2 4+ 12R7“) <> m2< % (352 +7r2+ 4R7“)

2). % (52 +7r2 4 4R7‘)2 + % (52 —r2_ 4Rr)2 — 18s2Rr < Zmi <

% (52 +r2+ 4Rr)2 + % (32 —r2 - 4R7‘)2 — 10s%Rr

3). (s*+r*+ 4Rr)3 — L (2= = 4RT‘)3 +

+% (52 —r? - 4R1") (52 +r2 4+ 4Rr)2 — %SQRT’ (12852 + 14072 + 479R7“) <
Y omb < (82 +7r2+ 4R7’)3 +
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1 (32 —r2_ 4R7°) 332 (32 —r2_ 4R7°) (82 +r24 4Rr)2 —
s*Rr (116s* + 152r2 + 263Rr)
a2 2(b2+02)7a2 2 a2
Proof. Because bc — T <—FF—=m; < be + T and
S adh? = (52 +r2 + 4RT)3 — 32s?Rr (52 + T2) — 80s2R2%r? and
> a% =48s*R*r? 4 8 (s* —r? — 4R7‘)3 -
6 (52 —r2— 4R7“) ((82 +r? 4 4Rr)2 — 1632Rr) we get
1). 3 (4 3r* +12Rr) = (bc— —) <Y m2 <y (bc—i— )
3 (3s2 +r? +4Rr)
2). % (52 +7r2 4+ 4Rr)2 %
ZmiSZ(bc+‘Z—2)2 %(s +7? +4RT) 1(5277“274}37“)271052}{
—% 52—7“2—4R7‘) +
% (32 —r?— 4R7“) (52 +r2 4+ 4RT)2 — %SQRT‘ (12852 + 14072 + 4795R7“) =
3

> (bc— ‘2)3 <S> mb <y (bc+ “4—2> = (82+T2+4R7’)3+

2 4R7’) — 2 (s* = r*—4Rr) (s + 12 + 4R7’)2 —
+s?Rr (1165 +152r? + 263Rr)

el =
Q0|

(s —r*— 4Rr)2 —18s2Rr = (bc - %)2 <

Theorem 16. In all triangle ABC holds

1). Z(s>+r*+ 4RT’)2 +1(s2 =1 - 4Rr)2 —18s%2Rr <> m2w? <

(52 +r2 4+ 4R’I“)2 — 20sRr

2). (s*+r*+ 4Rr) -3 (82 —r? - 4R7“)3

332 (32 —r2 4Rr) (s +r2 4+ 4Rr)2 — %ser (12832 + 14072 + 479R7“) <
<> miwg < (s2+ 12+ 4Rr)3 — 325”Rr (s* +r?) — 68s*R?r?

3). (s*+ 7“2 + 4Rr)3 - % (52 —r2 - 4R7“)3 +

% (52 4R7“) (s +r2 4+ 4R1")2 — %SQRT (12852 + 14072 + 479R7“) <
> m4w2 < (5 +r2 4 4R7‘) %ser (6382 +67r2 + 118Rr)

Proof. We have bc — % < w?2 < be, therefore

1). I(s2+7r? +4R7‘) +1(s*—1r? —4R7“) —1852Rr:Z(bc—%>2§
SomZw? <Y (bc + I) be= (s> +r*+ 4R7‘)2 — 20s2Rr

2). (82 + 72+ 4Rr)3 - % (52 —r2 - 4R7“)3 +

33 (8 —r? - 4Rr) (52 +r2 4+ 4Rr)2 — l s?Rr (12852 + 14072 + 479R7“) =

:2(&:-%) < miw <Z(bc+ )b22
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(s 4%+ 4Rr)3 — 32Rr (s® +r?) — 68s>R?*r?
3). (s*+1r? +4Rr) -5 (32 —r?— 4RT)3 +

332 (32 —r2 4Rr) (8 +72 4 4Rr)2 — %SQRT (12832 + 14072 + 479R7‘) =

3 2
:Z(bc—%) §2m§w2§2(bc+§) be =
(s2+ 2 + 4Rr)” — LRy (6352 + 67r2 + 118Rr)

Theorem 17. In all triangle ABC holds

Zm2t>3< s —r —4Rr)>t

for all t € (—o0,0] U [1,400) and for ¢ € (0,1) holds the reverse inequality.
Proof. The function f (z) = 2! is convex for t € (—00,0] U [1,+00) and
concave for t € (0,1). Using the Jensen‘s inequality, we get:

ngtZ?)(?l)Zmi) —3( (s* —r? 4Rr))t

for t € (—00,0] U [1,400) and for t € (0, 1) holds the reverse inequality.

Theorem 18. In all triangle ABC holds

2r (4R + 1) t
2% g 571 (
E (Tawa)™ < 3
for all t € [0,1].

Proof. The function f (z) = x! is concave for ¢t € [0,1] and from Jensen‘s
inequality, we get:

Zx%wd”33<;§:%w@tss<z}:@—aﬂs_@>1:

:3< 4R+r>
(

For t = 1 we obtain the L. Carlitz‘s inequality (E. 1628, American
Mathematical Monthly, 70, 1963 and 71, 1964).

[\

Theorem 19. In all triangle ABC holds

¢
ngt > 3 <52 + 3r26+ 12Rr>
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for all t € [1,+00) and

for all ¢ € [0, 1].
Proof. We have

1 ¢ 1 2\\* 21312 1 12Rr\’
ngt23<32w§) 23(32(@1)) —3<s + r6+ r>

fort > 1 and

1 ¢ 1 t s2 4+ 72 +4Rr\"
2t 2 _
E wa§3(3g wa> §3(3E bc) —3( 3 )

for all t € [0,1].

Theorem 20. In all triangle ABC' holds

2\t
2t < 3 5
S <a

for all t € [0,1].
Proof. We have

we < /8 (s — a) ete, therefore

1 t 1 t 82 t

szt <3 <3w(2z> <3 <325(3—a)> = <3>
Theorem 21. In all triangle ABC holds
1). Y aw? > 2s (—s*+ 3r* + 12Rr)
2). 25 (—s* +3r2 + 12Rr) < > am? < 25 (s* — 3r?)
3).
> wgwlg > (52 —r? - 4Rr>2 - % (82 +7r? + 4R7’)2 + 52 (—52 +3r2 + 21Rr)
4). wiwiw? >
% (82 —7r? - 4Rr)3 — % (82 —r?— 4Rr) (82 + 72+ 4R'r)2 + s*Rr (452 + %R’I‘)
Proof. We have
1. Yaw?>>a (bc - ‘%f) =2s (—s? + 3r? + 12Rr)
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2). 2s (—82 +37‘2+12R7“) =>a <bc— ‘%f) <>am2<Ya (bc—l— %) —

2s (32 — 37’2)

3). ngwg >3 (bc— %f) (ca — %) =

(s —r?— 4Rr)2 — (P44 4Rr)2 + 5% (—=s* + 3r2 4+ 21Rr)

4). wiwiw? > 1] <bc - “742) =

L(s2 =12 —4Rr)’ — 3 (52— 12 — 4Rr) (s* + r2 + ARr)” + s*Rr (4% + 2L Rr)

Theorem 22. In all triangle ABC holds

1). max {Z (Sibl)”\a/g; > (S*C’l)u\a/a} < 4:%\;—;

2). min{z = })w2;z (S_i)wg} > #

3). mln{ = b wg; (S_acc)wg} > 52+Zj§8RT

4). 2 a22 > 4B

5). min {Z gs wa2; (g:l)’ig} > sQ—SigRr

6). min {Z e (s_g)wg} > 24fr)
). 3 > 22

Proof. We have w, < +/s(s — a), therefore
Weq 4R+r 4R+r
1)‘ Z(s—b)\/s—a fzs b T s Z (s— Cm-fzs ¢ T Tr/s

1 1 1 _ 1 1 1 _ 1
2) Z (s—b)w? 2 B (s—a)(s—b) ~— sr2’ Z (s— c)w2 2 B (s—a)(s—b) — sr2

(
b L b s>+r2—8R
3) Z (s:lng > s (s—aa(s—b) 7:97‘2 K
E ac 1 ac _ s24r2_8Rr
(s—c)w2 = s (s—a)(s—c) — sr?
4). Y& > 1y e Al
w2 = s s—a r
1 (s=b)® _ s2-12R
5)- Z (s c)w2 Z 5 (s—a)(s—c) — : sr2 o
2 2
> (gs bczﬂ 23 Z Sa C) = & i
1 _ 2(4R+7)
) Z (s c)w2 = E Z (s—a)(s—c 2y 0
1 _ 2(4R+r)
Z m z s (s— a)c(s—b) - s%r
1 2(2R—
7) u?g = s Saa - ( sr s

Theorem 23. In all triangle ABC holds
82+'I’2*8RT)

w2 s
DIDY a<(T

2) Z waZUb S (22}]%%_”
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ww? sr(s2+(4R+r)?
3. 3 ik ¢ mlghey)
4). U < ((4R+r)2 232)
aw? 2s(2R—r)
5) Z (s—=b)(s—c) — 2(72" )
wi s°(s*—12Rr
6). > Ghtg < 2
Proof. We have
w2 s—a s(s2+r2—8Rr
1).2%;82(1 = ( 4Rr )
waw s—a)(s—b 52 —r
N ?E ) .
w2w s—a)(s—b) __ sr(s°+(4R+r
5. 3ol < o sl _
1), Y <2y =00 (4R 4 1) - 252)
aw? a(s—a) _ 2s(2R-r)
5). 22 (=0 = 5. (s—b)(s—;) = 2(7«2 )
w? 2 (s—a) _ s7(s*—12Rr
6). X =g S5 X on=a = w2
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New identities and inequalities for the
identric mean

Mihdly Bencze®

ABSTRACT. In this paper we present some new inequalities for the identric mean
I(a,b):%(cl;—fl)E if0<a<band I (a,b) =aifa=0b.
MAIN RESULTS
Theorem 1. If 1 < a < b, then
33
' <I(a,b) <

|

3<a2—|—4a—|—1>b—6a (b+2-+v3)(a+2+V3)
“A\P@rabr1 (b+2+3) (at2—3)

<g> oy b+a+2 2arctgisl
b P 6 3(b—a)

<

Proof. Using the Theorem 1 from [5] we have:

3(x*—1) (23 = 1) (z +1)
x2+4x+1§1nx§ 3z (22 4+ 1)
therefore
b b b
3(z2-1) (3 —1) (z+1)
[t s [mears [T o
[ se-a <a2+4a+1>6 (b+2-V3) (a+2+3) e _

b2 +4b+ 1 (b+2—+3) (a+2—V3) B

2_,2 Ca —a
<In(I(a,b)" @ <In <e”6 e’ i/geiarctgflab)

which prove the desired result.

8Received: 13.02.2007
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Inequalities for the means etc.
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Theorem 2. If 1 < a < b, then

3230—1

I(a,b) < — exp

Proof. Using the Theorem 2 from [1] we get:

nz < ¢ M
—V z(x+1)
therefore
2 — 1
ln zdr < 3 2(2 dx or
2 — 1
I(a,b) < ~ eXp s/ 2@ = 1)

Theorem 3. If 1 < a < b, then

b
1 1 b+l 1 -1 (222 + 5242
I(a,b) < S 1 / d
(a,0) < exp | 5 b—ana+1+2(b—a)/x+1 = v

and if 0 < a < b <1, then holds the reverse inequality.
Proof. Using the Theorem 3 from [1] we get:

-1 [2x2 2
2(z+1) x

for z > 1 and the reverse for 0 < z < 1, therefore

b b b

x—1 x—1 [222+5x+2
1 < _
/nxdx_/2(x+1)dx+/2(:c+l) . dx

a a a

and after then we obtain the desired result.
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Theorem 4. If 1 < a < b, then

when

and

FQ(;,;):M<1+$1 p-1 @-1'  @-1) >

r+1 12 12z 360+a(z) (360 +a(x)) >

$2 X xr— 2
where a () = M

Proof. Using the Theorem 4 from [1] we get:
Fi (z) <Inz < Fy(x), therefore

b b

b
/F1 (z)dx < /lnxd:v < /FQ (z) dz etc.

a a

Theorem 5. If 1 < a < b, then

2(%—%—3/&) 9
Ve + Yfba+ Va?) Vbt va

4 b+1
exp<2—b_alnail> < I(a,b) <exp 3(

Proof. Starting from the inequalities

2(x—1) 1
— 7] < -
T+ 1 <hnz <z NG

for x > 1 we obtain:

j%dmﬁjlnxdwﬁj([—%) dz etc.

a a
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Theorem 6. If 1 < a < b, then

(1 n (E+1)(b—1)+n
eXP( (+1_(k+1)2(b—a)ln(k+1)(a—1)+n> <1I(ab) <

k=0
n—1
b+a—2 n 1. k(b—1)+n
< . 2= tan
_exp( 2n b—a;kznk(a—l)+n)

Proof. We start from the Theorem 5 from [1] which say:

n—1 n—1

1 1
S ey i RS D D

Theorem 7. If 1 < a < b, then

1 (a:2—1)dm
b=a) @D~ @1

Proof. We start with inequality

I(a,b) > exp

x?—1

V2@ +1) — (- 1)

Inz >

where x > 1 (see [2]).
Theorem 8. If 0 < a < b, then

3(%+€/ﬁ) (€/b7+3/a7) 3({3/13+€/6)
I(a,b) <exp +1-— -
1 (V9 + Vba + Va?) 2 (Vo2 + Vba + Va?)
6 2 Vb —
-3 3 — T arctg\[ 3\/&
Vo + Vba+ Va2 b—a + Vab
Proof. We start with Karamata‘s inequality
. 3
Inz < (w—-1) 1+ V7) etc.

x+ Jx
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Theorem 9. If 0 < a < b, then

b+n—12mb+n—-1)—(a+n—-1)°In(a+n—1)
P 2(b—a)

_b2lnb—a21na ~3(n—1)
2(b—a) 2

n—1
) <J[Ia+kb+k)<
k=1

(b+n)?In(b+n)— (a+n)*ln(a+n)
Sexp( 2(b—a)

2(b—a) 2

0+’ (b+1) — (a+1)*In(a+1) 3(n—1)>

forallm > 2, ne N*.
Proof. We starting from

b b n—1
/((:U+n—1)1n(x+n—1)—aclna:)dx</(n—1)—|—Zln(:ﬁ+k)dm<
a a k=1

b
S/((m—}-n)ln(x—l—n)—(x—}—l)ln(x—i—l))d:c

(see [3], page 275.)

Theorem 10. If A >0 and 0 < a < b <1, then

b+a
A1) 2 3(b+a)—2(b? + ba+a?)
< -
I(a—l—)\,b—i—)\)_)\( 3 > exp( 1252

Proof. We start with the inequality

A+1 1-
O<In(A+z)—InA—=zln 1_ <:):( z)

where A > 0 and 0 < z <1 (see [3], page 274.)
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Theorem 11. If 0 <r<land 0 <a<b, a<c<d, then

I"(a+ 1,0+ 1) I " (c4+1,d+1) >

b d
1
> - In (1 Tyl dad
2o | Gogg | [ e ety
Proof. If z,y > 0 and 0 < r < 1, then

rln(l14+z)+(1-r)ln(l14+y)>In(1 1+ a2yt ")
(see [3], page 276), therefore

b d
//ln (14+2)dxdy+ (1 —1) //ln (1+y)dzdy >
b d
Z//ln(l—i—xr 1= r)da:dyetc

Theorem 12. If 0 <7 <1 and 0 < a < b, then

b
1 1-—
I'"(a+1,b+1) <exp 5 /ln< x)dx

—a
Proof. We have the inequality

1_ T
T+ <0

1-2z
(see [3], page 276), therefore
b b
1—-2"
/ln1 da:—i—(l—r)/ln(x—i—l)dxgo
-z
a

from which holds the result.

585
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Theorem 13. If 0 < a < b and ¢,d > 0, then

I(c+a,c+b)> d+b el
I(d+a,d+b) = \d+a
Proof. Using the inequality

d+x
()= ()

(see [3], page 279) we obtain

dIn <
ln(c+x)—ln(d+a:)2dj_ld and
T
b b b ;
c T
_ > - )
/ln(c—i-a:)daf /ln(d—km’)dm_dlnd/d_i_xetc

Theorem 14. If 0 < ¢c<dand 0 < a < b < 1, then
I(1—a,1-0)>
b

b
c d
> exp bc/ln(l—mwd)dx—ba/ln(l—xcid)dm
_a/ p—

a

Proof. We start with inequality
1— 29 \* 1—2¢ \°
- > (07
<1—mc+d> _<1—xc+d>

d—c 4\ < \"¢
(1—-2)"°< (1—:pc+d) (1—azc+d> or

(see [3], page 277) or

b b b
(dc)/ln(lx)dmﬁd/ln(lxcii)d:nc/ln(lxcid)davetc.
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Theorem 15. If 0 <a<b,0<c<d,0<e< f then
b
I(1—a,1—0b)>exp f /ln 1—3:5

Proof. We have (1 —2)° > (1 — 2¢)! (see [3], page 278) or
e < f
(1—-2)°> (1—xd> and

b
/ln (1 —2x)dx > / 1—1:5 dx etc.

Theorem 16. If 0 < a < b, then

I(a,b) =
2 S (—1ptlor 2k 41
— —-p+1 _ —p+1
= exp b—azz ( ) )((b—l—l) (a+1) )
k=0 p=0
Proof. We have the identity:
N s A S 2%+ 1\ 1
Inz =2 =2 —1)PoP
=y o () R (Y ey

therefore

oo 2k+1 b
(b—a)lnl(a,b) = /lnxd:z—Q/ZZ p2p<2k+l>/ z+ 1)

k=0 p=0

Theorem 17. If 0 < a < b <1, then

I(a+1,b+1)=exp ( — i ) (bk+11) k+1))
=1
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Proof. We have

(b—a)lnl(a+1,b+1)= [ In(z+1)d a*dx

k=1

S
8
\

@\@

-1 (bk+1 _ ak+1)

00 (_1)k
=2 k(k+1)

Theorem 18. If 1 < a < b, then

I(a+1,b41) 2In 2 - 1 Con ok

G el A A @ _ b2k —

T(a—1b—1) eXp(b—a b—a;k(%ﬂ)( “ )
Proof. We have

b

b
I(a+1,b4+1) r+1, 1 dv
(b_a)lnl(a—l,b—l)_/l o 2;2k+1/:c2k+1_

- 1 ~ _
:21na_;k:(2k+1)<b 2k _ g 2k> etc.

Theorem 19. If 0 < a < b < 1, then

1 &, Rkt g2k42
I(1+a,14b)I(1—a,1—b)=exp 2

—a = (k+1)(2k+1)

Proof. We have

b

(ba)ln([(l+a,1+b)](1a,lb)):/lnl

a

o0 b2k+2 a2k+2

b o 2k+1 B
/kz :kzo(k:+1)(2k+1) ete.
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Theorem 20. If 0 <a <c¢<d<b, then

b c+d

a5 b < (I (e, )

Proof. From weighted AM-GM inequality we have:
b — X €T — b b—x z—a
= > b—a . pb—a
x (b—a>a+<b—a>b_a b

(b—z)lna+ (x—a)lnb< (b—a)lnz.

Therefore

d d

d
/(b—x)lnadm+/(x—a)lnbdmS/(b—a)lnxdaz ete.

Cc C

If a = ¢,b = d then we get Vab < I (a,b).

Corollary 20.1. If 0 < a <c<d <b, then

(b . a) (db—a—H o Cb—a,-i-l)

L(a,b) <
(a,8) < (b—a+ 1) (bd—agb—d — pe—agb—c)
where L (a,b) = —2=Y— denote the logarithmic mean.
Ina—Inb

Proof. Using the inequality a®~%b*~® < zb=% we get

d d

L b bdfa b—d __ pe—a b—c
(a.) ( ba a”™) = /ab_“bx_adz < /:Ub_“d:p =
—a

(& &
db—a-H . Cb—a+1
- b—a+1

Corollary 20.2. If x > 1, then

((x—1)e+1) (x(xfl)e - 1)
e (x(x_l)e — 1)

Proof. In Corollary 20.1 we take c=a =¢, d =b = xe.

Inz >
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Corollary 20.3. If 1 < a < b, then

F((z—1)e+1) (a@De 1)

1
I(a,b) > exp — / e (@D 1) dx

a

Proof. We have

; F (& — 1) et 1) (z@De — 1)
(b—a)lnl (a,b) = /lnxdx > / e (2@ De — 1) dx etc.

a a

Corollary 20.4. If 0 < a1 < a2 < ... < ap41 is an arithmetical progression
with ratio r, then

n r r
A1 — A, 1L, 0t
s IS T T
k=1 “k+1 k 1

Proof. In Corollary 20.1 we take c=a =ap, d=b=ar11 (k=1,2,....,n)
and we obtain:

n r T n n
ap 1 —ay Inagy; — Inag 1
DRI S S URES TN S
im1 %1~ Y p—1 “kt1 T Ok k=1
1 Apil
= In 2+
r+1 al

Remark. We conjectured, that

n T T
a —a 1 aq
Z k+1 k > In

a,H'1 a,}; r+1 An41

k=1 Yk+1
Theorem 21. If 0 <a <c¢<d<b, then

Proof. From weighted AM-GM inequality we have

(ZIZ)“ (ib) <m—a>+(aib) (b—2) > (z — )7 (b— )7 or



New identities and inequalities for the identric mean 591

. a+b
r—a)l(b—z)< b—a zoth
b+
a

Therefore

CL—Hnscamd
b+a

In(x—a)+

In(b—z)<In

a+b a+b

d d

b a
1 — | — <
/a+bn(x a)dw+/a+bn(b x)dx <

c c

d d

h—
< /ln adm—i—/lnmdm etc
b+a

Cc c

Corollary 21.1. If 0 <a <c¢<d <b, then

d

/(:c—a)b(b—a;)adxg

C

(b _ a)a—i-b (da+b+1 _ Ca+b+1)

(a+b+1)(b+a)*

Proof. Using the inequality

we obtain

z—b)(b—x)dx < —a 2t dy =
b+
a

(b N a)a-l-b (da+b+1 _ Ca-i—b—i—l)
(a+b+1)(b+a)*™
Theorem 22. If 0 < a < b, then

L0 Sy

(I (a,b))"™" < @ < Vb

SalES

where I' denote the Euler Gamma function.
Proof. We start from Inz — 2 < ¥ (z) < Inz — 5, therefore
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b
a

a x

(ba)lnI(a,b)lnb:/b<lnx1>dx</b\1'(x)dx:1nF(x)

b

:mggz)) </<lnx—21$> dxz(b—a)ln[(a,b)—ln\/g

a

Theorem 23. If 0 < a < b, then

b
1

oy (bta—2) b+a—-2
= +kz_1 —— Il (a+kb+k) +n(k+1)

where v denote the Euler constant.
Proof. We have

b b

r—1
/lnf(m)dmz/(—’y(x—l)—i-zxk —ln(x—l-k:)-i-ln(x—l—l)) dx
a a k=1

Theorem 24. If 0 < a < b, then
I(a+1,b+1)

(e +1,5+1)

< exp <4(b1_a) <b21n <(g +1> (b+ 1)) —a21n(<g+1) (a+1))> +

Ll b2 1 b
I S B

Proof. We start from the inequality

21n(1—|—x)—41n<1+§> <mln<1+g> —zIn(1+2)
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for all x > 0, therefore

b b b

b
2/ln(1+x)d:n—4/ln(1+§) d:v</xln(l—|—;) dx—/xln(1+x)dx etc.

a a a

Theorem 25. If % < a < b, then

()

p—1

n k
1 1 b _ _
I(a,b) = exp o E z 1—klna—|— E (—1)P (bPH — g Pt
k=1 p=2

Proof. We have

b

b
1 1\*
(b—a)ln[(a,b):/lnxdxzzk/(1—> dzx etc.
x
k=1

a = a

Theorem 26. If 0 < a < b < 2, then

(_1)k ((b _ 1)k+1 ~(a— 1)k+1)

1 oo
I{a.b) = exp b—a; k(k+1)

Proof. We have

b

o b
(b—a)lnI (a,b) = /lnxdx = Z (—1)k/ (= _kl)kda: ete.
k=1 ]

a

Theorem 27. If 0 < a < b, then

B 1 00 (b* c)k+1 o (CL o C)k+1
I(a,b)-exp(lnc—kb_a; 1) cF

where ¢ > 0.
Proof. We have

b b
0 IPAY.
(b—a)lnI(a,b):/lnxdx:/<lnc+z<mkckc) )da} ete.
2 k=1

a
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Theorem 28. If 0 < a < b and ¢ > 0, then

Ila+c,b+c) =
2 — 1 b+ 2k
= 1 b—a—2c(2k+1)1
exp(nc—l—b_akzo2k+1< a—2c(2k + )na+2k5+

2k+1 (_1)p+1 (20)2p+1 (2k+1)

+) P
p=2

Proof. We have

((b+2¢)™% — (a+2¢)2P)

2p

b
(b—a)ln[(a+c,b+c)—/ln(x—i—c)dx—

b

00 1 x 2k+1
= [ (e+2 dz etc.
/(nc+ kz_ozk+1<2c+x> ) e

a

Theorem 29. If 0 < a < b, then

I<a+b,b)l<a,a+b) 21na+b
2 2 2

Proof. If f : [a,b] — R is convex, then

[ stana- /b fae <5 (-1 (257))

If f is concave, then holds the reverse inequality. We take f(z) =Inz.

Theorem 30. If 0 < a < ¢ < b, then

I*(a,b) < cI(2a — ¢,2b — ¢)
Proof. If f: R — R is convex and 0 < a < ¢ < b, then

b 2b—c

[ f@ye < je-as@ -+ [ rwds

a 2a—c
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In this we take f(z) = —Inz.

Theorem 31. If 0 < a < b, then exist ¢ € (0,1), such that:

ap) =2

GENERALIZATIONS OF THE INDENTRIC MEAN

s)

Defintion 1. Denote

1

L b—a
P\ Ll _gn
I, (a,b) = e (FD)?

aan+1

if 0 < a<band I, (a,b) = a if a = b the generalized identric mean. We have
Iy (a,b) = I (a,b) the classical identric mean.
Because the classical identric mean can be defined in following

b
(b—a)InI (a,b) = /ln:rdm,

we have

b

n+1 n+1
(b—a)lnl, (a,b) :/x”lnxdaz: (3} nr_ 7 >

b
n+l  (n+1)

a

a

b"Hind —a"inag Lt — gt
= - te.
n+1 (n+ 1)2 e

Defintion 2. Denote

I, (a,b) = (exp ((—1)"n! (bz(—lsb)?" - az (—lrnla)r>>> B
r=0 r=0

if 0 <a <band I, (a,b) = aif a = b the generalized identric mean. We have
I (a,b) = I (a,b), the classical identric mean. We start from

b _
a

r!

b . )
(=)t (ah) = [ (na)" do = ((—1)”71!3;2(111@)
a r=0
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=(=1)"n! <bz(_lﬁb)r — az (—lrn'a)r> etc.

r=0 ’ r=0

Defintion 3. Denote

Imn(a,b) =

n nl m —1Inb)" o —1Inb)" =
((<> m+1(b oy Ly HZ IO )))

r= 0

if 0 <a<band I, (a,b) = aif a = b the generalized identric mean. We
have Iy (a,b) = I (a,b) the classical identric mean. We start from

b
(b—a)lnl,, (a,b) = /:I:m (Inz)"dx =

— (=1 n! m_HZ (—Inx)"
m+1 'm+1)"

_ (_1)TL n' m+1 Z lnb m+1 Z —]na ote.
m—+1 m—|—1 'm+1)"

Defintion 4. Denote

1 d m+1
Im,c,d (a7 b) = exp TH pmtl <—c> In (Cb + d) —

if 0 <a<band I, cq4(a,b) =aif a =b, where a,b > 0.
We have Iy 1, (a,b) = I (a,b) the classical identric mean. We start from
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b
(b—a)Inlycq(a,b) = /mm In(cx +d)de =

a

(e () e () ()

r=1

1 " d m+1 1 ) d m+1
— m+1 [ % . m+1l [ Y d) —
p— (b ( c) In (cb + d) el . In (ca + d)
1 d\ " cb\" ca\"
e Y = (-5 ) - (- te.
m—l—l( c) r:1r<< d) ( d))ec

Defintion 5. Denote

1 In(cb+d In(ca+d
I cdl(a,b) = ((exp <_m—1< E)m_l >— (am—l ))-I-

n 1 (_E>m*1 lan+d—lnca+d .
m—1 d b a

RN - ()

if 0 <a < band I, cq(a,b) =a if a = b the generalized identric mean, where
c,d >0, m>3.
We start from

b
0=

b
| d)d
(b—a)ln[mc,d(a,b)—/w—

xm
a

1 m—1
:(_ 1 In(cx+d) <c> 1ncx—i—d+

m—1 gm-1 m—1 d

-2
1 eymle< 1/ d\"
s (T (-
m—1 d r cx
r=1
In end of this paper we invite all mathematicians to study the properties of
the previous introduced generalized identric means.

X




598 Mihély Bencze

REFERENCES

[1] Bencze, M., New inequalities for the function Inx (1), Octogon
Mathematical Magazine, Vol. 16, No. 2, October 2008, pp. 965-980.

[2] Bencze, M., New inequalities for the function Inx, and its applications
(2), Octogon Mathematical Magazine, Vol. 16, No. 2, October 2008, pp.
981-983.

[3] Mitrinovic, D.S., Analytic inequalities, Springer-Verlag, Berlin, 1970.
[4] Octogon Mathematical Magazine (1993-2009)

Str. Harmanului 6,

505600 Sacele-Négyfalu

Jud. Brasov, Romania

E-mail: benczemihaly@yahoo.com



OCTOGON MATHEMATICAL MAGAZINE
Vol. 17, No.2, October 2009, pp 599-626
ISSN 1222-5657, ISBN 978-973-88255-5-0,
www.hetfalu.ro/octogon

599

A study of some properties of generalized
groups

Akinmoyewa, Joseph Toyin®
1. INTRODUCTION

Generalized group is an algebraic structure which has a deep physical
background in the unified gauge theory and has direct relation with isotopies.

1.1. THE IDEA OF UNIFIED THEORY

The unified theory has a direct relation with the geometry of space. It
describes particles and their interactions in a quantum mechanical manner
and the geometry of the space time through which they are moving. For
instance, the result of experiment at very high energies in accelerators such
as the Large Electron Position Collider [LEP] at CERN (the European
Laboratory for Nuclear Research) in general has led to the discovery of a
wealth of so called ’elementary’ particles and that this variety of particles
interact with each other via the weak electromagnetic and strong forces(the
weak and electromagnetic having been unified). A simple application of
Heisenberg’s on certainty principle-the embodiment of quantum
mechanics-at credibly small distances leads to the conclusion that at distance
scale of around 1073% metres(the plank length) there are huge fluctuation of
energy that sufficiently big to create tiny black holes. Space is not empty but
full of these tiny black holes fluctuations that come and go on time scale of
around 10735 seconds(the plank time). The vacuum is full of space-time
foam. Currently, the most promising is super-string theory in which the so
called ’elementary’ particles are described as vibration of
tiny(planck-length)closed loops of strings. In this theory the classical law of
physics, such as electromagnetism and general relativity, are modified at
time distances comparable to the length of the string. This notion of
’quantum space-time’ is the goal of unified theory of physical forces.

9Received: 21.04.2009
2000 Mathematics Subject Classification. 05E18.
Key words and phrases. Groups etc.
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The unified theory offers a new insight into the structure, order and
measures of the quantum world of the entire universe. It is in accordance
with the quantum mechanics, quantum theory of space time and quantum
gravity. It is in conformity with the proposition of Einsteins theory of
relativity that the laws of nature and the geometry of space-time are
independent. It was proposed that:

(i) There is conceptual unification and reconciliation of the theory of
relativity with quantum theory and the mathematical concepts of continuum
with the concept of the space-time.

(ii) The unification of all forces, field, matter and space-time into one unified
force-gravity, that is pure geometry where all the constants of nature emerge
form the theory itself.

(iii) The Grand unified MU-27 space-time coordinate supersedes the
cartesian coordinate system which describes the world of unrelated.

(iv) The elucidation of the conceptual structure of space-time, planck
constant and planck time and the planck scale often described as foamy
through the primordial universal quantum.

(v) The rate at which the velocity of the galaxies increase with distance is
determined by the system structure of the Grand unified theory MU-27 its
principle of continuity and extensity of distance and volume criterion.

1.2 UNIFIED THEORY AND GENERALIZED GROUPS

The above notion of quantum space-time is the goal of any unified theory of
the physical forces. For instance, from differential geometry, we know that
metric can determine the geometry of space(Hawking and Ellis [5]). The idea
of generalized groups are tools for constructing unified geometric theory. In
this research work, the algebraic structure of generalized groups will be dealt
with as follows.

Definition 1.1. ([9])
A generalized group G is a non-empty set admitting an operation called

multiplication subject to the set of rules given below.

(i) (zy)z = x(yz) for all z,y,z € G.
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(ii) For each x € G there exists a unique e(x) € G such that

ze(x) = e(x)x = x (existence and uniqueness of identity element).

(iii) For each = € G, there exists 27! € G such that zz71 = 271z = e(x)
(existence of inverse element).

Example 1.1. Let

G:{A:<2 2) a,bERandb;éO}.

Then, G is a generalized group and for all A € G,

e(A)z(S O>andA_1:<8 (1)>
v 1 ® b

where e(A) and A~! are the identity and the inverse of matrix A respectively.
PROPERTIES OF GENERALIZED GROUPS

A Generalized group G exhibits the following properties:
(i) for each x € G, there exists a unique 27! € G.

(ii) e(e(x)) = e(z) and e(x~1) = e(z) where z € G.
Then, e(z) is a unique identity element of x € G.

Definition 1.2. If e(zy) = e(z)e(y), Vz,y € G, then G is called normal
generalized group.

2. LITERATURE REVIEW

Mathematicians and physicists have been trying to construct a suitable
unified theory, for example twistor theory, isotopies theory and so on. It was
known that generalized groups are tools for constructions of a unified
geometric theory, electroweak theories are essentially structured on
Minkowskian axioms and gravitational theories are constructed on
Riemannian axioms. Molaei [9] in his generalized groups established the
uniqueness of the identity element of each element in a generalized group and
where the identity element is not unique for each element, then a group is
formed, some of his results are stated below.

Theorem 2.1. For each element x in a generalized group G, there exists a
unique 7! € G.
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Proof. Suppose x € GG, then

z=ze(r) =x(z 7 z) = z(z te(z™))z = (e(x)e(z™h))z

and similarly,

v = x(e(z™"))e(x)

so the uniqueness of e(x) shows that

e(z)e(z™!) = e(x™!) = e(x)

hence

e(z7h) = e(x) (1)

Now, let zz = zz = e(x) and yx = zy = e(x). Then z(zy) = z(e(x)), so
e(z)y = ze(x) which shows that y = z from (1)
The next theorem shows that an abelian generalized group is a group.

Theorem 2.2. Let G be a generalized group and xy = yx for all z,y € G.
Then G is a group.

Proof. We show that e(z) =e(y) V x,y € G. Let 2,y € G be given, then
(zy)e(y) = zy and e(y)(zy) = e(y)(yx) = yo. Thus, e(zy) = e(y) and by
the similar way e(z) = e(zy). Hence, e(z) = e(y).

M. Mehrabi, M. R. Molaei and A. Oloomi also considered the idea of
generalized subgroups and homomorphisms of generalized groups. Some
results on homomorphisms were proved as shown below

Theorem 2.3. A non-empty subset H of a generalized group G is a
generalized subgroup of G if and only if for all a,b € H, ab™! € H.
Proof. If H is a generalized subgroup and a,b € H, then b~!,ab™! € H.
Conversely, suppose H # () and a,b € H, then we have

bl =e(b) € Hedb ' =b"1ecHandab=a(b™!)" .

Theorem 2.4. Let {H;|i € I} be a family of generalized group G and
H; # (). Then H; is a generalized subgroup of G.

Proof. If a,b € H, then a,b € H;,V i € I, thusab™' € H;, Vi € I. Hence
ab~! € H and H is a generalized subgroup of G since a,b € H,ab™! € H.

Theorem 2.5. Let G be a generalized group such that a € G. Then,
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Go={z€G : e(z)=¢e(a)}

is a generalized subgroup of G. Furthermore, G, is a group.

Proof. For all a,b € G, we have (bc)e(a) = bee(c) and e(a)bc = e(b)(bc) = be,
so e(bc) = e(a), we have that e(c) = e(c™!). Hence b,c¢™! € G, and G, is a
generalized subgroup of G. Since the identity function is a constant function
on (G, it is also a group.

Definition 2.1. If G and H are two generalized groups and f : g — H, then
f is called a homomorphism if f(ab) = f(a)f(b), Ya,b € G.

M. Mehrabi, M.R. Molaei and A. Oloomi [11] stated the following results on
homomorphisms of generalized groups. These results are established in this
work.

Theorem 2.6. Let f : G — H be a homomorphism where G and H are
two distinct generalized groups. Then:
(1)] f(e(a)) = e(f(a)) is an identity element in H for all a € G.

(ii)] fla™!) = (f(a)~!

(iii) If K is a generalized subgroup of G, then f(K) is a generalized subgroup
of H.

(iv)] If G is a normal generalized group, then the set

{(el9), F(9)) = g€ G}
with the product

(e(a), f(a))(e(b), f(b)) == (e(ab), f(ab))

is a generalized group denoted by Uf(G).

2.1. SOME OTHER GENERALIZED CONCEPTS
Topological Generalized Groups

Molaei [10] introduced topological generalized groups. According to him, a
set GG is called a topological generalized group if:

e (7 is a generalized group,

e (G is a Hausdorff topological space and

the functions

m : G—G g—g !
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and

me : GXG—G (gh) — gh

are continuous maps.
Example 2.1. ([10]) Every non-empty Hausdorff topological space G with
the operation:

my : GXxG—G (a,b) —a

is a topological generalized group.
GENERALIZED ACTIONS

Molaei [8] also introduced generalized actions to generalized groups as
follows. Let G be a generalized group and let X be a set. A generalized
action of Gon X isamapT : G x X — X with the properties

e i(a,i(b,z)) = i(ab,z) and

ei(e(g),z) =2V a,bgeGandz e X.

X is otherwise called a G-set.

Theorem 2.7. Let a generalized group G on a set S, and let

f + G— H(S) be al—1 mapping defined by f(g) = ¢4 where H(S) is the
set of all mapping ¢4 : S — S defined by ¢4(z) = g(x). Then H(S) with
the multiplication ¢4¢p = ¢4 is a generalized group. Moreover, if G is
normal then H(S) is a normal generalized group.

SMOOTH GENERALIZED GROUP

Agboola [3] initiated the study of smooth generalized groups. A mapping
E, : X xX —[0,1] is called a fuzzy equality on X if and only if the
following conditions are satisfied:

e Ex(zyy)=leor=yVryecX,

i Ex(l’,y) = Ex(y,$) Va,yeX,

e min[Ex(z,y), Ex(y,2)] < Ex(z,2) Vx,y,z € X.

The real number Ex(z,y) is called the degree of equality of x and y in X.
The mapping E, : X x X — [0,1] is said to be a unit fuzzy function on X
if for all x € X,

1 ife=y
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and it is denoted by Ux that is Fx = Ux. Ux defined this way is indeed a
fuzzy equality on X with respect to classical equality of the elements of X.
Let Ex and Fy be fuzzy equalities on X and Y respectively. The mapping
E%.y + X xY —0,1] is said to be an induced fuzzy equality on X x Y
with respect to(wrt) Ex and FEy if for all z,z € X and for all y,w €Y,

By ((@,9), (2,w) ) = Ex(2,2) A By (y, w).

Let Ex and FEy be fuzzy equalities on X and Y respectively. f : X — Y is
called a fuzzy function wrt Ex and Ey if and only if the characteristic
function py : X xY — [0,1] of f satisfies the following conditions:

(i) for all x € X, there exists y € Y such that ps(x,y) > 0.

(i) min [,uf(x,z),,uf(y, w),EX(w,y)} < Ey(z,w)Vz,yec X andVw,z€Y.
A fuzzy function f : X x X — X wrt a fuzzy equality Fxxx on X x X and
a fuzzy equality Ex on X is said to be a smooth binary operation on X wrt
Ex«x and Ex if and only if

min [,uf(a, b, c),EX(c,d)} > 0= ps(a,b,d) >0V a,b,c,de X.

A smooth binary operation o on X wrt Exyx and Fx is called a strong
smooth binary operation on X if and only if

min [,uo(a, b,c), Ex(c, d)} > 0= po(a,b,d) >0V a,b,c,d € X.

Let o be a smooth binary operation wrt a fuzzy equality Exxx on X x X
and a fuzzy equality Fx on X. Then

(i) (X,o0) is called a smooth semigroup if and only if the characteristic
function po : X x X x X — [0, 1] of o satisfies the condition

min Ho(b, ¢, d)vuo(a7d7 m)nu’o(a’ ba Q)uuo(Q7cvw)] >0=

= Ex(m,w) >0V a,b,c,m,q,w € X.

(ii) A smooth semigroup (X, o) is a smooth monoid if and only if there exists
an (two-sided) identity element e € X such that

min uo(e,a,a),po(a,e,a)} >0VaeX.
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(iii) A smooth monoid (X, o) is a smooth group if and only if for each a € X
there exists an (two-sided) inverse element a~! € X such that
min {uo(afl,a, e), o(a,at,e)| >0V ac X.
(iv) A smooth semigroup (X, o) is said to be abelian i.e commutative if and
only if o satisfies
min {uo(a,b, m), po(b, a, w)} > 0= Ex(m,w) >0V a,b,mwe X.

Let o be a closed binary operation on GG wrt a fuzzy equality Fgxg on G X G
and a fuzzy equality Eg on G. Then (G, o) is said to be a smooth
generalized group(SGGQG) if the following conditions hold:

(i)
oY, z,a) A po(zya,u) A po(x,y,b) A po(b, z,v) >0 =

= Eg(u,v) >0V a,bu,v,x,y,2 € G.

(ii) For each x € G there exists a unique e, € G such that

po(T, ez, ) A pio(€g, x, ) > 0.
(iii) For each z € G there exists ! € G such that

po(z, 27 ep) A po(z71, 2, e) > 0.

It should be pointed out that if (G, o) satisfies only (i), it is called a smooth
semigroup and if only (i) and (ii) are satisfied, G is referred to as a smooth
generalized monoid(SGM).

Definition 2.2. [3] Let (G,0) be a SGG wrt fuzzy equality g« on a
G x G and a fuzzy equality Eg on G. G is said to be abelian (commutative)

if it additionally satisfies the condition

to(,y,a) A po(y, z,b) > 0= Eg(a,b) >0,V a,b,z,y € G.

Definition 2.3. [3] Let (G,0) be a SGG wrt a fuzzy equality Egxq on
G x G and a fuzzy equality Eg on G. G is said to be normal if

to(z,y,a) > 0= pio(€xr,ey,€a) >0,Y a,z,y € G
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I' GENERALIZED GROUP

According to Agboola [2], if G is a generalized group and I' is a non-empty

set , then I' is said to act on G by endomorphisms if each a € I' defines an

homomorphism of G i.e a : G — G is an endomorphism with the property
a(ab) = a(a)a(db) ¥ a,b € G.

The elements of I" are called the operators and the pair (G,I") is called a I'
generalized group. Although each element of I" defines an endomorphism of
G, but different operators from I' may define the same endomorphism of G.

Definition 2.4. Let G be a I'-generalized group and let H be a generalized
subgroup of G. H is said to be a I'-generalized subgroup of a I'-generalized
group of G, if all members of I' define endomorphism of H.

Definition 2.5. ([2])Let f : G — H be a generalized group homomorphism
from a I'-generalized group G into a ['-generalized group H. f is said to be a
I’-generalized group homomorphism if

a(f(a)) = flaa)),Yace GandV a el

Remark 2.1. In the special case of ' = (), the notion of I'-generalized
group reduces naturally to the usual generalized group.

PRODUCT STRUCTURE ON GENERALIZED GROUP

In the work of Agboola [2], if G is a generalized group and a € G, then for all
n € Z he defined the power of a as follows:

a = e,

a’=aaa---a n factors
[
a—n — (a—l)n

It is clear that each of these powers of a have a unique meaning in G and
their natural extension of associative multiplicative binary operation of G.
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Theorem 2.8. Let G be a finite generalized group and let a € G. Then
ApeZT 3 aP = e,.

Proof. Suppose that a is any element of the finite generalized group G.
Then, the infinite sequence

. -a*4, a*3, afz, ail, a’ = €q,a, a2, a3, a4, e

of power of @ must contain repetitions. In this case, we can find integers m
and n with m >n 3, a™ = a" = a™ " = a® = e,, which gives the required
result if p=m —n

Definition 2.6. ([2]) Let G be a generalized group and let a € G. The order

Theorem 2.9. Let G be a generalized group. Then

(i) o(eq) =1 and (i) o(a™!) = o(a),V a € G.

Proof.

(i) Suppose that o(e,) = k. Then, e¥ = e., = ¢4, thus k = 1.

(ii) Suppose that o(a) = m. Then a™ = e,, also

(a=H™ = (a™)~! = e,-1 = 4. This therefore means that o(a™!) < o(a).
And if a is replaced by a~! we have o(a) < o(a™!) and hence o(a™!) = o(a)
as required.

Definition 2.7. Let G; where i = 1,2,3, ..., n be genertalized groups. the
i=1

direct product of the G, denoted by [] G; is defined by
n

i=1
HGZ = {(917927 ,gn)ag € GZ’Z = 1’2’ ’n}
n

He got the result that follows.

Theorem 2.10. Let [[!"; G; be the direct product of generalized groups G;
and let (g1, 92, -+ ,9n) and (hi, he, -+, hy) bein [ | G;. Then

(HZ"I G, ®> is also a generalized group where ® is a multiplicative binary
operation defined by

(917927"' 7gn) & (hlah2>"' 7hn) = (glh]_,thQ,"' 7gnhn)

Vag,hi€G; i=1,2,---n.
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Proof. It is clear that ® is closed and associative over II}"_;G;. Now for each
9i € G, eq; € G, is the unique identity wrt g; and so

(gl>92a"' agn)® (691,€g2,"‘ 76971) = (69176927"' aegn)®(glv.92>"' 7gn)
= (917927"'7977,)

This shows that (g1, g2, -, 9n) € II!_ ;G is the unique identity wrt
(917 g2, 7gn) € H?:lGl
Lastly, for each (g1,92, - ,9n) € I7_,G;, we have

(91,92, 2 0n) @ (g7 a5ty gy ) = (9197 Y9205+, 9ngn )

- (69176927"' 769”)

Using a similar argument we have

(gflagglv e aggl) ® (glag2a e agn) = (eg176927 e 7egn)- This shows that
(gl_l,ggl, -+, gy1) ia a unique inverse of (g1, g2, ,gn) € I, Gi.
Accordingly, (I, G;, ®) is a generalized group.

Theorem 2.11. Let A; be a generalized groups G; where i =1,2,--- | n.
Then II" | A; is a generalized subgroup of group II?"_; G;

NORMAL GENERALIZED SUBGROUPS: FACTOR GENERALIZED
GROUPS

Mehrabi, Molaei and Oloomi [11] studied normal generalized subgroups and
introduced them into factor generalized groups.

Definition 2.8. A generalized subgroup N of a generalized group G is called
a generalized normal subgroup of G if there exists a generalized group £ and
an homomorphism f : G — E such that Ya € G, N, = ¢ or N, = Kerf,
where N, = NN Gy, fo = flg, and Kerf, ={z € G, : f(z) = f(e(a))}.
They established the result below.

Theorem 2.12. Let N be a generalized normal subgroup of the normal

generalized group G. Then the set G/N = |JG,/N, is a normal generalized
group with the multiplication

G/N x G/N — G/N (xNa, yNp) = (2y) N(ap)-
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Proof. In the definition of G/N, if G, = Gy, then, N, = Ny, so

Go/No = Gy/Np. Thus the union of G/N can be taken over the distinct Gy.
Now, we shall show that the multiplication is well defined.

Let f : G — FE be a homomorphism that corresponds to N. Then

N, = ker f, where a € G and N, # 0.

If 21N, = 22N, and y1 Ny = 32Ny, then In € N, and ny € Ny 3 1 = 29n,
and y; = yony. Because GG is normal generalized group,

e(xiy;) = e(zi)e(yi) = e(a)e(b) = e(ab), for i =1,2. So x1,y1,x2,y2 € Gap
and we have

fan(w1,91) = f(w2nay2np)

f(@2) f(na) f(y2) f (1)
f(x2) f(ea)) f(y2) f(e(D))
f(x2e(a)) f(y2e(a))
f(z2) f(y2)
= fab(z2y2)

Hence w1y1 ker fop = zay2 ker fop or 2191 Nap = 22y2Nap-

We now show that e(zN,) = e(x)N,. Let (xN,)(yNp) = (yNp)(xNg) = xN,.
Thus, e(b)e(a) = e(ba) = e(a) = e(ab) = e(a)e(b). So e(b) = e(e(a)) = e(a)
and N, = Np. But G,/Ny is a group with unique identity e(x)N, = e(a) N,
so yNy = yNp = e(x)N,. The generalized group G/N is called the factor
generalized group.

2.2. STATEMENT OF PROBLEMS

Since the generalized group is a new algebraic concept, in this research work
generalized group is be studied so as to get analogous results just as they
exist in classical group theory and the results would be extended to
isomorphism theorems.

2.3. OBJECTIVES

The objectives of this study are as follows.

1. To investigate if some results that are true in classical group theory are as
well true in generalized groups.

2. To find a way of constructing a Bol structure(i.e Bol loop or Bol
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quasigroup or Bol groupoid) using a non-abelian generalized group.

oloc|o|o
oloc|o|lo|lo
THO|0 ||
A NCHEeN RonNon
olow|oclole

Table 1. Table of a group called the Klein 1-group, with a unique identity
3. ON CLASSICAL GROUP THEORY

Defintion 3.1. A group is a set G together with binary operation ’x’such
that G x G — G, satisfying the following conditions

(a) a-be G, Ya,beG. (Closure)

(b)a(b-c) = (a-b)e,V,a,b,c € G. (Associativity)

(c) there exists e € G such that a-e =€e-a=a, Va € G. (Existence of
identity element)

(d) For each a € G, 3b€ G such that a-b=0b-a=e. (Existence of
inverse element)

Example 3.1.

Theorem 3.1. Let a,b be two elements of a group g. Then

(a) (ab)~! =b"ta"t. (b) (a7 )"t =a.

Proof.

(i) Since for each a in G there is a~! € G with the property that

aa~!' = a"la = e then (ab)~'(ab) = e if the both sides of this is multiplied
on the right by b='a~!, we obtain

eb " ta™l =

b la b =

(i) Also, (a=1)~ta=! = e, if we multiply both sides of this expression on the
right by a, we obtain
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3.1. PROPERTIES OF GROUPS

The followings are the elementary properties of group.

Theorem 3.2. Let G be a group, then

(1) The identity element e € G is unique.

(i) The inverse a lofa € G is umque

(i) (et =a, Va€G. and (ab)~! =b"la"!, Va,b e G.

(iii)If a,b,c € G, thenab=ac=b=cand ac=bc=a=¢, VY a,b,c € G.

3.2. SUBGROUPS, COSET, NORMAL SUBGROUPS AND QUOTIENT
GROUPS

Defintion 3.2. A subset H of a group g is called a subgroup of g if H is
also a group under the same binary operation as that of G. When H is a
subgroup of g, we write H < G.

Theorem 3.3. Let H be a subset of a group G. The following are
equivalent.

(i) H is a subgroup of G. (ii) For all a,b € H, ab~! € H. (iii) For all
a,be H, abe H and a~ ! € H.

Proof.

(i)= (ii) By the definition of a group, H is a group and given b € H its
inverse b~! € H, and so by closure property ab™! € H,V a € H.

(ii)= (iii) Let a € H then by (b), aa™! = e € H, e is the identity of element
of G. If b is any element of H, then by (b) again, e-b~' =b~! € H. So the
first part of (c) is satisfied. Also, given a,b € H, we have b~ € H and
a(b~! € H by (b), i.e ab € H, and (c) is satisfied.

(iii)= (i) Suppose (c) is satisfied. Then it is only necessary to show that
associative law holds and that the identity exists in H. Now for all

a,b,c € H, (ab)c,a(bc) € H, and by repeated application of the first part of
(c), (ab)e = a(bc) in H, since they are equal in G. Thus, the associative law
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holds in H. Given a € H, then by the second part of (c), a~! € H and by
the first part, aa~! = e € H, where e is the identity element of G. e
obviously is the identity element of H.

Theorem 3.4. Let {H,}acq be a family of subgroup of a group G. Then
the intersection |J,cq Ha is a subgroup of group G.

Proof. Let a,b € (),cq Ha- Then a,b € H, for each a € Q. But since

H,, o € Q is subgroup(given). It follows that (i) a,b € Hy, o € 2 and

(i) a™! € Hoyoo € Q. (i) and (ii) = a,b € Nyeq Haa ™ € Nyeq Ha- Thus
Naca Ha is a subgroup of G.

3.3. COSETS

Let H < G, aH is called a left coset of H determined by a € G and Ha is a
right coset of H determined by a € G.

Definition 3.3. The set of all right cosets of H in G is called the right
quotient set of G by H and denoted by HG\G. The left quotient set of G by
H is defined analogously and denoted by G/H.

Definition 3.4. Let GG be a group, and H a subgroup of G. H is said to be
normal if Ha = aH, V a € G. This is written as H < G.

Theorem 3.5. Let G be a group and H a subgroup of GG. The following are
equivalent:

(i) H is normal in G.

(i) a~'Ha=H, ¥V a € G.

(iii) for any h € H, a € G, a ‘ha € H.

Proof.

(i)= (ii) Suppose Ha = aH, pre-multiplying both sides by a™
a'H=H,VacG.

(ii)= (iii) Trivially, given any h € H,a ‘ha € G and a *ha € a"*Ha = H.
(iii)= (i) Since (c) holds, a~tha = h, say for some h € H i.e ha = ah. Now if
x € Ha, then © = ha, say for some h € H. But ha = ah, for some h € H, so

x =ah € aH. That is Ha C aH. By a similar argument, one can show that
aH C Ha. Thus aH = Ha.

L we obtain

Theorem 3.6. Let G be a group and H is normal subgroup of G. Then
G/H is a group called the quotient group G by H.



614 Akinmoyewa, Joseph Toyin

Proof. 1t is necessary to check the axioms of a group on G/H. Let a,b,c € G
and aH,bH,cH € G/H. Then aH (bH - cH) = (aH - bH) - cH.

Closure and Associative law

If aH - eH = aH, since e is the identity of G, eH is the identity element of
G/H. Thus eH - aH = eaH = aH.

Ezxistence of identity element

aH -a 'H = aa"'H = eH, which implies that given any aH € G/H its
inverse is given by a ' H, since a 'aH = eH = H.

Ezistence of inverse element

3.4. HOMOMORPHISM AND ISOMORPHISM THEOREMS

Definition 3.5. Let (G,-) and (H,-) be two groups. A homomorphism from
G to H is a mapping f : G — H,> f(a-b) = f(a) - f(b).

Definition 3.6. Let G and H be two groups. Then, the function f: G — H
is said to be 1 — 1 or mono or injective if f(a) = f(b) = a =b or

fla)# f(b) = a#b

Theorem 3.7. For any set S of groups, =2 is an equivalent relation on S.
Proof.

(i) VG € S, G = G, because (¢ is an isomorphism from G to G, which
establishes the reflexive law.

(ii) For G1,Gy € S, G1 = G2 =, 3 an isomorphism f : G; — Ga. Since f is a
bijection, 3 an isomorphism, f~1 : Go — G1,= G2 = G;. Thus the
symmetric law holds.

(iii) For G1,Go,G3 € §,G1 =2 G and G = (G =, 3 isomorphisms

f1:G1 — Gq and fy : Go — (3 so also , 3 an isomorphism

(f2- f1) : G1 — G3,= G = ('3, which finally shows the transitive law, and
the theorem is proved.

Definition 3.7. Let G and H be two groups. Then, the function f: G — H
is said to be 1 - 1 or mono or onjective if f(a) = f(b) — a ="b or

f(a) # (b) — a #b.

Definition 3.8. A mapping f : G — H is said to be onto or surjective or epi
if the range of f = H, i.e givend € H, da € G 3, f(a) = d.
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Definition 3.9. A homomorphism f which maps G onto itself is called an
endomorphism. A bijective endomorphism is called an automorphism.

Definition 3.10. Let f be a homomorphism from a group G to a group H.
The kernel of f denoted by ker f ={a € G : f(a) =eg}.

Theorem 3.8. Let f be a homomorphism from a group G to a group H.
Then

(i) ker f is a subgroup of G.

(ii) ker f is normal in G(ker f < G).

(iii) f is a monomorphism if and only if ker f = {eq}.

Proof.

(i) For a,b € ker f,

f(ab™') = f(a)f(b™1) Since f is a homomorphism
= ey - ey by definition
= @H

So ab™! € ker f, so ker f is a subgroup of G.
(ii) For any k € ker f,b € G. Thus

FO7kb) = f

Hence, b~'kb € ker f, so ker f <1 G.

(iii) Suppose that ker f = ey and f(b) = f(c), then

(f(e)7Lf(b) = ey = f(c™'b) = ey = c7'b € ker f = {ey}. Hence b = ¢ and
so f is a monomorphism. Suppose that f is a monomorphism and k € ker f,
k # eq. Then, f(k) = ey = f(eq), which leads to contradiction since f is a
monomorphism. So k = eg.

Theorem 3.9. Let f : G — H be a group homomorphism with kernel K.
Then f(G) is a subgroup of H, and there is a canonical isomorphism of f(G)
with G/K. If f is surjective then G/K = H.

Proof. a,b € G if and only if f(a), f(b) € f(G). Now

fla)- fo71) = f(ab™h) € f(G)
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showing that ab~! € G, thus f(G) is a subgroup of H. For the second part,
define

¢:G/K — ¢(G) by ¢(gK) = 0(g).

For ¢ to be an isomorphism, we need to show that

(i) ¢ is well defined, i.e. the definition is independent of the choice of the
representation g € G,

(ii) ¢ is a homomorphism,

(iii) ¢ is injective,

(iv) ¢ is surjective.

To show (i) - (iv), we have the following:

(i) To prove that ¢ is well defined, let g; € gK, then we show that

P(g1K) = ¢(gK). Now

gegKk=3keK>g=gk=9'q =k
Then

¢ =0(k)=0(g "g1) =0(g7")0(g1) = 0(g1) = 0(g) = d(q1 K) = ¢(g9K)

where €' = 6(e).
(ii) Let g, 91 € G, then

Pl(9K) (91 K)] = ¢l(991) K] = 0(gg1) = 0(9)0(g1) = ¢(gK)p(g91 K).

Thus, ¢ is a homomorphism.
(iii) Suppose ¢(g1 K) = ¢(gK), then

0(g) = 0(g1) = 0(gg1) = 0(e) =€ = gg7 ' €ker = K = g1 € gK = g1 K = gK.

Thus, ¢ is injective.

(iv) The surjection follows from the definition thus completing proof of the
second part.

For the last part, 6 is onto hence (G) = H and the proof is complete.

Theorem 3.10. Any two infinite cyclic group of the same order are
isomorphic to each other.

Proof Let G and H be two infinite cyclic groups of order k each. Let g be a
generator of G and h be a generator of H. Then both g and h have order k.
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Moreover, 1,g,¢%---,¢" ! is a complete repetition free list of the elements of
G and 1,h,h2,--- ,h*"1is a free list of the elements of H.
An obvious bijection from G to H is the 6 specified by

0(¢g")=h", n=0,1,2,---  k—1. (2)

We shall prove that 0 is an isomorphism. First, to prove that (2) holds for all
integral values of n(not just in the range 0 to k — 1). For this purpose, let n

be an arbitrary integer and let r be its principal remainder on division by K.
g™ =g" and " = h". Hence,

0(g") =0(g") = h" = h" by definition of 4, since 0 <r < k — 1.

Now let =,y be any arbitrary elements of G, since G = [g], x = ¢* and
y = g', for some s,t, and hence

O(zy) = 0(9°-9")
— e(gs—&-t)
_ hs+t

— hs. ht
= 0(9)0(9")
= 0(z)0(y)

since x are arbitrary and 6 is bijective. It follows that € is an isomorphism
from G — H. Hence, G = H.

Theorem 3.11. If G is the internal direct product of subgroup N and H,
then G= N x H.

Proof. Let g € G. Then g = nihy for some ny € H,h; € H, suppose we may
also g = nahsy for some ny € N, ho € H. Then nih; = noho so that

nl_lng = hghl_l € N H. Therefore, ny = ny and hy = hg so that the
factorization g = nyh; is unique.

Define f: G — N x H by f(g) = (n1, h1) where g = nihy. This function is
well defined the previous paragraph, which also shows that f is one-to-one
correspondence. It remains to check that f is a group homomorphism.
Suppose that g1 = nihi and go = nohs. Then g192 = nihinohe. We claim
that honi = n1ho,V n1 € N, he € H. Indeed, (hgnlhgl)nl_l € N, since N is
normal in G and ha(n1hy ')n;t) € H, since H is also normal in G. But
NN H = {e}, so hanihy'n7' € N H = {e}. Thus, hany = niha.
Therefore,
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f(g192) = f(nihinghs) = f(ninghihe) = (ning, hihg) =

= (n1, h1)(n2, ha) = f(g1)f(g2),

so that f is a group homomorphism and hence, a group isomorphism since it
is one-to-one correspondence.

Theorem 3.12. Let G be a group and Nj, N1 be two normal subgroups of
G such that N1 mNQ = {6}, then N1N2 = N1 X N2

Proof. Define a mapping ¢ : NyNo — N1 X Ny by ¢(ay,a2) = (a1,a2). We
need to show that ¢ is well defined. Suppose that ajas = b1by, where

ai,b1 € Ny and as, by € No. Then, a2b51 = aflbl € N1 N2, since

N1 N2 = e, we have a2b2_1 =e= al_lbl i.e. a1 = b1, a2 = by, S0

(al, bl) = (CLQ, bg)

Now suppose a1, az, b1, by € N1 No, to prove that ¢ is a homomorphism, we
need to show that

d)(al, as, bl, 52) = gb(al, ag)gb(bl, bg) = (al, ag, bl, bz).
This will be so if and only if asb; = bjas, i.e if and only if
(bl,az)_l casby = e = (aglbfl -asby = e. But b;lNle = Nsy. So
bl_lagbl € No. Hence ag_lbl_lagbl € Ny. Thus a;lbflagbl € N1 (N2 = {e},
ieay 1bf1a2b1 as required. So ¢ is a homomorphism.
¢ is mono since (a1, az) = (b1,b2) = a1 = b1, az = ba. Also ¢ is an
epimorphism since given
(a1,a2) € N1 X Na, Jaj,as € N1Ny > ¢(a1,az) = (a1, az). Therefore, ¢ is
an isomorphism.

4. RESULTS ON GENERALIZED GROUPS AND HOMOMORPHISMS

Results
Theorem 4.1. Let G be a generalized group. For all a € G, (a7!)~! = a.
Proof. (a=1)7la™! = e(a™!) = e(a). Post multiplying by a, we obtain

(@) a"a = e(a)a. (3)
From the L. H. S.,

(@) ta) = (@) e(@) = (a7 el ) =
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=(a™ ) le(@™) ) = (a7 (4)
Hence from (3) and (4), (a7!)~! = a.

Remark 4.1. The result obtained in Theorem 4.1 are possible through the
application of definition 1.2 which defines a normal generalized group as
follows. If e(zy) = e(z)e(y),Y z,y € G. Then G is called a normal
generalized group. The results thus obtained are similar to those in [?]

Definition 4.1. Let H be a non-empty subset of a generalized group G such
that it is generalized group with the multiplication inherited from G. Then
H is called a generalized subgroup of G denoted by H < G.

Theorem 4.2. Let G be a generalized group in which the left cancellation
law holds. G is a idempotent generalized group if and only if

e(a)b™ =bte(a) Va,beG.

Proof. e(a)b™t =b"te(a) & (ae(a))b™! = ab~le(a) & ab™! = ab~le(a) &
e(a) =e(ab™') & ab™! =a < ab™'b = ab < ae(b) = ab & a " lae(b) =
alab < e(a)e(b) = e(a)b < e(b) = b < b = bb.

Theorem 4.3. Let G be a normal generalized group in which
e(a)b~t =bte(a) V a,b € G. Then, (ab)"t =b"ta" 1 Va,beq.
Proof. Since (ab)~!(ab) = e(ab), then by multiplying both sides of the
equation on the right by b~'a~! we obtain

[(ab)~tablb~ta™! = e(ab)bla™t. (5)
So,

[(ab)"tablb~ta™t = (ab) " ta(bb Ha! = (ab)tale(b)a™t) = (ab) L(aa"1)e(b) =

= (ab)~*(e(a)e(b)) = (ab)'e(ab) = (ab)"'e((ab)™!) = (ab) ™" (6)

Using (5) and (6), we get
[(ab)~tablb™la™t = (ab) ™! = e(ab)(bla™t) = (ab) ™! = (ab)"t =b"la" L.

Theorem 4.4. Let H be a non-empty subset of a generalized group G. The
following are equivalent.
(i) H is a generalized subgroup of G.
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(ii) For a,b € H, ab~' € H.

(iii) For a,b € H, ab € H and for any a € H, a! € H.

Proof.

(i) = (ii) If H is a generalized subgroup of G and b € G, then b1 € H. So
by closure property, ab™' € HVY a € H.

(ii) = (iii) If H # ¢, and a,b € H, then we have bb~! = ¢(b) € H,
ebbt=b"'cHandab=a(b™!)"' € Hieabec H.

(iii) = (i) H C€ G so H is associative since G is associative. Obviously, for
any a € H,a™' € H. Let a € H, then a~! € H. So,

aa™' =a"'a = e(a) € H. Thus, H is a generalized subgroup of G.

Remark 4.2. In the above Theorem, H is a generalized subgroup of
generalized group G as in Theorem[?] where H is a subgroup of G. The
axioms of generalized group G holds.

Theorem 4.5. Let a € G and f : G — H be an homomorphism. If Ker f
at a is denoted by

Ker fo={z€G : f(z)= f(e(a)).

Then,

(i) Ker fo<G.

(ii) f is a monomorphism if and only if Ker f, = {e(a) : V a € G}.
Proof.

(i) It is necessary to show that Ker f, < G. Let z,y € Ker f, <G, then
flay™") = f@) fly™") = fle(a))(f(e(a)) ™" = fe(a))f(e(a)™!) =
f(e(a))f(e(a)) = fle(a)). So, zy~t € Ker f,. Thus, Ker f, < G. To show
that Ker f, <G, since y € Ker f,, then by the definition of Ker f,,
Floya ) = £@) ) Fa) = Fle(a)f(e(@) fle(a)) " =

fle(a))f(e(a)) f(e(a)) = f(ela)) = aya™'Ker fo. So, Ker fo<G.

(i) f : G — H. Let Ker f,={e(a) : Ya€ G} and f(z) = f(y), this
implies that f(z)f(y)~' = f(y)f(y)"' = flzy™!) = e(f(y) = flely) =

ry ' € Ker fy =

and f(z)f(y)~' = f(a)f(2)" = flay™!) = e(f(2)) = fle(z) = 2y~ €
Ker f; =
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Using (7) and (8), zy~! = e(y) = e(z) & x = y. So, f is a monomorphism.
Conversely, if f is mono, then f(y) = f(z) = y=z. Let k € Ker f, V a € G.
Then, f(k) = f(e(a)) = k =e(a). So, Ker f, ={e(a) : VaeG}.

Remark 4.3. The results obtained here is similar to those obtained in the
classical group theory in Theorem 9.8.

Theorem 4.6. Let G be a generalized group and H a generalized subgroup
of G. Then G/H is a generalized group called the quotient or factor
generalized group of G by H.

Proof. Tt is necessary to check the axioms of generalized group on G/H.
Associativity. Let a,b,c € G and aH,bH,cH € G/H. Then

aH(bH - cH) = (aH - bH)cH, so associativity law holds.

Identity. If e(a) is the identity element for each a € G, then e(a)H is the
identity element of aH in G/H since

e(a)H -aH =e(a) -aH = aH - e(a) = aH. Therefore identity element exists
and is unique for each elements aH in G/H.

Inverse. (aH)(a 'H) = (aa ')H = e(a)H = (a 'a)H = (a='H)(aH) shows
that a ' H is the inverse of aH in G/H.

So the axioms of generalized group are satisfied in G/H.

Remark 4.4. This result is a particular case of Theorem 3.6 in classical
group theory.

Theorem 4.7. Let G and H be two generalized groups. The direct product
of G and H denoted by
Gx H=1{(g,h) : g6 Gand he H}

is a generalized group under the binary operation o such that

(91, h1) © (92, ha) = (9192, h1hs).

Proof. This is achieved by investigating the axioms of generalized group for
the pair (G x H, o).

Theorem 4.8. Let G be a generalized group with two abelian generalized
subgroups N and H of G such G =NH. If N C COM(H) or

H C COM(N) where COM(N) and COM (H) represent the commutators
of N and H respectively, then G = N x H.
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Proof. Let a € G. Then a = nh for some n € N and h € H. Also, let

a = nihy for some ny € N and h; € H. Then nh = n1hy so that

e(nh) = e(n1hy), therefore n = ny and h = h;. So that a = nh is unique.
Define f : G — H by f(a) = (n,h) where a = nh. This function is well
defined in the previous paragraph which also shows that f is one-one
correspondence. It remains to check that f is a group homomorphism.
Suppose that a = nh and b = nihq, then ab = nhni1hy and hny = nih.
Therefore,

flab) = f(nhnihy) = f(nnihhy) = (nn1, hhy) = (n,h)(n1, h1) = f(a)f(b).
So, f is a group homomorphism. Hence a group isomorphism since it is a
bijection.

4.4. CONSTRUCTION OF A BOL QUASIGROUP WITH ONE SIDED
IDENTITY USING A GENERALIZED GROUP

Theorem 4.9. Let H be a subgroup of a non-abelian generalized group G
and let A= H x G. For (hi,g1), (h2,g2) € A, define

(h1,91) © (h2,g2) = (h1hs, hagihy ' g2)

then (A, o) is a Bol groupoid.

Proof. Let z,y,z € A. By checking, it is true that x o (y o z) # (xoy) o z. So,
(A, o) is non-associative. H is a quasigroup and a loop(groups are
quasigroups and loops) but G is neither a quasigroup nor a loop(generalized
groups are neither quasigroups nor a loops) so A is neither a quasigroup nor
a loop but is a groupoid because H and G are groupoids.

Let us now verify the Bol identity:

(roy)oz)oy=x0((yoz)oy)

L. H. S. = ((z oy) o z) oy = (hihahsha, hahzhagihy *gahs tg3hs L ga).

R. H. S. = zo((yoz)oy) = (hihahsha, hahshagihy ' (hg ' hy *hahs)gahs tgshy Lga) =

= (h1hohsha, hahshagihy ' gahy ' gshy ' go).
So, L. H. S.=R. H. S.. Hence, (A4, o) is a Bol groupoid.
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Corollary 4.1. Let H be a abelian generalized subgroup of a non-abelian
generalized group G and let A = H x G. For (h1,¢91), (ha,g2) € A, define

(h1,g1) o (h2,g2) = (hiha, hagihy ' ga)

then (A, o) is a Bol quasigroup with a left identity element.
Proof. By Theorem 2.2, an abelian generalized group is a group, so H is a
group. The rest of the claim follows from Theorem 4.9.

Corollary 4.2. Let H be a subgroup of a non-abelian generalized group G
such that G has the cancellation law and let A = H x G. For
(h1,91), (h2, g2) € A, define

(h1,91) © (h2,g2) = (hiha, hagihy ' g2)

then (A, o) is a Bol quasigroup with a left identity element.

Proof. The proof of this goes in line with Theorem 4.9. A groupoid which
has the cancellation law is a quasigroup, so G is a quasigroup hence A is a
quasigroup. Thus, (A, o) is a Bol quasigroup with a left identity element
since by Kunen [7], every quasigroup satisfying the right Bol identity has a
left identity.

Corollary 4.3. Let H be a abelian generalized subgroup of a non-abelian
generalized group G such that G has the cancellation law and let
A= H x G. For (h1,q1), (h2,g2) € A, define

(h1,91) © (h2,g2) = (h1hs, hagihy ' g2)

then (A, o) is a Bol quasigroup with a left identity element.
Proof. By Theorem 2.2, an abelian generalized group is a group, so H is a
group. The rest of the claim follows from Theorem 4.2.

5. CONTRIBUTIONS TO KNOWLEDGE

1. Tt is shown that in a generalized group G, (a=!)"! =a V a € G. But in a
normal generalized group, it is shown that the anti-automorphic inverse
property holds under a necessary condition.

A necessary and sufficient condition for a generalized group(which obeys the
cancellation law) to be idempotent is established.

The basic theorem used in classical groups to define the subgroup of a group
is shown to be true for generalized groups.
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2. The kernel of any homomorphism(at a fixed point) mapping a generalized
group to another generalized group is shown to be a normal subgroup.
Furthermore, the homomorphism is found to be an injection if and only if its
kernel is the set of the identity element at the fixed point.

3. Given a generalized group G with a generalized subgroup H, it is shown
that the factor set G/H is a generalized group.

The direct product of two generalized group is shown to be a generalized
group. Furthermore, necessary condition for a generalized group G to be
isomorphic to the direct product of any two abelian generalized subgroups is
shown.

4. Tt is shown that a Bol groupoid can be constructed using a non-abelian
generalized group with an abelian generalized subgroup. Furthermore, if is
established that if the non-abelian generalized group obeys the cancellation,
then a Bol quasigroup with a left identity element can be constructed.

5.1. FURTHER STUDY

There is need to investigate the Cayley theorem in generalized groups. That
is to check if every generalized group is isomorphic to a permutation group
or if there exist a special group which every generalized groups are
isomorphic to.

Contribution are still been made to the study of finite groups. And so, there
is urgent need to study finite generalized groups. In particular, the
Lagrange’s theorem, Sylow theorems and Cauchy theorem should be given
attention.

5.2. RECOMMENDATION AND CONCLUSION

Recommendation. Since it has been established in Theorem 4.5 that the
factor set formed by a generalized group and a generalized subgroup is a
generalized group then it is recommended that this theorem should be used
as a starting point to prove the Lagrange’s theorem for generalized groups.
Theorem 4.9 and Corollary 4.1 show that a Bol groupoid and a Bol
quasigroup can be constructed using a non-abelian generalized group. It is
recommended that these should be improved on to construct a Bol loop and
adjusted to construct some other loops of Bol-Moufang type e.g central loops.
Conclusion. So far in this study, some results that are true in classical
groups have been investigated in generalized groups and have been found to
be either true in generalized groups or true in some types of generalized
groups. Also, this work has only been able to show how a Bol groupoid and
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a Bol quasigroup can be constructed using a non-abelian generalized group.
There could be a class of non-abelian generalized group with which a Bol
loop can be constructed.
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On f— amicable pairs
Jozsef Sandor and Mihaly Bencze!'®

ABSTRACT. For an arithmetical function f : N — R define F': N — R by
F(n)=>f(d),ne N. We say that the numbers a and b are f— amicable, if
d|n

F(a) = F(b) = f(a) + f(b). We will study this notion for various particular
arithmetical functions f.

1. INTRODUCTION

It is well-known that two positive integers a and b are called amicable, if one
has:

o(a)=0(b) =a+b, (1)

where o (n) = > d denotes the sum of distinct positive divisors of n. For
din
a = b we reobtain from (1) the perfect numbers, as

o(a) =2a (2)

The least pair of amicable numbers a # b are a = 220 and b = 284, known
also from the Bible.

For the history and survey of old or recent results on amicable numbers, we
quote the monograph [10].

The aim of this paper is to introduce a generalization of the notion of
amicable numbers; and to study some particular cases. As we will see, in
certain cases we will be able to settle completely the problem; in other cases

Received: 21.09.2009
2000 Mathematics Subject Classification. 11A25.
Key words and phrases. Arithmetic functions; amicable numbers; inequalities.
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only particular solutions will be obtained, along with many open
problems-which is similar in certain sense with the classical case.

Let f : N — R be an arithmetical function, and define its summatory
function by F': N — R,

Fm)=3f(@).neN (3)

dln

where the sum runs through all distinct positive divisors d of n.
In what follows, we shall say that the pair of numbers a and b are f—
amicable, if

F(a)=F(b) = f(a)+ [ (b) (4)

When a = b, then we reobtain a notion of f - perfect number a, given by

F(a) =2f(a) ()

studied in certain papers in the References (along with similar or variations
of notions)

We note then we could define, in place of (4) a and b to be almost-amicable,
if

F(a)=F () =f(a)+ f(b) -1 (6)

or quasi-amicable, if

F(a)=F(b) = f(a)+ f(b) +1 (7)

but these will be considered in another places.

Clearly, when f (n) = E(n) =n, (n € N), from (3) we get F' (n) =0 (n), so
(4) contains the classical case of amicable numbers, in the sense of (1).
Similarly, from (6) and (7) we get the classical cases of almost-amicable and
quasi-amicable numbers (see [10]).
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2. MAIN RESULTS

In this section we will consider separately some particular cases of (4).
1. I-amicable pairs. Let I (n) =1, Vn € N. The following result is true.

Theorem 1. The only /- amicable numbers a, b are given by a = p and
b = q; where p, ¢ are arbitrary prime numbers.
Proof. By (3) we get F'(n) =>_1=d(n) = number of divisors of n. Then

dln
equation (4) becomes

d(a)=d(b) =2

It is well-known that d (n) = 2 if and only if n = prime, so the result follows.
2. p-amicable pairs. Let ¢ (n) be Euler‘s totient. We have:
Theorem 2. All ¢- amicable numbers a and b are given by

a=0b=2" (k> 1, integer)

Proof. As F (n) = > ¢ (d) =n (by Gauss identity), we get from (4) that
dln

a=b=¢(a)+¢0),

so0 2¢ (a) = a; i.e.

It is well-known (see e.g. [11]) all solutions of (8) are a = 2¥, k > 1. This
finishes the proof of Theorem 2.

3. 1/E - AMICABLE PAIRS

Let E: N — N, E(n) =n. Then f(n) = 1, and
Fln)=Yg=324=732d=

din dn din
Therefore (4) gives
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As from (9), at one part o (a) = 1+ ¢, so b divides a; and from another part,
ob)=1+ 2, so a divides b, we get b = a. This implies by (9) that @ = %,
SO

o(a)=2 (10)
As for a > 2 one has 0 (a) > a+ 1> 3; and o (1) = 1, equation (10) has no

solutions. We have obtained:

Theorem 3. There are no %— amicable pairs.
4. k - AMICABLE PAIRS

Let in what follows introduce the arithmetical function
k(n) = n, %f n = prime '
1, if n = composite or n =1

Then F (1) =1 and for n > 1 one has

Fn)= > d+ > 1=3p+|>X1- > 1| =B(n)+d(n)-w(n),
. d|n ., d|n N pln dln 4 dn
prime composite prime

where w (n) denotes the number of distinct prime divisors of n, while B is a
much studied arithmetical function (see [10])

B(n)= Zp, (12)
pn

where p runs through the prime divisors of n. Let a,b > 1. Then (4) leads to

B(a)+d(a) —w(a) =B () +d((b) —w(b) =k (a) + k(b)

As k(a)+k(b) =a+0bif a and b are prime; a + 1 if a = prime, b =
composite; 2 if a, b are composite; and since B (a) = a if a = prime; > a if
a = composite; clearly only the case a = prime; b = composite can be
allowed. Asw(a)=1,d(a) =2,a+1=a+1 but

B()+d(b) —w(b) =a+1 only if

B (b) +d(b) —w(b) — 1 = a is a prime number (13)
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Theorem 4. All k- amicable numbers a > 1 and b > 1 are given by the
equation (13), where B is given by (12).

Remark. There are infinitely many solutions to (13). Put e.g. b= p*,
where p is a prime. Then (13) gives p+k — 1 = prime. Thus is true for any
k=q—p+1, where q > p are primes.

For another example, let b = p - p’/, where p - p’ are primes. Then we have
that p +p’ + 1 = ¢ is a prime. This is possible, e.g. for p = 3, p’ = 7, where
g=11;0r p=1>5, p' = 11, when ¢ = 17; etc.

5. 04 - AMICABLE PAIRS

Let d4 (n) denote the nuber of even divisors of n. (This function has been
studied e.g. in [6], [8]).

Clearly, d; (n) = 0 if n is odd; while for neven, written in the for n = 2FN,
one has (with N > 1, odd)

ds (n) = kd(N) (14)

1, n even

(see e.g. [6]). let 04 (n) = { 0, n odd

Theorem 5. If a and b are 61— amicable numbers, then a =4 or a = 2p
and b =4 or b = 2¢; where p and ¢ are prime numbers.

Proof. Since F' (n) = (%:&r (dy= > 1=d4(n), we get

d|n, even
F(n) = dy (n) (15)

Now, equation (4) gives

2, if a,b are even
1, if a and b are of distinct parity

)

4 (o) = & ) = 0. (@) + 54 () = {

As di (a) =2 by (14) only if kd(N) =2,and d(N) =1< N =1 we get
that d; (a) = 2 only if a = 2™ A (m > 1, A odd) has the form a = 2% -1 or
a = 2' - p. Similarly for b, so Theorem 5 follows.
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6. ON + AMICABLE PAIRS

Let

n, if n =even
f(")_{ 0, if n=odd
Then F'(n) = >, d= o4 (n) = sum of even divisors of n. Therefore,

d|n
d even

equation (4) leads in this case to:

o4 (a) =04 (b) =a+b; a,beven (16)
We will call the numbers ¢ and b as + amicable numbers.
Theorem 6. All + amicable numbers a = 2¥N and b = 2°M (N, M odd)
must satisfies the equations
(2k - 1) o (N)=(2°—1)o (M) =2"1N+ 25711 (17)

Proof. As it is shown in [6], one has

o4 (@) = o (QkN> =2 <2k - 1) o (N) (18)

By using (18), and defintion (4), relation (17) follows

Remarks. 1). When a =b=2FN, then (17) leads to the + perfect -
numbers, which all were determined in [6]. For + superperfect or related
numbers, see [8].

2). The determination of all dolutions to (17) is however, an open problem.

7. ¢ — I— AMICABLE PAIRS

Let I (n)=1,s0 f(n)=¢(n)— 1. Then

F (n) :%:(go(d)—l) :dX':go(d)—dzljl =n—d(n); so by (4) we get the
equations:

a—d(a)=b—db) =p(a)+¢b) -2 (19)

Theorem 7. All ¢ — I— amicable numbers are given by equation (19). If a
is prime, then a = 2 and b € {1,2}. There are no ¢ — I— amicable numbers
a,b such that a,b > 3 and a — d(a) is odd.
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Proof. If a is prime, then d(a) = 2 and ¢ (a) = a — 1, so (19) implies

¢ (b) = 1; giving b € {1,2} . But then b — d (b) =0, so we get a = 2.

Since for n > 3, ¢ (n) is even; the right-side of (19) being even, and a — d (a)
being odd, such solutions are not available.

Remark. The determination of all solutions to (19) is still open.

8. un— AMICABLE PAIRS
Let p denote the classical Mobius function, defined by

1, n=1
p(n)=4¢ 0, if a?|n for some a > 1
(=", if n = p1...p,, with p; distinct primes

It is well-known from classical textbooks of number theory that,

Su@=cm={ g ")

dn

Therefore, by letting f (n) = u(n), relation (4) gives

¢ (a) =e(b) = p(a)+p(d)
This is true, if a,b > 2 and p (a) + p (b) = 0. This may happen only when
w(a) =pu(b) =0, or when p(a) = —pu(b), when u(b) # 0, p(a) # 0. Thus we
have:
Theorem 8. If a,b are p—amicable numbers, then we have
i). a and b are squarefull numbers;
ii). a and b are squarefree, a having r and b having r + 1 (or reciprocally)
prime factors

9. £— AMICABLE NUMBERS

From Gauss‘identity we have Y ¢ (d) = n; so by applying the Mébius
dln
inversion formula, we get

=> () %' implying 2"

d
Myt
d

Let f(n) = ( ) when F(n)= (") . Relation (4) implies
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It is immediate that (*) implies a divides b and b divides a, so a = b.
pla) _ 9pula)

a a

Therefore, we get , Or

¢ (a) = 2u(a)
Since p (1) =1, ¢ (1) =1 and p(a) # 0 only when a is squarefree, we get
v(a) =2,s0a=3,6. But (3) = —1, £ (6) = 1; so the single solution is
a = 6.

Theorem 9. If ¢ and b are % — amicable numbers, then a = b = 6.
Remark. Thus, in this case we have obtained not only a finite number of
solutions, but only a single one.

10. A— AMICABLE NUMBERS
Let A be the classical von Mangoldt function, given by

| logp, if n=p™ (pprime, n>1)
An) = { 0, otherwise

m

It is well-known that

ZA(d) = logn

din

Letting f (n) = A(n), we get F'(n) =logn. By (4) we can write

loga =logh= A (a)+ A (b)

Thus a = b, and loga = 2A (a) . This is true for a = 1.

Let a = p™ > 1. Then loga = mlogp and A (a) = logp, so

mlogp = 2logp & m = 2. Therefore:

Theorem 10. If ¢ and b are A— amicable pairs, then a =b =1 or
a = b = p?, where p is an arbitrary prime number.
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Some new inequalities for means
Mihély Bencze and Zhao Changjian'!

ABSTRACT. In this paper using the Mac Laurian‘s inequality we present some
new inequalities for classical means

MAIN RESULTS

Theorem 1. (Mac Laurian) If z; >0 (i =1,2,...,n) and k € {1,2,...,n},
then

> mwgay < B (Z :z:z>

cyclic
(see [1]).

n
In following we use the notations A (z1,x2, ..., Tn) = % Z for the

n

arithmetic mean, G (z1, x2,...,x,) = | [[ 2 for the geometric mean, and
i=1

H(z1,29,...,x,) = for the harmonic mean.

1
=,

Theorem 2. If a:z >0((=1,2,...,n)and k € {1,2,...,n}, then

Vi,

—k
A" (1, 22, ooy Tn) H (21222, T2X3... Tl 1y ooy Tp@1. - Tp—1) >
n
n
(x)
Proof. Using the Mac Laurian‘s inequality we have:

(zp)k iy X v o

cyclic

Z n(x17x27"'7xn>

HReceived: 16.02.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Mac Lqgaurian, AM-GM-HM inequalities, etc.
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k+1

n k
1 1 - ceedipy
i=1 Z Tht1---Tn (Z)

cyclic

If in this we change k with n — k, then we obtain

n n—=k
1 Z n > n
— ZT; e = o~ L1X2...Typ OT
1 n
n =1 Z k)

. T1T2..T)
cyclic

—k
AV (21,29, ooy Tp) H (2129 Ty 2T3 o Lt 1y vvy T @] Tpp1) >

n

> TGTZ (1’1,1’2, 71.71)
y
Corollary 2.1. If ; > 0 (i = 1,2,...,n), then
n n—1
(Z ZL‘Z> > ph2 Z T1L9...Tn—1
=1 cyclic

Proof. In Theorem 2 we take k = 1. If n = 3, then we reobtain the classical
inequality (z1 + z2 + x3)2 > 3 (z1m9 + xox3 + X3271)

If K =n — 1, then we obtain identity.

Theorem 3. If ; >0 (: =1,2,...,n) and k € {1,2,...,n}, then

(n—k)A(x1, T2, .., ) + H (T102... 0%, T2T3... T 1, ooy Ty T 1) n—ktl
n—k+1

n
Z 7Gn (wl,l'Q, 71.77,)

(+)

Proof. Using the weighted AM-GM inequality, we get:

>

(n—k)A(x1,x2,....,xn) + H (£129... 2%, ..., TpT1...Tk_1) n—ktl
n—k+1

> Ak (21,22, ooy Tp) H (X122 Tk vy T @1 Tpp—q) >

> —G" (x1,22,...,2p)

—
wﬁ‘ﬁ
SN—

v
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Corollary 3.1. In all triangle ABC holds:

s2+r24+10Rr 3/4Rr
1 s24r2+4Rr 24 52

2

).

R+r r\2
)- arer =\ (5)
). 82412 4+ 10Rr > 8V/252R2r2
). R+7r> Vs
).
).

= W

2R—r 3r 3/(2r\2
2R + s24r2—8Rr = (F)
AR+r 3s2 > 3/(2s)2
6 2R + S2+(4R+T‘)2 — ( R)
Proof. From Theorem 3 we get

at

1+ T2+ 23+ 5

xr1

T > 4YTms

3

+ o=+
and in this we take

(xla $27$3) € {(CL, b7 C) ; (5 —a,8 — ba S — C) ; (haa h’ba hc) ; (Tanrba 7ac) ;

A B C A B C
.2 .2 .2 . 2 2 2
(sm —2,5111 —2,5111 2) : <cos —2,(:08 —2,(:05 2)}
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Extensions of a category of inequalities
D.M. Batinetu-Giurgiu and Mihély Bencze!?

ABSTRACT. In this paper we present extensions of a category of inequalities,
which have applications in fundamental theory of inequalities, and evidently in
mathematical contests.

MAIN RESULTS

Theorem 1. If ay,...,ax, b1, ...,bp, x4,y > 0, o,y € R,
B € (—00,0]U[2,+00) and i1, ..., %k, j1, ..., Jp € {1,2,...,n} are different
indexes, then

Z (alzvf“l + ...+ aka;f;)ﬂ
Y Y - n
b1yj1 + ...+ bpyjp b1+ ...+ by) > yz

cyclic

Proof. Using first the Cauchy-Schwarz‘s and after them the Jensen‘s
inequality we obtain:

b+ ) >yl >

t=1 cyclic

(ale‘l + ...+ akxfz)ﬁ B
bryj, + ...+ bpy]p

a1y + ..+ akx;?;)ﬁ

- biy], + -+ by, ) ( >
Z ( 1Y5, pYj, Z blyyl + ..+ bpy?p

cyclic cyclic

2

(S]IsY

> Z (arxf + ... + apaf)) >

cyclic

2Received: 25.03.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Cauchy‘s inequality, Jensen‘s inequality
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2

B
1 8 B ”
> ) Z (alazf‘1 —|—...+akac§;)2 = n? ﬁ(a1+...+ak)ﬁ <Zx?)
nz cyclic t=1
Corollary 1.1. If a,b,z; >0 (t =1,2,...,n) and § € (—o0,0] U [2,+00),
then
n B
3 n2=~ (Z x,?‘)
Z 1 > t=1
‘ ary + brg a+b
cyclic
Proof. In Theorem 1 we take a =1, a1 =1, a2 =a3=... =a; =0, by = a,
b2:b, Y1 = T2, Y2 = I3, 53:b4:...:bp:0,”y:1.

If @ = b =1 then we obtain the Corollary 2.1 from [2].

n n
If []z =1, then ) x; > n and we get
t=1 t=1

>t R

‘ axo+brs — a+b
cyclic

which is the Remark 2.1.2 from [2].

If zy — z% (t=1,2,...,n), then we get

2 AN
Z 223 S =1

xf (axs + bra) a+b

cyclic

n
If ] xy = 1, then from the previous inequality we obtain

t=1
Z > T3 > n
cgetic U1 (axg + brs)  a+Db

If n =3, =2 and xyxox3 = 1, then

D P
xy (axg +bxz) ~ a+b



Extensions of a category of inequalities 641
is a problem proposed by Russia in 1995 and presented at IMO.

Corollary 1.2. If a,b,z; >0 (t =1,2,....,n), (a > b) and
B € (—00,0] U[2,+00), then

n :3_1
3 n?=? (Z mt)

1 t=1
>
C;c (I(Qj‘l +o Tt xk’—l) + (a - b) Tk +a ($k+1 + ...+ ZL‘n) - an — b
Proof. In Theorem 1 we take a1 =1, a3 = ... = ap =0, ; = ¥
(t:1,2,...,n), bi=.=b_1=bpr1=...=bp=a,bp=a—-b,a=v=1.

Corollary 1.3. If a,b,c,d,xzy >0 (t =1,2,....,n), 8 € (—o0,0] U [2, +00),
then

n B8

n2=>P a—f—bﬂ( x>

Z (ax1+bx2)ﬁ> ( ) t; !
xez +dry T c+d

cyclic

from this we obtain

Z (1’1 "‘I‘Q)ﬁ > 2’67'1,2_’6

‘- r3t+u T nu—+1
cyclic

which is Corollary 2.4.1 from [2].

If 6 =2, then we get

Z ($1+$2)ﬂ> 4

r3+u ~ 1+nu

cyclic

If u =1 and n = 3 then we obtain the problem 24380 from Gazeta
Matematica 10/2000, author Mihai Opincariu, namely if a + b+ ¢ = 1, then

2
E le
c+1

After some modification we get the following: If a,b,c > 0 then

b2
Zuzaﬂwc
a+b+2c



642 D.M. Batinetu-Giurgiu and Mihdly Bencze
In same way we obtain the following:

Iﬁ 1 " ot
1 > 2,28
> s e (3o

cyclic t=1

which is Corollary 2.6 from [2].

If B = 2, then we get the following: If a,b,c,d > 0 and a4+ b+ c+d =1, then
a? 1

20523

a+b 2

which is a problem presented by Ireland at IMO 1999.

Corollary 1.4. If by,....,b,,2¢ >0 (t =1,2,...,n), f € (—00,0] U [2,400),
then

sl
k €T
(21 + 29 + .. + 33)° - (t; t>

Z bizy + boxg + ... + bpl'p - (bl + ...+ bp) nb—2

cyclic

which is Corollary 2.7 from [2].

Ifk=2,8=2,by =by=1,b3 =b,by = ... = b, =0, then we get the
following: If z,y, z,b > 0, then

3 (@+y)? _4@+y+2)
r+y+bz b+ 2

which is problem C.2403 from Gazeta Matematica 5-6/2001, author Titu
Zvonaru.

After some substitutions we get:

Z 1 Z TL2

1+ To + ...+ T kiﬂft
t=1

If n = 3,k = 2 then we obtain the following: If a, b, c > 0, then

Z 1 S 9
a+b~ 2(a+b+c)
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which was a problem in Ireland at a Mathematical Contest in 1999.
After another specification we obtain the following:

Corollary 1.5. If z; >u >0 (t =1,2,...,n) and § € (—o0,0] U [2, +00),
then

(5)
Tt
Z l’? = t=1
i - n
Ty —u n,32<zxt_nu>
t=1

If8=2a,b>u=1,n=2, then we obtain the following: If a,b > 1, then

a? b2
>
b—l—‘_a—l_8

which was a problem in Russian Mathematical Olympiad 1992. From
Corollary 1.5 we get:

2 2 2
. b - (a+b)
b—1 a—1"a+b—-2

but (a+b)?>>8(a+b—2)< (a+b—4)2>0.
In same way we obtain the following problem: If a,b > 2, then
2 b2

a
>1
b—2+a—2_ 6

which was presented at Mathematical Olympiad in Moldavia. From
Corollary 1.5 we get

2 2 2
. b - (a+b)
b—2 a—2  a+b-—4

but

(a+b)2>16(a+b—4) < (a+b—28)2>0

Corollary 1.6. If a,b,z; >0 (t =1,2,...,n), then

2 2
oL (5) - (5)
i - e n - n
AR Lo ST
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which is Corollary 2.10.1 from [2].

n
If 3 27 = n, then
=1

1 >n(n—1)
aziz; +b ~ 2(a+0b)

1<i<j<n

If @ = 1 then we obtain corollary 2.10.2 from [2].
If n =3, a = b =1 then we obtain the following: If a,b,c > 0 and
a’ +b%> 4+ ¢ = 3, then

1 3
Zabﬂzi

which is a problem presented at Mathematical Olympiad in Belarus 1999.

The result of corollary 1.6 can be generalized in following way: If a,b,z; > 0
(t=1,2,...,n) then

1 ()’
2. > ;
axi, Ti,-..Ti, +b ~ a > Tiy iy + (R)b

ISii<..<ig=n 1<) <. <ixg<n k
Corollary 1.7. If b,z >0 (t =1,2,...,n) and # € (—o0,0] U [2,+00), then
B
ad] - ry — .+ n >
bil_’_bl_f_ _|_bin b71_|_b72_|_ _|_b7n b71_|_b72_}_ _|_b7n_
Eri o S il e e ettt

D)
(50 E)
1

Proof. In Theorem 1 we take a1 = l,ao =a3=...=ar =0,p=n,y; = =
(t=1,2,..,n).

3

After some particularization we get the following problem: If a,b,c,d,e > 0
and § € (—o0,0] U [2,+00), then

@ _(Ca)f!
>
b+c— 2.506-2

If m =1 then we get
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which is a problem of selection test in USA, for IMO 2001, author Titu

Andreescu.
Corollary 1.8. If a,b,c > 0 and ( € (—00,0] U [2,+00), then

a’ 327 (3 a)’
ZGQ—bC-i-l = (Ca)* -3 ab+3

If > ab = %, then

B 8—2
Z a? —abc +1 =37 (Z a)

If 6 =1, then

Y ahriZy
a?—bc+1~ > a

which is problem 0:976 Gazeta Matematica 9-10/2001, author Titu
Andreescu.

Corollary 1.9. If a,z,y,2,t > 0 and § € (—00,0] U [2,+00), then

3 b A0y z)P1

23 —3yzt+ax — Y 22— zy+a

If 8 =2, then

S e e
3 —3yzt+ax ~ Y. a2 - zy+a
If Y oy = §, then

l’/B

- p=3
X gara 2t (20)

Corollary 1.10. If x4,y >0 (t =1,2,...,n) and k € N, then

n
n i (k+ 1)y t; Yt
kylf—i—l + Z t > =
t—2

Ti—1 / n
k41 nkfl Z Ti_1
t=2

645
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Proof. Using the Theorem 1 we get

n k+1
n k+1 <Z yt)
k+1 Zyt k+1_|_ t=2 k+1+ +yk+1_|_

i1 k-1 & -~
= (n—1) 22%‘/*1 k—time

(zyt) (k+1)y 3
t=2 >

t=2

+ R = n
(n—=1)%"7" > @ k+\1/(n DL

t=2 =

n
If > x;1 =1, then we get
=2
n
" n g (k‘*‘l)y’ftZQyt
ky: T + =
Z T k+1/(n_ 1)k—1

which is Corollary 2.11.1 from [2].
If K =1 then we get

2 2
2By
1 T2

which is a problem from O.B.M.J, 2000 author D.Acu.

Corollary 1.11. If 2, >0 (k=1,2,...,n), and yo > y1 > ... > Yy, then

k+1 y. k—1
kyg—l—z (k+1) th ( nn) + kyn

— 1 Yk— l_yk

Ife;,=1(t=1,2,....,n) and k = 1 then we obtain:

1
P o S

which is a problem presented at Mathematical Olympiad Sankt Petersburg
1999.
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The sums of some power series

Adrian Corduneanu and Gheorghe Costovici!?

ABSTRACT. The sums of certain power series are found.

MAIN RESULTS

o0
We are going to find the sums of series of the form > a,z™ assuming that
n=0
apnt1 _ n+0b
an, n+c
is understand that ¢ % —n for all n = 0, 1,2, ..., and suppose b # 0.

for all n =0,1,2,..., and for some b, ¢ and x real numbers. It

The radius of convergence of the series being 1, we put

f(x) = ap + a1z + aga® + azax® + -+
+ apz” + an+1xn+1 +... forzxce (_1’ 1)

and we have
f (x) = a1 + 2a9x + 3asx® + -+
+ napz™ 4+ (n+1)app12"+... forxe(—1,1).
From the hypotheses we have
(n+c¢)ant1 = (n+0)ay

and then
(n+1—1+c¢)apy1 = nay, + bay,

that is
(n+1)ans1 + (¢ — 1) ant1 = nay + bay,.

13Received: 30.09.2009
2000 Mathematics Subject Classification. 30B10
Key words and phrases. Power series, first-order linear differential equations,
integrals of the binomial differentials.
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Multiplying this equation by z" for € (—1,1) and summing, we obtain

(o] o0 o0 o0
Z (n+1)ap12"™ + Z (c—1)app12™ = Z na,x" + Z ba,z"
n=0 n=0 n=0 n=0

for z € (—1,1) because all the series have the same radius of convergence
= 1. With regard to f and for z # 0, this means that

1 ,
f(@) + = (f() — a0) = af'(x) + bf (),
thus ) (1)
ion (€~ ag (c —
(1=a) ) = (b= S5 ) F o+ 222
and, finally,
;o br—c+1 ap(c—1)
for z € (—1,0) U (0, 1), that is a first-order linear differential equation is got.
. _br—c+1 1—-c¢c b+1-c _ag(c—1)
Putting P (z) = P s + . and Q (z) = 2(-2) we
have
f(x)= el P(@)dz (k: + /d:cQ (x) efp(x)dx>
with k € R.
Now
/P(a:)dac: (1—c¢)lnjz|-(b+1-c)ln(l—x) =
— (= Dnlz|— (b+1-c)n(l—2)=n[ja[ (1 - m)b—cﬂ]*l
a

nd
—fP@de g, [@(e=D) en g beert
/Q(:L‘)e P d:r—/ 05 ¢ (1 — ) dr —

Jag(e=1) [ 2|°7% (1 — )" “dx for z € (0,1),
B { —ap(c—1) [ |27 (1 — x)"“dz for x € (~1,0).
Then
1
2oL (1 = z)b T
f(x) =4 ao for x =0,
1
2L (1 — )bt

[k +ag(c—1) [|z” 21 —2)’° dx] for z € (0,1)

[k —ap(c—1) [|z]2 (1 —a)"° dx] for x € (—=1,0).
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We have thus obtained The general solution under integral form.
Computing the integrals of the binomial differentials in the expression of
f (z) for some b and ¢ — computations being more or less laborious —, and
takeing into account the continuity of f in z =0

for finding k, we outline some

Peculiar cases.

1
If b = c one finds f () = a0y

. This case can be obtained directly (not

involving integrals).

If c =1 one finds f (z) = 40 5
(1—x)
If c =2 and b =1 one finds
apln (1 —z)
foy=4 = 5 for z € (=1,0) U (0,1),

ag for z = 0.
If c=2 and b # 1 one finds
1 ag (1—2z)"t
/(@) = m_m)b—l[b—l“m b—1
ag for z = 0.
If ce{3,4,5,...} and b #1,2,...c— 1, one finds
L a1 £ (1t

re—1 (1 _ x)b—c—I—l s C_Qi +b—c+1 -
(1 o x)i-‘rb—c-i-l

} for z € (—1,0) U (0,1),

TO=1 —we-1 £ vc

Al A— ~1,0)U(0,1),
s c—2 i+b—6—|—1:|7orx€( 7) ( )

ag for x = 0.

If c€{3,4,5,...} and b =1 one finds

1 i Cig
W[ao (c— 1)1':%73(—1) et
— i (- ) c—2
f(x)y=4 —ag(c—1) (igg_g(—l) 00_2m +(=1)"“In(1 —2) >]
for z € (=1,0) U (0,1),
ag for x = 0.
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If ce {3,4.5....} and b= ¢ — 1 one finds

651

( i Ciy
po—1 {GO (c— 1)1‘:2—2(_1) —
o) =1 al-n(mi-n+ T e,
i=T,c—2
for x € (=1,0) U (0,1),
| ag for z = 0.
If ce {4,5,6,...} and b € {2,3,...,¢c— 2} one finds
Lfae-n (S e
ap (¢ — -1) —=
ze=1 (1 — )Pt [ i=0c 53 itb—c+l

+ 27(_1)1' 22> —

oD i+b—c+1
el 1 _x)i—i-b—c—i-l
x) = —ap(c—1 -1) =2 +
f @ et x it
+(=D)T O (1 - ) +

e (1— x)Hb_cH

i=c—b,c—2
| ao for z = 0.

Ifce@Q\Z,be{-1,-2,...} and ¢ > 1 one finds

+ 2 (=1 Py ——— )]forxe(—l,O)U(O,l),

1— 2 i+1+b—c
rwote- < ()
" f 0,1
SEC*l(l—lv)b_CHi:%:Tb b i+ 14b—c or z € (0, 1),
ag for z =0,
fla)y=q " 1 — g\ b
—agp (c—1) bti i ( - )
-1 et
Cor o ) i T
for x € (—1,0).
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New identities and inequalities in triangle
Mihély Bencze'

ABSTRACT. In this paper we present some new identities and inequalities in
triangle

MAIN RESULTS
Theorem 1. If z,y,z2 € C,x+y #0,y+2#0, 2+ x # 0, then

roy Y-z zmx (@-y)y-2) (-
r+y y+z z+tx  (z+y)(y+2)(z+2)

and

Z— X
zZ+x

>

:1’;_ J—
y+y z
r+y Y+ z

Proof. We have the followings:

:E—y+y—z+z—:t_x—y+y—z_(w—y+y—z>

r+y y+=z z+;v_x+y Y+ z z+x z+4+x

_ (x—y_w—y)+(y—z_y—z> @9 E-y @y -2

_.I_ =
r+y zta) \yrz zt2) @ryta) (y+2)(zta)

- @-)-n)

(r+y)(y+2) (2 + )

r—y Y—2z 22—
r+y y+z z+=x

(z—y)(y—2)(z— =)
(+y)(y+2)(z+72)

zZ—x
zZ+x

<

r—y Yy—z
+
ater‘ ‘y+z

1Received: 13.02.2006
2000 Mathematics Subject Classification. 26D05, 26D15, 51M16
Key words and phrases. Identities, triangle inequalities
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Corollary 1.1. In all triangle ABC holds

a=b _ [1(a—b)
a+b — 2s(s?4r2+2Rr)
Z b—a H(b a)
c 4sR'r
Z ha—hy . R2[1(ha—hs)
ha+hy, — s2r(s2+r2+2Rr)
S ety [I(ra—rs)

1).

\V)

w

W

Ta +rb 4s2R

)
)
)
)
)' Ztg QBtQQ 7THtg /%
)
)
)
)

t

(=}

A—B
S tgd5EctgS = [ tg5E

AB
.Zsm % :%HSIDAQB

COos

EN|

Z sin 4= 5 B cos % 8sR? [[sin —A;B
’ 1—cos 4= B sin % (2R—r)(s2+1r2—8Rr)—2Rr?
A-B cos € 8sR? ] sin AEB

Z sin £5 5
1+cosA sm% T (4R+4r)3+s2(2R+r)

Qo

9).

Proof. In Theorem 1 we take
(z,y,2) € {(a,b,¢); (s —a,s —b,s — ¢c); (ha, hy, he
(sin A, sin B,sin C) ; (cos A, cos B, cos C) ; (tg5, ¢

A
2
2 A 2B .2C 2 A 2 B 20
(sm ,sin” 5, sin 2) (cos 5, c08” 5, cos” 5

Corollary 1.2. In all triangle ABC holds

1).

> la—b] [Ila—0b|
a+b = 2s(s2+r2+2Rr)
\b*al [1lb—al
: Z 2 4s Rr
Z ‘hu hb' R? H|ha*hb‘
hathy, = Z 7 (s24r2+2Rr)

\)

w

W

D Ira=rp| ~ Ilra—rsl

Ta +T‘b =  4s2R

)
)
)
)
)- Z}tg 2B‘t92 2 sH’tgAgB’
)
)
)
)

t

(=2}

-2 [tgA5E  etg§ = £ 11 |tg 52|
'>%msmATB\

B
] Z |sm C

Ccos 5

N

|51n 5 |cos ¢ 8sR2 H’sin AEB ’
1— cosA sin & (2R—7)(s2+r2—8Rr)—2Rr?

Z |Sin AEB | cos = 8sR2 |SlIl A B|

o
Q™
v

Om

9).

Ol\.’)
v

14cos AEB sin 5 (4R+7)>+52(2R+r)
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Corollary 1.3. Denote K, L, M the midpoints of sides AB, BC,CA in
triangle ABC, then for all points P in the plane of triangle, holds

AiB_FBiC+ CA S AB-BC-CA
PK PL PM ~ 4PK-PL-PM

Proof. If A(a),B(b),C (c),P(t),K (%), L (%), M (), 2 =t—a,
y=t—0b, z=1t—c, then from Theorem 1 we get

T—y 1 zT—y 1

= — > = —

e Rl AR (== 1B
AB 1yrAB
PK — 411 PK

Because AB - BC - CA = 4sRr, then we have the following;:

a—b
a+b
2

a—b
a+b
2

or

z— oy —

Remark.
AB < sRr
PK — ]| PK

Corollary 1.4. In all triangle ABC' holds

1). 4.0 42>

2ma
2). 2“+—+2> e
3). 4+ 4+2> 0

Pmof In Corollary 1.3 wetake P=A, P=B,P=C.

Corollary 1.5. In all triangle ABC' holds

D2 2
+

2. 2eko k> ik

3) 2(a+b) + c 168RT

Proof. In Corollary 1 3 denote P the midpoint of K M.

Corollary 1.6. In all triangle ABC' holds

2
> ltgAl > Sk

2 ’52 — (4R +r)?

Proof. In Corollary 1.3 we take P = O.
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Corollary 1.7. In all triangle ABC' holds
C

Z acos s N
(s —c)V2a2 + 2b2 — ¢ —4ab + bc+ ca

8s
>
~ r[]V2a? + 2b2 — 2 — 4ab + be + ca

Proof. In Corollary 1.3 we take P = I.

Corollary 1.8. In all triangle ABC holds
Z i Z 9sRr
Mg — MgMpMe
Proof. In Corollary 1.3 we take P = G.
Corollary 1.9. Denote K, L, M the midpoints of sides AB, BC,CA and

My, K1, L1 the midpoints of sides KL, LM, M K in triangle ABC, then for
all P in the plane of the triangle we get:

AC+BA+CB> AB-BC-CA
PM, PK, PL, — 16PM, - PK; - PL4

Proof 1t 4 (a), B(0). C(0), K (), L(%5). M (52) . by (452).
Ky (PE5e) Ly (SH2) P (), o=t — %30, y =t — B¢, 2 =t — 5%, then
from Theorem 1 we get the desired result.

Problem. Determine all triangles ABC' in which

> lla=b)(b—c)(c+a)l >

6s (s> + 724+ 2Rr) + V2 (b+¢) (c+ a) Va? + b2.

Theorem 2. If x,y,z2€ C,x+y #0,y+2#0, 2+ x # 0, then
-y y-2-2)\ (z-y\’ (y—2\" [(z-=2\°_
((w+y)(y+2)(2+x)> <x+y) <y+z> <Z+x> -

_ Aayz(z—z)(y—2) (2~ y)
(2 +9)° (y +2)* (= + 2)°

and

3 3

Z—T
z+x

(z—y)(y—2)(z—x)
(z+y)(y+2)(z+2)

z—yl® Jy—z
+
| i
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zyz(x—z) (y— =) (2 —y)

24
S NPT LY

_ Ty . Y—E
Proof. If u = $+y,v—y+z,w—z+$,

(u+v+w)® — (13 + 0%+ w?) =3 (u+0) (v+w) (w+u) ete.

then v + v + w = wvw and

Corollary 2.1. In all triangles ABC' holds

a— 3 a— 3 24Rr [[(a—b
D (58) - % (355) - 2iellecn,
2). ([152)" - % (o)’ = 21100
_ 3 _ 3 3 o
3). (H ZZ+ZZ) > (ZZ+ZI;> - 328@55}123’:3)2
—r 3 ra—T 3 T Ta—T
4) ( :Z—‘,—ri) - Z (’ra—&-ri) = ] I;IS(QR2 g
3r2 [Tsin 422
5). (Z[1tg252 ) -3 (tg%5219§ )3: 38::2“12121%)5
92sR3(s2—(2R+r)?) [ sin A28
0. (:11tg%52)" - ¥ (tgA52atgG)" = L) Tl 2
. A 3 oA
7). (48 [[sin 4B _ 3~ () = rllen 5
8).

3 3
s H sin A;B _ Z sin A2 cos % _ 3072512 R3 [ sin % [
4R 1—cos A*TB sin % 1—cos 4= B sin % ((2R—7)(s2+r2—8Rr)—2Rr2)?

9) (SH sin‘jfTB. )3—Z< smA2 COS% >3: 307253R3Hsin%
4R 1+4cos ATB sin % 1+4-cos A By % ((4R+T)3+82 (2R+r))2

Proof. In Theorem 2 we take

(z,y,2) € {(a,b,¢);(s —a,s —b,s —¢); (ha, hp, he) ;5 (Tay oy Te)

(sin A, sin B,sin C') ; (cos A, cos B, cos C') ; (tg’g,tgg,tg%);

(sm2 g‘,sm2 ]23,51112 g) (cos2 Q,COSQ ]-23,0082 g)}

Corollary 2.2. Denote K, L, M the midpoints of sides AB, BC,CA in
triangle ABC', then for all points P in the plane of triangle we get:

sRr 3 c \3 a \3 b \®> 12sRr-PA-PB.PC
ecta) () ) () =
PK - PL-PM PK PL PM PK2?.PL2. PM?

Proof. If A(a,) B (b),C(c),P(t), K (“2), L (%¢), M (<£2), 2=t —a,
y=1t—>b, z=1t—c, then from the inequality of Theorem 2 we get the desired
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result.
Theorem 3. If x,y,z€ C,z+y#0,y+2#0, z+ z # 0, then
r—y ’ vz — > 2
- 342 - A
Z(wﬂ/) <va+y> Z(wﬂf y+z)>

Y oY
Proof. Ifu—;wy,v—yJr Z+x,

ud + 3 4+ w? = uvw + %(u—l—v—I—w)((u—v)2—|—(v—w)2~l—(w—u)2)

then v + v + w = wvw and

w =

Corollary 3.1. In all triangle ABC' holds

a— 3 ac 2 2
D5 (28)" = (1) (3425 (i)

2

—a _a a+c)b—(a%+c?

2). £ (52)" = (152) (3428 (1425050
2

3) Z(tg Btg2) _( Ht )<3+ Z( smAsmCAsngBB;C> )

COS 5 COs 5 Ccos Ccos

2
1). ¥ (tg258etg$)” = (2 [Ttg 452 )<3+ Z( C"S’A“’SCA%’SQBT))

sin £ sin 5 COos 3 Ccos

2
. A-B\3
5). > Smé) (4RHsm )<3+Z(t9§t9%—tg2 ) cos’ 123)
2

3
. A—B c
sin 5= cos 3 _
A-B in €

2
_ (| s sin 4=E sm2 g sin? %—sm4 %
- (4RH l—cos— g) <3+2Z ((1 cos 4 sm%)(l cos £ 5 sm%)

3

\]
~—
—
+ | e
g8 |=
@
SO
oy
s e}
e}
2]
1
I
N——
Il

2
_ (| s H sin A;B 3492 Z 0052 g cos? %—0054 g
4R 14cos A_TB sin % (1+cos B sin g)(l—l-cos € sin %)

Proof. In Theorem 3 we take (z,y,2) € {(a,b,¢);(s —a,s —b,s —c);
(sin A, sin B,sin C) ; (cos A, cos B, cos O) ; (tg4,tg2,t9S) ;

(sm2 é,sm2 123’,51112 g) (0052 ‘9, 0052 5,0082 g)}
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About some elementary inequalities
Mihély Bencze and Zhao Changjian!®

ABSTRACT. In this paper we present some inequalities connected to inf and sup
of elementary functions.

MAIN RESULTS

Theorem 1. (is due to Sandor, J. and Szabd, V.E.S., On an inequality for
the sum of infimum of functions, J. Math. Anal. Appl. 204(1996), pp
646-654) If ay by, > 0 (k=1,2,...,n), then

i kil w
b -
n a
b\ ¢ -
() (¢
k=1 Nk > ag

k=1

Proof. If fi () = axlnz + xa, where > 0, & > 0 then f] (z) = akf:;lbg and
1
fi. () =0 for z = <0£€’“) therefore
23
. . . Oébk o aj
inf f(2) = i i) = (530) * 4 5
Using the definition of infimum we get:
= - ab\%  a nolaby\ e
f Tk bl Lk
Z;I;Ofk Zmlnfk Z(ln(ak> +a> lnH<ak
k=1 k=1 k=1
n é i ag
1 n n n (e Z bk =t 1 n
. . _ k=1
+azakS;I;%ka(x)—rgl;ngk(fE)—ln 0 "’azak
k=1 k=1 k=1 > ag k=1
k=1

5 Received: 26.03.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. AM-GM inequalities.
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which implies the desired inequality.

Corollary 1.1. If by >0 (k=1,2,...,n), then

Proof. In Theorem 1 we take ar =1 (k=1,2,...,n) and this is a new and
elementary proof of AM-GM inequality.

Corollary 1.2. If ap >0 (k=1,2,...,n), then

3|

n 1 & kz—:l o
> (130w)
k=1

Proof. In Theorem 1 we take by =1 (k=1,2,...,n).

Corollary 1.3. In all triangle ABC holds

D). [Ta® > (3)*
2). [[(s—a)**>(5)°
9 ) s2+r22g4R7'

3). [hke = (St

r r 4RA+r
RRLCELSs = L

. 2sin® & _r =
5 M(sing)"™ 2 > (35r)
6). T (cos 4)*“™ 2 > (1fkr) 2
7). T[] A4 > (g)’r

Proof. In 6orollary 1.2 we take (a1,a9,a3) €

{(a, byc);(s—a,s—b,s—c);(hayhy, he); (Ta, by Te) ; (Sim2 4 sin? & gin? Q) :

27 2 2/
(cos2 %, cos? g, cos? %)} .

Corollary 1.4. In all tetrahedron ABC'D holds
= 1
D-T(7)™ = (&)

2. (%)™ = (3)
3). [TA% > (5)7

2
r
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Corollary 1.5. In all convex polygon AjAs...A, holds

n

4= <<7”L—n2>7f><"—2>7r

k=1

Remark 1. If fi (v) = apc® — axy, (k=1,2,...,n) where x>0, c€ (0,1),
a > 0, then we obtain the inequality from Theorem 1.

Theorem 2. If a; b, >0 (k=1,2,...,n), a > 3 > 0 then

k=1 Z ag
k=1

IN

o (n > (5+1)§:bk
(a+1) (a+1)§:ak

Proof. We consider the functions

fr (z) = apz®™t — bt (k=1,2,..,n), x >0,

and after then we apply the method of Theorem 1.

Theorem 3. If a; b, >0 (k=1,2,...,n), then

Proof. We use the method presented in Theorem 1 for the functions

fr (@) =are® —be™ (k=1,2,...,n), t€R
Theorem 4. If a; b, >0 (k=1,2,...,n), then

n kgl o n kél bk
n aakbbk <Z ak) <Z bk)
k "k > k=1 k

iy (ag + b))t T

<§: (ar + by)
=1
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Proof. If fi, (z) = (sina)™ (cos ) , where z € 0, %] and ay, by, > 0
(k=1,2,...,n), then f] (z) = fi () (a) cos® x — by sin? z) = 0 if and only if
T, = arclg Z—:, therefore

sup fi(z) = max fi(z) = max (sinz)® (cosz)’* <
z€[0,7] vef0,3] z€[0,5]

ag by akbbk
< (sin <arctgﬁ>) <cos <arctg ak)) = ak—kb
i i (ag + )0
(k=1,2,...,n), therefore

n n

n ay 1.bk
T swp fie) =[] max fute)= [/ —2 %

b _—
k1 2€[0,5] i w€[0.3] iV (ag + by) T

N _ _ k=1 k=1
R TLRRE 11 Sl I e
\ (Erm)®

Open Question 1. If a;; >0 (i =1,2,...,n;j =1,2,...,m), then

n ol SRl
a1 + as 2 ajtagtan
ag
[T =11 ("5%) " =Mo"

cyclic

Proof. In Theorem 4 we take by = ax41 (kK =1,2,...,n), therefore

aj+tag

n
aakz (a1+a2> 2
Her= 1

cyclic
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Using the AM-GM inequality we get

a]+ag n
aj+ag+an ap

I (“5%) > I wam ™ = TLo™ " Lo

cyclic cyclic cyclic k=1
therefore
al+tag ot
ai + as 2 A ap) X
a
1 ("™ = 1 K O
cyclic cyclic cyclic
1
aj+ag 1
al +ﬂ442+an al + as 2
> [[a 11
- - 2
cyclic cyclic
therefore
e +ag+
aq + ao 2 ajragTan
- e > a 3
9 = 1
cyclic cyclic

Corollary 4.2. If a,b,c > 0, then

b+c cta

a+b
v (459) (57 (559"

Proof. In Corollary 4.1 we take n = 3, this was a problem in USAMO 1974.

Open Question 2. If a; >0 (i =1,2,....,n) and k € {1,2,...,n}, then

n + + + a1+a2-klr—.4.+ak n % i a;
i al as aj i=1
[or> T1 (") = (1)
=1

i=1 cyclic

b
Remark 2. If fi(x) = 2% (1 — xo‘)?k , x €[0,1], ag, bx, > 0 using the
method presented in the proof of Theorem 4 we obtain the same inequality
like in Theorem 4.
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Theorem 5. If by > a;, >0 (k=1,2,...,n), then

n

n k=1 “ n a kgl bk
n akb—bk <Z ak> - <Z bk:) -
QY < k=1 h=1

Proof. We apply the method described in Theorem 4 for the functions

k=1 (b — az) (br—ar)

\TM:

1

fr () = (shx)® (chz) ™ 2 >0, by > ap >0 (k=1,2,...,n). We have

ay 1.—bg
ay" by

sha)™ (chx) ™% < | —k 7k
( ) ( ) — (bk- _ ak)bk—ak

(k=1,2,...,n) etc.
Corollary 5.1. If 0 < a; < as < ... < ap < any1, then

n n
n ap  —Ok41 (Z ak) (Z ak+1)
p Qg g < k=1 k=1

)ak+1*ak - )an-ﬁ-l*al

it Akt — ak (nt1 — a1

Proof. In Theorem 5 we take by = axyr1 (K =1,2,....,n).
Corollary 5.2. If 0 < a1 < a9 < ... < ap < Gpy IS an

arithmetical progression with ratio » > 0, then

agtapii \ 7

aj+tag
no 0k <”(a12+a2)) 2 (n(azw;anﬂ)) 2
[ i <

nr
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Improved exponential estimator for
population variance using two auxiliary
variables

Rajesh Singh, Pankaj Chauhan, Nirmala Sawan and Florentin
Smarandache 16

ABSTRACT. In this paper exponential ratio and exponential product type
estimators using two auxiliary variables are proposed for estimating unknown
popoulation variance Sg . Problem is extended to the case of two-phase sampling.
Theoretical results are supported by an empirical study

1. INTRODUCTION

It is common practice to use the auxiliary variable for improving the
precision of the estimate of a parameter. Out of many ratio and product
methods are good examples in this context. When the correlation between
the study and the auxiliary variate is positive (high) ratio method of
estimation is quite effective. On the other hand, when this correlation is
negative (high) product method of estimation can be employed effectively.
Let y and (z,y) denotes the study variate and auxiliary variates taking the
values y; and (z;, ;) respectively, on the unit Uy (i = 1,2, ..., N), where z is
positively correlated with y and z is negatively correlated with y. To estimate

2 1 - —\2
Sy:mz:(yi_y) )

=1

it is assumed that

9 1 Al <\ 2 2 1 al =\ 2
Sx:mZ(xi—X) andSzsz(zi—Z)

=1

%Received: 17.03.2009
2000 Mathematics Subject Classification. 03E05
Key words and phrases. Auxilary information, exponential estimator, mean
squared error
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are known. Assume that population size N is large so that the finite
population correction terms are ignored.

Assume that a simple random samle of size n is drawn without replacement
(SRSWOR) from U. The usual unbiased estimator of Sg is

e IR (1.1

n
where 7 = % > y; is the sample mean of y.
i=1

When the population variance S? = 0 lel) > (xz — Y)Q is known, Isaki
i=1

(1983) proposed a ratio estimator for S; as

S2
te = 35?; (1.2)
xT
n -\ 2
where 52 = (nil) > (x; — X)” is an unbiased estimator of S2.
i

=1

Upto the first order of approximation, the variance of S; and MSE of g
(ignoring the finite population correction (fpc) term) are respectively given
by

var (512/) = (%) [0400 — 1] (1.3)

S4
y) (0100 + Ooa0 — 260220 (1.4)

n

MSE (ty) = (

n

i 1 3\ P ~F\ 4 \T .

where dpqr = — 5 25— v fpgr = 3 2 (i = Y)" (2 = X)) (2 = Z)
(“200”020“002) =1

D, q, T being the non-negative integers.

Following Bahl and Tuteja (1991), we propose exponential ratio type and
exponential product type estimators for estimating population variance Sg as

S22
W2
tl = Sy exp |:S§—i—3§:| (15)



Improved exponential estimator for population variance using two auxiliary

variables 669

2 2

ss— S
ty = 52 z "z 1.6
= e |5 g (16)

2. BIAS AND MSE OF PROPOSED ESTIMATORS

To obtain the bias and MSE of ¢1, we write

sy =5, (1+eo),s7 =57 (1+e1)
Such that E (eg) = E (e1) = 0 and

1 1 1
FE (6(2)) = ﬁ (0400 — 1) ,E (6%) = E (9040 — 1) ,E (6061) = E (9220 — 1) .
After simplification we get the bias and MSE of ¢; as
Sy [0oa0 0220 . 3
Btz Y| —/ - == 2.1
()22 [P0 3] (21)
MSE(t)ﬁS—SQ LI (2.2)
1) = 7 | P00 1 220 T 7 .
To obtain the bias and MSE of t5, we write
sy =5 (1+e),s7 = 5% (1+er)
Such that E (eg) = E (e2) =0
9 1 1
E (62) = ; (0004 — 1) ,E (6062) = ; (9202 — 1)
After simplification we get the bias and MSE of t5 as
Sy [0ooa 0202 5
B(ty) = Y| —/ - = _ = 2.3
() T2 Pos e (23)
s2 0 9
MSE (t2) = Wy [9400 + % + 202 — 4] (2.4)
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3. IMPROVED ESTIMATOR

Following Kadilar and Cingi (2006) and Singh et. al (2007), we propose an
improved estimator for estimating population variance S; as -

52 — 52 52— G2
2 T x z 2
t=s, [anp{S%+5§}+(l_a)eXp{sg SEH (3.1)

where « is a real constant to be determined such that the MSE of ¢ is
minimum.
Expressing t in terms of e‘s, we have

t=25;(14eo)-

-[aexp{—ezl (1+e21>1}+(1—a)exp{€22(1+622)1}] (3.2)

Expanding the right hand side of (3.2) and retaining terms upto second
power of e‘s, we have

2 2 2
~ €9 €5 €pe2 €1 €1 €9 €5
t~ 6211 22 e A ) (=42

S’y[+eo+2+8+2+a<2+8> a<2+8>+

2 2
I I @2, %
+60a< 2+8> Oé60(2+8>:| (3.3)

Taking expectations of both sides of (3.30 and then substracting S; from
both sides, we get the bias of the estimator ¢, upto the first order of
approximation, as

2
B(t) = 5;? [z (010 — 1) + u ; %) (Booa — 1) + 1-a) (202 — 1) —
—5 (020~ 1)] (3.4)
From (3.4) we have
(t—S2) = s2 [eg - u 5 0‘)62} (3.5)

Squaring both the sides of (3.5) and then taking expectation, we get MSE of
the estimator ¢, up to the first order of approximation, as
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S4 2 1—a?
MSE = —2 | (0400 — 1) + L (Bos0 — 1) + (7) (Booa — 1) —
n 4 4
a(l—a)
—Q (9220 — 1) + (1 — Oé) (9202 — 1) — T (0022 — 1) (36)

Minimization of (3,6) with respect to « yields its optimum value as

oo {0004 + 2 (6220 + O202) + Bp22 — 6} _

ap (sa 3.7
(Boa0 + Booa + 26022 — 4) 0 (say) (3.7)

Substitution of g from (3.70 into (3.6) gives minimum value of MSE of ¢.
4. PROPOSED ESTIMATORS IN TWO_PHASE SAMPLING

In certain practical situations when S2 is not known a priori, the technique
of twophase or double sampling is used. This scheme requires collection of
information on x and z the first phase sample s’ of size n’ (n’ < N) and on y
for the second phase sample s of size n (n < n') from the first phase sample.
The estimators t1,%9 and ¢ in two-phase sampling will take the following
form, respectively

2 3;:2 _Sozc
tig = 4.1
1d Sy exp |:5332 +8%:| ( )
§2 _ g2
toa = 52 P 4.2
§2 _ g2 s? — g2
td:sz [kexp{sf;+sg}+(1—k)exp{8f2+8;}] (4.3)
x T z z

To obtain the bias and MSE of t14, tag, tq, we write

SizSS(l—keo),si:Sg(l—kel),sfzsg(l—l—e’l)

82253(1+62),S;2:S§ (1+€/2)

where
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1 I
n§; I

Also,

1 1
E (ef) = i (Boao — 1), E (e7) = - (Boos — 1),

1
E (6’1612) = ? (9220 — 1)

Expressing t14, ta4, and tg in terms of e’s and following the procedure
explained in section 2 and section 3 we get the MSE of these estimators,
respectively as -

MSE (t14) = 5 [ (0400 — 1) + = ! <1 - ;) (Boao — 1)+

4\ n
+ (;, — 711) (0220 — 1)} (4.4)
MSE (tog) =

sl 0+ (42w (3]

MSE (tq) & S, E (0400 — 1) + ]f (; - ;) (Bos0 — 1) +
+(k:_1) (:L - i,) (Boos — 1) + K (i - ;) (0220 — 1) +
(3 om0 M (L D]

Minimization of (4.6) with respect to k yields its optimum value as

{6004 + 2 (0220 — 1) + bo22 — 6}
(6040 + oo + 26022 — 4)
Substitution of kg from (4.7) to (4.6) gives minimum value of MSE of ¢,.

k=

= ko (say) (4.7)
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5. EMPIRICAL STUDY

To illustrate the performance of various estimators of S;, we consider the
data given in Murthy (1967, p.-226). The variates are:

y : output, z: number of workers, z: fixed capital,

N =80, n’ =25, n = 10.

0400 = 2.2667, 0pa0 = 3.65, Opoa = 2.8664, O220 = 2.3377, 0202 = 2.2208, 0400 = 3.14

The percent relative efficiency (PRE) of various estimators of Sg with respect
to conventional estimator sg has been computed and displayed in table 5.1.
Table 5.1: PRE of s2,¢1,t» and min. MSE (t) with respect to s

Estimator PRE (., 312/)

s2 100

ty 214.35
ta 42.90
t 215.47

In Table 5.2 PRE of various estimators of 55 in two-phase sampling with
respect to 53 are displayed.
Table 5.2: PRE of Sz,tld,tgd and min. MSE (¢4) with respect to 33

Estimator PRE (., 32)

52 100

t14 1470.76
tod 513.86
tq 1472.77

6. CONCLUSION

From table 5.1 and 5.2 we infer that the proposed estimators ¢ performs

better than conventional estimator 52 and other mentioned estimators.
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The limits of other sequences
Gheorghe Costovici'”

ABSTRACT. We prove a Proposition in the theory of the sequences of real
numbers (a generalization of the Proposition in [1]), and we also give some examples.

MAIN RESULTS

Proposition. Let p and ¢ be integers such that p > ¢ > 1. Suppose that the
function f : [1,00) — R is continuous, decreasing and that lim f(z)=0.
T— 00

Let F': [1,00) — R be a primitive of f. Suppose that
lim (F (pgn) — F (qn)) = a € R. Then lim > flgn+i) =a.

n—oo , ——
i=1,(p—1)gn

Proof. We consider the sequence

tn =)+ f@2)+---+flgn) - F(qn).

By Lagrange’s Theorem Je¢i € (k, k + 1) such that
Fk+1)—F(k)=F'(ck) = f(ck) forall k=1,2,... . Then

(F@2)-FA)+F@B)-F@2)+-+F(gn+1) = F(gn)) =
=F(gn+1)-FQ)<f)+f@2)+-+f(gn) =zn+ F(qn).

From here we obtain z,, > F' (gn + 1) — F (qgn) — F (1) = f (¢qn) — F (1).
Now, lim f(z) =0 and f decreasing = f (cqn) > 0= x, > —F (1). Hence
T— 00

the sequence x,, is lower-bounded.

"Received: 30.09.2009
2000 Mathematics Subject Classification. 40A05
Key words and phrases. The limit of a real sequence.
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We also have

Tny1 —2p = flgn+1)+ flgn+2)+ -+ flgn+q) — F(gn+q) + F (qn) =
=f(qn+1)+f(qn+2)+~-+f(qn+(J)—F(qn+Q)+F(qn)—

—F(gn+1)+F(gn+1)—F(gn+2)+F(gn+2)—---—
—F(gn+q—-1)+F(gn+q—1)=
=(f(gn+1)—F(gn+1)+ F(qn)) +
+(f(gn+2)—F(gn+2)+F(gn+1)+---+
+(flgn+q)—F(gn+q) +Fgn+q—1)) <0

and thus zp11 <z, Vn=1,2,... . So the sequence x,, is convergent.

Now

Tpn — Tn = f(qn+1) + f(gn +2) + f (pgn) — (F (pgn) — F (qn)) .

Then

lim Y flen+i) = lim (2 —a) + (F (pgn) — F (qn))] =

n—oo

Remark. For ¢ =1 and p = 2 we obtain the Proposition from [1].

Exemples of functions which fulfil the hypotheses of Proposition.

1. f(x) = ,b>0. F(z) =1In(z+0).

pgn+b —
qn+b n — oo

F (pgn) — F (gn) = 1n In p.

2. f(x):(ﬂ:b)m,bzo. F(2) = (z+Va?1b).

F(pgn) — F (qn) =1In
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1 x4+ byt

Fpgn) = F () = 1 i a ((pqn+ b)~*! — (qn+b)_o‘+1> -

11—« qn qn n — 00
xa—l
4. = > <1
f(x) xa+b7 _O7a
f (@) =~ = Tim f(2) =0
x = T el Jim z) = 0.
1
F =1 “1p).
(2) = = In (" + 1)
a b
1 (pgn)*+b 1, P T —
F - F =—Inh-—*—=—In———" Inp.
(pgn) (gn) = —In T o np
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About Schur‘s inequality
Mihély Bencze'®

ABSTRACT. In this paper we present the Schur inequality, and we give some
applications

MAIN RESULTS

Theorem 1. (Schur) If &« € R and z,y,z > 0, then

-y (@-—2)2"+y—-2)y—2)y" "+ (= —2)(z—y)z* =0
Proof. If a > 0, then we have

(r—y)(z-2)2"+Y—2)y—2)y* +(z—2) (2 —y) 2" =
=@-y)(z—2)2" = (y—2)y") +(@—2)(y—2)2* >

2@—y)y—2) @ —y")+@—-2)(y—2)z% =0
If o < 0, then we have

(r—y)(z-2)2"+ Yy —2)y—2)y* +(z—2) (2 —y) 2" =
=@@-y(r—2)2"+@y—2)(—(@-yy*+(x—-2)z%) >

z@—y)(x—2)2"+ @y —2)(r—2)(-y*+2%) 20

Theorem 2. If f (z) = Y apz®, where ax >0 (k € N), then
k=0

(@—y)(@—2)f@)+ -2 (y—2) [y +(z-2)(z-y)f(2) =0

BReceived: 12.03.2007
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Schur‘s inequality, power series etc.



About Schur‘s inequality 679

for all x,y,z > 0.
Proof. Using the Theorem 1 we can write the following:

(e =) (e —2) (aa®) + (y = 2) (v = 2) (as*) + (= = 2) (2 =) (k) > 0,

and after summation we get:

(r—vy)(x—z (Zam@) y—2)(y—x) (Zakxk>+
k=0

+(z—2)(z—y) (Zakxk> >0
k=0

or

-y -2 f@)+Wy-—2)y-—2)fW+(E-2)(z-y) f(z) =20
Corollary 2.1. If z,y,2z > 0, then

D). (z—y)(z—2)a"+y—2)(y—z)a +(z—2x) (2 —y)a*>0foralla > 1

2). (x—y)(x—2)tgr+(y—2)(y—x)tgy+ (2 —x) (z —y)tgz 2 0
3). (=) (@—2) (2 —ectgr) + (y—2) (y—) (3 — ctgy) +

(=) (= — ) ( — ctgz) > 0

4). (x —y)(x —z)arcsinz + (y — z) (y — x) arcsin y+

+(z—x) (2 —y)arcsinz > 0 (z,y,z € [0,1])

5. (x—y)(x—2)she+ (y—2) (y—x)shy+ (z —z) (z —y) shz > 0
6). (z—y)(x—2)che+ (y—2)(y—x)chy+ (2 —z) (2 —y)chz >0
7). (mfly_)gﬁfz) + (yflzz(;/kfx) + (fo_)(zz,;y) >0 (z,y,2€(0,1), k € N*)
8). (fv—y)(l'—z)ln(l—1‘)+(?J—Z)(y—ﬂf)1n(1—y)+
(z—2)(z—y)In(1-2) <0 (z,y,2 € (0,1))

9). (z—y)(x—2) i + (y—2)(y—2)In L+ (2 —2) (z — y) In {2 > 0
(z,y,z € (0,1))

10). (:B—y)(:E—z)ln;—ﬂ%—(y—z)(y—x)lnz—ﬂ—I—(z—m)(z—y)ln%i20
(z,y,2>1)

Proof. We take:

). f(a)=a* = 3 2

k=0
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2).f(x):tgx—x+L;+%+
3).f(:v):%—ctgng—i-...%%-%—i—...

4). f(x):arcsinx:x—k%—k...—k%
5). f(x) = shx = k§0 (gzlf:),

6). f(x):chleg:o éZI;!

7. fla)= 1t =1+a"+a2%+

8). fa)=—In(l—z)=z+% +2 +

9). f (@) =itz =23 g

Corollary 2.2. If « € R and z,y,z > 0, then
(x—y)(x—z)ch(alnz)+ (y —2) (y — x) ch (alny) +

+(z—z)(z—y)ch(alnz) >0

Proof. From Theoprem 1 we have

S @—y) (e —2)a" 20

and

Z(x—y)(m—z)x_o‘zo

after addition we get:

Z(m—y)(m—z)(ma—i—x_o‘)z()or

Z(m—y) (x—2)ch(alnz) >0
Remark. If a,x,y,z € R then

(" —e¥) (e" —€*) ch(ax) + (¥ —€*) (e — e”) ch (ay) +

+ (e —€e") (e —eY)ch(az) > 0



About Schur‘s inequality 681

Proof. In Corollary 2.2. we take x — e etc.
Open Question 1. Determine all z > 0 (k= 1,2,...,n) and all @ € R such
that

(x1 —x2) (1 — x3) ... (T1 — ) 2F + (2 — x3) ... (T2 — xp) (w2 — 1) 25 + ...

+ (xn — 1) (T — 22) oo (T — Tp—1) 5 >0

Open Question 2. Determine all f : R — (0,+00) such that for all
x,y,2z > 0 holds

-y (@-2)f@)+y—2)y—2)fy)+(z-2)(z-y) f(z) >0

The function f, (z) = |z| offer infinitely many solutions.

Open Question 3. Determine all z; >0 (k=1,2,...,n) and
f, R — (0,+00) such that

(:Cl — 322) (.%'1 — 1'3) (3?1 — a;n) f (xl)—i—(:cg — 323) (.%'2 — 1’4) (a)z — 331) f (.%'2>+...

+ (xp — 1) (X — 22) oo (T, — 1) [ (20) >0

Open Question 4. Determine all z,y,z > 0 (x # y # z) and o € R such
that

xOé (67

G-9@-2 W-2W-2 G-2(G-y

(Same question in general case).

Open Question 5. Determine all z,y, z > 0 such that

(z—y)(r—2)C(@)+y—2)y—2)C(y) +(z—2)(z—y){(2) 20

where ( denote the Riemann zeta function.
Open Question 6. Determine all x,y, z > 0 such that

(z—y)(z-2)T (@) +(y-2)(y—2)C(y) + (z —2) (z —y) T (2) 20,
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when I' denote the Euler's gamma function.

Corollary 2.3. If z,y,z € (0,1), then

1). (at—yl)if;—Z)fc + (y—zl)(_yy—z)y + (z—wl)ﬁzz—y)z >0
(z—y)(z—2) | (y=2)(y—x)y |, (2—2)(z—y)z

2). o) <+ +) oul Z)? )2(z+1)
z—y)(x—=z)z(z+1 y—2z)(y—x)y(y+1 z—x)(z—y)z(z+1

S s e

Proof. In Theorem 2 we take:

D f@) =12 = 2 "

2). f (@)= g5p = X na”
n=1
&f@ﬁ{ﬁﬁzaﬁﬂ

Corollary 2.4. We have the following inequalities:

1). (lel”z(f)jz) + (yzlzz(;);x) + (szz(zz)fy) >0, where z,y,z € (0,1) and ¢t > 0

9)., E0E=2) | G20 | CBE 5 0 where 1y, 2 € (0,1)

(1—z)e® (1—y)ev (1—2)e?
3). Ele=alion) | 2l | =aep)1=2) 5 0 where

T,Yy,2 € (07 %) U (1, +00)

4). (35_21’2(63;_'3) + (y_fl(ez’;_z) + (Z_;z(:z_y) > 0, where z,y,z € (0,In2)

5). (x —y) (z — 2)arcsin® x + (y — 2) (y — =) arcsin® y+

+ (2 — 2) (2 — y) arcsin® z > 0, where z,y,2 € (0,1)

6). (x —y)(x—2)n (1_7 VQL_M) +(y—2)(y—2)In (1_7 V2;_4y) +
+(z—2z)(z—y)n (1_7 51:_42) > 0, where z,y,2 € (0,%)
(z—y)(z—2)(1-VI-dz) n (y—2)(y—2)(1-vI-dy) n (z=0)(z—y) (1-vI=4z) 0

T Y z -

7).
where z,y, 2z € (0, i) . .

8). (w—y)l@—2)u(l—do) > +(y—2)(y—2)y1—4y) >+
+(z—x) (2 —y)z (1 —42)"> > 0,where z,y,z € (0, 1)

9). Z==2)z2e+l) | y=2)=2)yy+l) 4 (=2)E=P):2:+) 5 () where

(1—4a)3 (1-4y)3 (1-42)3
T, Y, 2 € (O7 %)
10) (:pfy)(zfmz) arcsin + (yfz)(yf;:) arcsin y + (zfx)(zfzy) arcsin z > 0, where

z,y,2 € (0,1)
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11) (z—y)(x—2z)x arcsinx + (y—z)(y—z)yarcsiny + (z—x)(z—y)z arcsin z > 0, where

V1-z2 \/1 —y2 V1—z2
z,y,z € (0,1)
z y
12) (I—y) (x_z)f(%mt) dt+( f(arcsmt) di+
0 0
+ (2 — ) y) [ (arcsmt) dt > 0, where z,y,z € (0,1)
0

9. =)o) (15 + o)+

arcsin 22 z arcsin z
+y—2) (-2 (1 7+ \y/(1y2§/3> +(z—2)(z—y) <1_22 T \/(122)3> >0,
for all z,y,z € (0,1)

14). @7{)_(2;2) (1—411—7@)"_’_ (y:/?g;;x) <17\§;74y>”+

T (2FE) 20 forall iz € (0.4 sndne N

15). (z —y) (z — 2) (%) +(y—2)(y—2) (1’@>

+(z—2z)(z—vy) <177V21;4Z) >0 for all z,y, 2z € (0, 7) and n € N.

16). (z —y)(z —2) m}e*f“‘”dt +(y—2)(y—x) ybfe*y“ntdt—i-

1

+(z—2x)( zfe_Z“ntdtZOfor all z,y,2 >0
0
xln yln
17). (z — —2) [0 g 4 (y ) [0 g q
0 0

—|—(z—x)(z—y)fln(1 Dt <0 for all z,y, 2 € (0,1)
0

(z=y)(z—2) (y—2)(y—=) (z—z)(2—y)
18). 2(1—x)+v1—4dz++v1—422 + 2(1—y)++/T—Ay++/1—4y2 T 2(1—2)+v/1—4dz+V1-422 20
for all z,y,2 € (0,1)

19). (x —y) (z — 2) (1—.7328111275)_% dt+(y—2)(y—z)-

O =y

1
(1 —2%sin?¢)" 2 dt > 0, for all

o%m\:\

(1- yQSith)_% dt + (z —z) (z —y)

Ol

x,y,z € (0,1).
Proof. In Theorem 2 we take:

- /@)= (1—1I)t =1t k¥1 ka

2). f(x)= m = kz_:l %, where d (k) is the number of deranjamentes
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of 1,2, ...,k (i.e. permutations o, such that for all i, (i) # 9)
o0

3). f(z) =L =1+ Y f(k)z*, where f (k) denote the number of ways to
k=1

write the positive integer k£ as an ordered sum of positive integers.

x K

4). f2) =5t =1+ g(l;g)!m , where g (k) denote the number of ways to
k=1

write an k— elements set as an ordered union of pairwise disjoint nonempty

subsets.

5). f(z) = (arcsin x)2 = % io: ’(jx%ik
= ) B
6). f (@) =n (1) =1 55 =)
o o
7). f () = S =2 35 Sl
8). fa)=a(l—dz) =13 k()
k=0
2

arcsin x s 215) z\2k
10). f(x) = = =2 > 2k+1 (f)

k
. ) 2k
11) f (x) — Zarcsimr _ % E (2:)32)k

1—x2 k=1 k(k)
£ arcsin ¢\ 2 S 2)%*
m)ﬂm=f(tt)ﬁ=izg@)
0 k=1 k
13). f(z) = 72y + S _ 3 G0
1—22 (1_$2)3 = (2:)
_ 1 L-yT=dz )" _ NN 2kdn
14). f(z) = Vi—iz ( 2z ) B kg() E
15)‘ f(x) = (1_\@5_%) = Z % 2k+];1—1)3}k
k=0
1 00
16) f (x) e :L'fe_-l’tlntdt e ij
0 k=1
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Corollary 2.5. We have the following inequalities:

=y @=2) | (y=2)y=z) | (2=2)(z—y)
1). s T 2ttt + e 2 O forall z,y, 2 € (0,1) and

0 <t < min { L+o? 1ty 1+22}
x ' oy ? =z

2) (:L‘fy)(x;cz_)‘i(etzfl) . (yfz)(yefyx_)gi(etyfl) 4 (zfx)(z;y_)i(etzfl) > 0 for all
z,y,z>0and t > 1

(z—y)(z—2)(4—2?) | (y—2)(y—2)(4—y?)
3). 4—Atz+a2 + A—4ty+y?
x,y,z € (0,2) and t > 1
4). (I;Z"igzg) + (yl Z;iy yx)y + (Z;flii;@;)z >0 for all z,y,z € (0, %) and
te(0,1)

5). ($—y1)£9093—ti)353—$t) 4+ = Z]).(yytw)’;Q yt) 4 (= xi(ZZty)Z(Q ) > 0 for all

(z—2) (=—y) (4=2?)

vy > 0 for all

_l’_

T,y,z € <0, %) and t € (0,1)
Proof. In Theorem 2 we take

1. f(x)= W Z Py, (t) z*, where Py (t) is the k-th Legendre‘s

polynomial: Py (t) =1, P1 ( )=t, P (t) = 3 (3t*— 1), in general
(k+1)Peyy (t) — 2k + 1) tPy () + kPr—1 (t) =0

tx 58]
2). f(z)= % = > Lk (t) a®, where ¢y (t) is the Bernoulli‘s function

er(t)=t, p2(t) =t(t—1), s(t) =t(t—1) (t—3), ea(t) =2 (t — 1)*,

general

o (t4+1) — @ (t) = kth1

3). f(z)= m = Z Ty, (t) o%, where T}, (t) is the k-th Chebishev's

polynomial
Ty (1) = 2% ((t+ \/ﬂj)k + (t V- 1)k>

4). f(z) =152 = Z Fj, (t) 2*, where Fy, (t) is the k—th Fibonacci‘s

polynomial:
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T 1—xt—2a2

5). f(r) =22, = kzl Ly (t) 2%, where Ly (t) is the k — th Lucas's

polynomial:

=32 (P
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Several proofs and generalizations of a
fractional inequality with constraints

Fuhua Wei and Shanhe Wu!?

ABSTRACT. Ten different proofs are given for a fractional inequality with
constraints. Finally, two generalized forms are established by introducing exponent
parameters and additive terms.

1. INTRODUCTION

The 2nd problem given at the 36th IMO held at Toronto (Canada) in 1995

was:
Problem 1. Let a,b,c be positive real numbers with abc = 1. Prove that

Lo, 1, 1 8 @
at(b+c)  b(c+a) cAla+b) ~ 2

In this paper, we show several different proofs and generalized forms of the
inequality (1).

2. SEVERAL PROOFS FOR THE INEQUALITY (1)

Proof 1. 1t follows from the condition abc = 1 that

1 - b2 1 - 2a? 1 - a?b?

ad(b+c) alb+c) bc+a) blct+a) 3la+b)  clat+b)
Now, the inequality (1) is equivalent to

b2c? 2a? a?b?

a(b+c) +b(c+a) +c(a+b)

>

N

9Received: 23.12.2008
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Fractional inequality; Cauchy-Schwarz inequality; rear-
rangement inequality; arithmetic-geometric means inequality; generalization
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By Cauchy-Schwarz inequality (see [1]), we have

b2 2 N 620,2 N a2b2
AN N

(AT + 23+ A3) ( > > (be + ca + ab)?.

Using a substitution

M=ab+c), Xa=blc+a), \2=ca+Db)

in the above inequality, and applying the arithmetic-geometric means
inequality, we obtain
b2c? c?a® a’b?
+ +
alb+c¢)  blc+a) cla+ b)

Proof 2. We note that the inequality (1) is equivalent to

(bc+ ca + ab) > g v/ (abc)? = g

b2c? c2a? a2b?

> —,
ab+ac+bc+ba+ca+cb -2

w

Let
b2c2 c2a? ab?

- ab+ac+bc+ba+ca+cb'

Using Cauchy-Schwarz inequality and arithmetic-geometric means inequality
gives

[(ab+ ac) + (bc + ba) + (ca + cb)| K >

v

2
\/ab +a Vbe \/ca + cb)
= (bc+ ca+ ab)?® > 3(bc + ca + ab) (bc)(ca)(ab) = 3(bc + ca + ab).

<vab+ac +vbc+ba +\/ca+c

Hence K > % The desired conclusion follows.
Proof 3. Note that for a > 0,
a—i—lZQ(:)aZQ—l.
a

We thus have

1 2 S 1y @bt _1 abtac
a3(b+c) 2a |a?(b+c)| T 2a 2 a 4
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Similarly
1 1  bec+ba
- > _ ,
B(c+a) ~ b 4
1 1 ca+ch
— > .
A3la+b) ~ ¢ 4

Adding the above inequalities yields

1 n 1 1
a3(b+c) b

1 1 1 1 1
> — — PR = — .
cta) + Bath) > a+ 2 + o (ab+bc+-ca) 5 (ab+bec+-ca)

Finally, the arithmetic-geometric means inequality leads us to the required
inequality.

Proof 4. The inequality (1) is equivalent to

b2c? . c?a? n a’b? S 3
alb+¢)  blc+a) cla+b) ~ 2
On the other hand, we have for A > 0,

b2c?
a(b+c)
2.2

ca
> 2
bleta) +Xb(c+a) > 2VAca,

2b2

+xalb+¢) > 2V \be,

a

> .
C(a+b)+)\c(a+b) > 2V \ab

Adding the above inequalities yields

b2c? c2a? a?b?

a(b+c) +b(c+a) +c(a+b)

v

(2V/X — 2X\)(ab + be + ca)
> 6(VA =)y (abe)® = 6(vV X — ).

Choosing A = % gives

b2c? n a? n a’b? >§
alb+c¢)  blc+a) cla+b) ~ 2

)
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which is the required inequality.

Proof 5. We make the substitution bc = x, ca =y, ab=z, x4+ y+ 2z = s.
Then

1 1 1 x? y2 22 x? y2 22

a3(b+c)+b3(a—|—c)+c3(a—|—b) - y+z+z+m+x+y - s—x+s—y s—z

We consider the probability distribution sequence of random variable &
below:

oz s—x oy s—y oz s—z
p<£_s—x)_ 25 ' p<£_s—y>_ 2s ' p<£_s—z>_ 2s

It follows that

2 2 2 2
T s—x 1 T z
B¢ = +(—2) = — +-2L 4 .
s—x 2s 28 \s—x s—y s—=z

According to D(§) = E¢2 — (E€)? > 0, we have

1 z? n y? n 22 >1
2s \s—x s—y s—=z) 4
SO
x? n y? n 22 >1 (@ + +)>33
—s=—(x z) 2> —Jryz = =
s—r Ss—Yy s—z 2 2 4 -2 4
Hence
1 n 1 n 1 >3
adlb+e) blat+c) Ala+d) 2

Proof 6. Let bc = x, ca =y, ab = z. The inequality (1) is equivalent to

x2 y2 22

+ +
yt+z z4+xT x4y

3
> —.
-2

By symmetry, we may assume that x > y > z, then
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x Y z
> > :
Yy+z z+x  r+y

Using the rearrangement inequality (see [2]) gives

2 2 2

x Y Z T Y z
+ + >z +x- +y—,
y+z z4+zx x4y Y+ z T+ z T+y
2 2 2
x Y z > x . Y tx. z

y+z z+x x+y_y.y+z r+y’

Adding the above inequalities yields

22 yz 52
2 + + >rx+y+z>3Fryz =3,
(y—i—z Z+x x—i—y)_ 4 B 4

The required inequality follows.

Proof 7. Apply the same substitution as in Proof 6. The inequality (1) is
equivalent to

$2 y2 22

+ +
y+z z2+x xT+y

Since (22,2, 2%) and (lerz’ ler:c’ x%ry) are similarly sorted sequences, it

follows from the rearrangement inequality that

2 2 2 2 2 2 2 2 2
T z 1 + z z44+x x° +
i + > <y + + y>

3
> —.
-2

_|_ —
y+z z4+z x+y 2\ y+=z z+x Tr+y

By the power mean inequality, we have

2 2 2 2 2 2
Ytz ¢+ 7 +y >y—|—z+z+:ﬂ+3}+y>
y+z z+x z+y — 2 2 2

this yields

3
- + > =
y+z z4+x x4+y 2

Proof 8. Let 1 + 3 +1 =1 (¢ >0), then
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1+1+1_a*2+b*2+c*2_
a3(b+c) blatc) cSla+b) b ldcl cl4al al4b1

_ a—? N b—2 N c—2
Ct—a ! t—b1 t—c U

Consider the following function:

Since

"(z) = 2t >0 (0<z<t)
g (t— ) 3 )
we conclude that the function ¢ is convex on (0, t).
Using Jensen’s inequality gives

—1 —1 -1
+b07 + 1/1 1 1
gla™) +9(07") +g(e™) = 39(* —)=3 <++c> >

3 a b
3;/1 1 1 3
>23 .22 .
—2Va b ¢ 2

Proof 9. Consider the following function:

be 2 ca 2
f ) = (Wx—m> + (mx_m> +

ab 2 b2c? c?a? a’b?
— be| = 2_
+<\/ac+bcx act C) <ab+ac+bc+ab+ac+bc>$

—2(ab+bc+ ca)x + 2 (ab+ bc+ ca) .

Since f (z) > 0 for x € R, we have the discriminant A < 0, that is

b2c? 2a? a?b?

ab+ac+bc+ab+ac+bc

4(ab+bc+ac)2—8< >(ab+bc+ac)§0.

Thus
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2 2 2b2 1

b2c? cca a 3 3
Z(ab+b > 2V a2p2ez = 2
ab+ac+bc+ab+ac+b 2( +betac) 2 amome 2’

which leads to

w

\V)

1 1 1
a3 (b+ c) + b3 (c+a) + 3 (a+0b)
Proof 10. Construct the following vectors:

v

3
2

OA = \/a b+c), Vb(c+a), \/c(a—l—b)),

— ca ab
OB = , .
<\/a b+ec) \/blc+a) \/c(a+b)>

We denote by 6 (0 < 6 < 7) the angle of vectors OA and OB.
Since

‘O_A‘ = /2 (ab + bc + ca),

‘O—é‘:\/ 22 . 242 . a2b2

alb+c) blc+a) cla+d)’
we have

—_— —

OA-OB = ‘0—1)4‘ ‘O—B>)0059: V2 (ab + be + ca)-

b2c? c2a? a2b?
. <
a(b+c)+b(c+a)+c(a+b)cos -

b2c? c2a? a2b?

a(b+c) +b(c+a) +c(a+b)'

< \/2(ab—|-bc+ca)\/

On the other hand, we have

—_— —
OA-OB = ab+ bc + ca.

b2c? c2a? ab?

+ +
alb+c¢) b(c+a) (a+b)
which leads us to the inequality (1).

w

1
(ab +bc+ ca) >

20222 = g’

N |
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GENERALIZATIONS OF THE INEQUALITY (1)

Theorem 1. Let a, b, c be positive real numbers such that abc = 1, and let
A > 2. Then

1 + 1 n 1 S 3 (2)
arb+c) bMct+a) Ma+bd) T2
Proof. Let a = %, b= ;, c= % Then
1 1 1 x)\fl y)\fl z)\fl

a*b+ c) +b>‘(c—|—a) +c’\(a+b) - y+z+z~l—x+x+y’

By symmetry, we may assume that x > y > z, then

1 1 1
y+z z+x rHy
and
:L‘>‘_2 y>\—2 Z)\—Q

y+z z+x  xty

Using the rearrangement inequality gives

Al gl A1 A2 y 2 A2
+ + >z +x- +y- )
Yy+z z4+zx x4y Y+ =z zZ+x r+y
x}\—l y>\—1 Z)\—l .”L‘A_Q y>\—2 ZA—2
+ + >y +z- +x- .
y+z z+x xT+y Y+ 2z Z+x r+y
Adding the above inequalities yields
A1 A1 A-1
x z 1
+ Y + > 7(96,\—2 + y,\—2 + z’\_2)
y+z z4+x x4y 2
3
> 23/ 32, 2,2
Z VI
3
= 3
The inequality (2) is proved.
Theorem 2. Let x1,x9,...,x, be positive real numbers such that

r1x2- Ty, =1, and let n >3, A > 3. Then
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1 n(n—1)

Z H m)Afl( Z mm) 2 (n+ 1)(n - 2)- (3)
i (]

1<k<i<n 1<i<n, ik, 1<i<j<n, i#k,l ’

Proof. Applying the generalized Radon’s inequality (see [3-6]):

n

ST/ b)
i=1

i=1 ¢ i=1

%

=

(a; >0,b;,>0,1=1,2,...,n,p>2or p <0), we deduce that

1
2 I =) X N

1<k<i<n xixj)
SUSIEN 1 <i<n, ikl 1<i<j<n, ik,

1
a 1§§§n [( H xi)/l'kﬁﬂl)])\il[( Z xixj) — :Uk;pl)]

1<i<n 1<i<j<n

- : Z(xkxly\l Z[n(n;l)r_A'

TiTj) — TRT
1<k<i<n 1<i<)i<n

(> ma)?

1<k<i<n

> 2 miy) — k)]

1<k<i<n  1<i<j<n

- [n(n2— 1)]3_/\ [n(n; D 1} _1( Z T

1<k<i<n

A—2
2 nn—11""|nn-1) 2 n(n—1)
_n2—n—2[ 2 ] (H k) :(n+1)(n—2)'

2
1<k<n

This completes the proof of Theorem 2.

Remark. In a special case when n =3, A=3, x1 =a, o =b, x3 = c, the
inequality (3) would reduce to the inequality (1).
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L] L] L] . A §
An extension of inequality ) sin§ <3
Mihély Bencze and Shanhe Wu?"

ABSTRACT. In this paper extend the inequality > sin g < % valid in any
triangle, and we give some applications.

INTRODUCTION

For the classical inequality > sin g < % we know many proofs. In following
we extend this inequality, which give some new refinements.

Theorem 1. If x,y,z > 0, then

77 2(D ) (Say) _ 3
Z\/<x+z><y+z>§\/ Mty 2

Proof. Using Cauchy-Schwarz inequality, we obtain

2
(Z\/szﬂ>: (Z\@‘ <x+zl><y+z>> =

1 2 2) (Tay)
= (Zmy>z(x+z)(y+Z) T @ +y)

but

2 7). zy) < % @8(23:) (ny) < 9H($+y) Ad

[[(z+y)
= <Z x) <Z xy) > 9zyz

which is true.

20Received: 09.03.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. AM-GM inequality, Cauchy-Schwarz inequality etc.
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Corollary 1.1. In all triangle ABc holds:

Z (z—i— 32+7’2+4R7’ < s24+r242Rr
2Rr

AR+ 3
2). Zsmj <y SE- <

)-
)
3). Z\/ha}thb < \/32+r;;r4Rr <3 /s@r;ﬂ%m
)
)

4). Z /raZrb < /2(4]?-&-7‘) §3\/§

5). If ABC' is acute triangle, then

(s2+ 12+ 2Rr)

Z /cosA+cosB R+r)(52+r2—4R2) <§
- cosC _ (2R+T‘)2) -2
ct AJrct 7«

6). 3 githQQ [2 4R+ \f

> t92+t92 <V2<3 \/;
sin? 7+s1n B (2R—7r)(s24+r2—8Rr) 3 /(2R—r)(s2+r2—8Rr)—2Rr?
8). X —dmT \/ Rr? =3 Rr?

Z\/COS2 A+c052]23 < \/ 4R+7”) 2+ (4R+1) ) < Q\/(4R+r)3+32+(2R+r)
— 2

R( — (2R + ) )

COS2 Rs? 2Rs?

Proof. In Theorem 1 we take

(z, y,A) €{(a,b,c);(s—a,s b, 5~ ¢) ; (has hy, he) s (ra; T, 7¢) S
(cos 5, €08 g,cos 2) (ctg 5 ctg 5, Ctg 2) (tg%,tgg,tg%) ,
(sm2 g‘,sm2 ]23,s1n2 g) (cos2 ’3,0052 ]23,0052 g)}

Theorem 2. If z,y,z > 0, then

Z 3xyz x—I—y
(x + 2) y+z H$+y 2

Proof. Using the inequality

Vu+ v+ vw < /3 (u+v+w)

we have

Z\/x+z ) (y+2) \/H (x+y) Z\/m \/H3;Cyjy xjy
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Corollary 1.1. In all triangle ABc holds:
< 3(s24+r2—2Rr)
a+c b+c) = s2+r24+2Rr

1.2

) ZSIH S / (2R r)

3 hahb 52+7”2 2R7”)
) ha+hc (hb+hc - V 2+T2+2R7‘
) 2
)-

rarb < /3(2R T)
(ratre)(rotre)

In all acute triangle ABC’ holds

cosAcosB 3((2R+7)’+s2r—2R(s2+r24+2Rr))
2 cos Atcos B = r(s2+r2+2Rr)

ctgs 2 ctg 2_ 3(2R—7)
). 22 oy <
ctg ) +ctg 2 ctg +ctg 7 - 2R
Z tga 2 tg 2_ 3(2R—7)
(taz+t9$ ) (taZ+t9S) 2R

B
sin £ sin 7
Z \/ sin? A+51n2 C) sm §+sin2 %) < \/g

2

| N

B

cos 4 cos B
9) Z \/(c052 %Jrcos2 %2) (cosg g«#cos2 %) < \/§
Proof. See Corollary 1.1.
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The limits of some real sequences

Gheorghe Costovici?!

ABSTRACT. In Proposition Ps, via Proposition P;, we shall establish the limits
of some sequences.

MAIN RESULTS

Proposition P;. If a;, i = 1, p satisfy the (triungular) system

then we have

1 2p 1 2p—2 1 2p—4
(t+t) +a1<t+t) +a2(t+t) + -

1\* 1\? o, 1
+ap—2 t+¥ +ap—1 t+¥ +a,=t +t7p. (1)

If b;, i = 1, q satisfy the (triangular) system

Chpr + 0105 + 0205 %4 -+ bp1C5y g3+ bk =0, k=T,

then we have

2q+1 2q—1 2q—3
1 1 1
t+¥ +b1 t+¥ +b2 t+¥ + -

N . 3+b T R 2
q—1 Z q Z = £2q+1° ()

2'Received: 30.09.2009
2000 Mathematics Subject Classification. 40A05
Key words and phrases. The limit of a real sequence.
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Proof of (1).

701

1 2p 1 2p—2 1 2p—4 1 2p—2i

1\* 1\?2
"’+ap—2<t+t> +ap—1 (t+t> —i—ap:

. o 1 4 1
+C5, <t27’ * 4 t2p2i) +-+CY <t2 + t2) + Cgp} +

_ 1 .1
+ a1 [ (t2p 74 tzp_Q) +Cap_s <t2p + 3

)+t

: | _ 1 _
+Cily <t2p—2’ + tQp_%) +o+ Ch 2 <t2 + t2> + Cg’p_ﬂ +

. 1 :
- 2 —it1
+ 05 ie <t + t2> + Cgpj2i+2j| +

. 1 o
+ Gz‘[ <t2p—2’ + t?p—2i> +C3p g <t2p 22,

i 1 iy
+0p ) <t2 + t2> O]+
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We sum up this table-like expression along diagonals and we have

1 . A
A= <t2p + t2p> + Z <C§p + a10§ 9+ azC;p gt T+ ai—lc2lp—2i+2 + ai) :
i=Tp—1
~ <t2p‘2" - t2p—2i> <Cp +a1Chy + axCh 2+ -+ ap—aCF + a1 CF + ap) :

1
Taking into account the hypotheses we obtain A = t?P + 2
Proof of (2).

2q+1 21 2g—3 2q—2i+1

1 1 1 1

B=(t+5)  wb(ttg)  Hb(thg) bt +
1\° 1

"+bq—1<t+t> +bq<t+t>:
1
2g+1 1 21 2-3 |
= [<t at +t2q+1)+02q+1 <t‘1 = 1)+02q+1 <t‘1 e 3>+---+

; ; 1 1 1
2q+1-2 1 3
+C§q1<tq l+tqu2i>+"'+02qq1<t t3>+C§ql< t)}"‘

_ 1 _ 1
+b1[<t2q b+ t2‘1—1> +Coq1 <t2q S+ t2q—3> +o

. ) 1 1 1
-1 2q+1-2 q—2 3 q—1
+C5. 4 (t T4 tZQ+1—2i) +--+C55 (t + t3> +Ci (t + t) }+

1 1
2q—3 1 2q—5
+b2[<tq +t )+C 3<tq _|_t )_|_..._|_

. ) 1 1 1
-1 2q+1-2 -3 3 -2
+C%q_3 <t g2 152‘1""1_2’> + -+ ng_?’ (t + 753> + CQqq_?) (t + t) }‘f‘
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ca—i s 1Y) pe-it 1
Tl 2ip \ "+ 3 ) + Cogaips (P 5 ) | T
I LI, I S S I
v 12q—2i+1 2q—2i+1 12q—2i—1

; 1 1
— 71 3
+C3 i1 <t + t3> C3, 121-&-1 <t + t) }"’

(o5 s e o ()

We sum up this table along diagonals and we get

1
B = <t2q+1 + W) + > (02q+1 +01C5 1t + baCh %+ -+ bi1Chy giys + bi) :
1=1,q

. 1
| 29+1-2i
<t + t2q+1—2i> :

Taking into account the hypotheses we obtain B = t24+! 4+

£2q+1°

Proposition P,. If a;, i = 1, p satisfy the system

Céep + alck 12 + CLZCQP i i o a/k—1021p72k+2 +a,=0, k=1p

and the sequence a;n is glven by the conditions ¢y = a > 2 and

Ty = xi 1+ almi o+ agx ey ap,lx%_l + ap for n > 1, then
n a2 —

lim 35711/(0‘(2”) ) _ (M> where « is a real

n—oo 2

number # 0.

If b;, i = 1, q satisfy the system

ng-i—l + blck 11 + bZng 23 + -+ bk_lCQquQk:JrB + bk: = 07 k = 17 q

and the sequence vy, is given by the conditions yp = a > 2 and

Yo = oI b1y o2 - 4 b1y + bgyn1 for > 1, then

1/
n a2 —
lim y,ll/(a(Zqul) ) = (CH_;) where « is a

n—oo
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real number # 0.

Proof for x,,. Denote z + ~ = a and we have z? — az + 1 = 0 with the roots
z
a+Va?—4 a+\/a2—4>a
1= —7F7—— _—

5 . We choose z = 5 5 > 1 and express x, in
terms of this z. We show, by the

Z@T)n fOI' all

holding true. For

method of mathematical induction, that we have z,, = 2(2P)" +

1
nZO.Forn:()wehavexo:a:szf:z(zp)o—l- T
z Z(2p)

n = 1 we have

2 2p—2 2p—4
T =y +arxy’ " agryt T+ ap_lxg +a, =

1 2p 1 2p—2 1 2p—4
:<z—|—) +a1<z—|—) +a2<z—|—> + ...
z Z z

1\? W[ 5 1 . 1
+ap1(z+z> +ap:<zp+22p :Z(P) +Z(27p)17

n 1
also true. Suppose that z, = z(2P)" + WeOR for n > 1 arbitrarily fixed, and
z

examine

2 2p—2 2p—4 2
Tp1 =X + a1zl +ag)P T+ apaixn +ap =

(2p)" 1\ 2p)" 1 \*2 (2p)" 1 \*»*
_ P 7Y 7Y
= (Z + Z(2p)n) + aq (Z + Z(Qp)n) + a9 <Z + Z(zp)n> +

2
(i) (2p)n 2p 1 o (2p)n+1 ].
) Fa = () (zeny? NPT

(2p)"
+ + ap—1 (z + )"

n 1
Then z,, = 229" 4 —— for all n > 0. Now
z(2p)

1/(a(2p)") (2p)" 1/(a(2p)")
z

~(2p)" 2p)"

n—oo

1/a
1/(a@)") _ 1ja _ (a +Va? - 4) _

From here we have lim xz, >

1
Proof for y,. Denote z + — = a and we have z? — az + 1 = 0 with the roots
z
at+va?—4 a—l—\/a2—4>a
Z12=————— -
’ 2

. Choose z = — > 1 and express y, in
terms of this z. We show, by the

2
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n 1
method of mathematical induction, that we have y,, = 2(2a+1)" 4 G for
z
1
alln >0. Forn=0we have yg=a =2+ — = 22a+1)° 4 5, true. For
z Z(QQ+1)

n = 1 we have

Y1 = yqu + blygq_l + begq_?’ oo by—1ys + bgyo =

2q+1 2q—1 2q—3

1 1 1

=|lz+- +bi 2+ - +bo 2+ — + ...
z z z

1\* LY @ [ 241 1 (2¢+1)* 1
+bq_1(2+z> +bq(2+z>—(2 +W =z +Z(2¢]T)1’

also true. Suppose that y, = z(2¢tD" 4+ for n > 1 arbitrarily fixed,

z(2Q+1)n
and examine

Ynt1 = Yal T4 baynd T baynt T e b1y + bayn =

2q+1 2qg—1
(e LN ey LN
L@t1)” ! 2(2g+1)"

n 1 2q_3 n 1 3
+ by (z(2q+1) +Z)n> + ot by <z(2q+1> - ) +

(2q+1 2(2¢+1)"
" 1 L@
(2¢9+1) - ()
+ bq (Z + Z(2q+1)n> -
n 211-1-1 n+1 1
— (,(2q+1) ) _ (2q+1)
(Z (z(2q+1)")2‘“1 : * »(2q+1)" T

So y, = 22a+D)" 4 for all n > 0. Now

21"
1/(a(2g+1)™) (2g+1)" 1 1/(a(2¢+1)™)
a = JE—
Yn q = (z q + Z(2q+1)n> _
o n 1/(&(2 +1)n)
= <Z(2q+1)”)1/( (2¢+1)") 1 q
22(2q+1)" .

. 1
From here we have lim yj,
n—oo

1/
/(a(2¢+1)™) _ Zl/a _ ((l +Va?— 4>
Yy .



706 Gheorghe Costovici

Some peculiar cases.
For p=1,4, ¢ = 1,4 in P,, we respectively obtain the sequences,
Ty = :1:%_1 -2, xp= l‘i_l - 4xi_1 — 2,
_ .8 6 4 2
Ty =2,_1 —8x,_1+20x,_; —16x;,_; + 2,
Yn = yi—l —3Yn-1, Yn = y?L—l - 53/2—1 + 5yn—1,

Yn = Yh_1 — TYs_1 + 14ys_| — Tyn_1,

Yn = Yp 1 — 93/77171 +27y) 1 — 30y5 1 + Wn—1

form>1and zg =y =a > 2.

: 1/a2"  1/ad™  1/a6™ 1/a8" 1/a3"

Then, the corresponding sequences a:n/ “ :cn/ “ xn/ o, a:n/ “e, yn/ ¢
1/a5™  1/a7"  1/a9™ o

yn/a , yn/a , yn/a , have, all of then, the same limit.

)

Remark. For p=1 and o =1 in P5, the sequence thus obtained has been
studied by Oswaldo Larreal in [1].
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About some elementary inequalities
Mih4ly Bencze??

ABSTRACT. In this paper we present some elementary inequalities, and its
applications.

MAIN RESULTS

Theorem 1. If z > 0 then

3 4 2
$+1 \/T—{—l>\/x —|—1 \/x +12(L'—|—12\/52

x2+1_ 2 2

2 2
- 2x - z (2% 4+ 1) - x(x+1)
Tx4+17 2341 T 2(23+1)
Proof. We have the followings:

3
1
z2112\/x2—x+1®x($—1)220 (1)
441
\/:102—38—}—124902+ s@@-1)'>0 (2)

4/m4+1_4(a:2)2+1>4 2+ 1 2_ 2+ 1 (
2 2 - 2 B 2
x2+1
\/ (4)

(Vz —1) >0 (5)

22Received: 21.02.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. AM-GM-HM inequality.
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2x 2
\/szi—l—l@(ﬁ_l) >0

2x >:U(x2—|—1)

sx-1)2%>0
z+1 - 2341 (@ )’ =

z (z? + 1) - z(z+1)

—1)* >
3 +1 _2(x3+1)<:>($ )20

Equality holds if and only if x = 1.

Corollary 1.1. If ap >0 (k=1,2,...,n) and

E ajaz = n,

cyclic

then

Z (a:{’—i—l) (a%+1) >

(@+1) (3+1) ~

cyclic

Proof. Using the Theorem 1 we get

(@i +1) (a3 +1)
2 @) (@) 2

cyclic cyclic cyclic
ajas +1
> —_— =N
> Z 5
cyclic
Equality holds if and only if a; = a2 = ... = a,, = 1.

Corollary 1.2. If a >0 (k=1,2,...,n) and

o —
g ap = n, then E 3 <0
k=1 = et

Proof. We have

> \4/(a31+1)4(ag+1) .y \/agazﬁz
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therefore
- ap — 1
n 4+ 51 <n

o Gkt
and finally

n

—1
5 <0
1 +

Equality holds if and only if a; = as = ... = a, = 1.

Corollary 1.3. If a;, >0 (k=1,2,...,n) and Y. a?a3 = n, then

cyclic

Poof. We have

@+1) @+ | (@) @) .
2 ((a%—i—l)(a%—i—l)) =3 (\/ . ) -

cyclic cyclic

2.2
aja; +1
> E 5 =n

cyclic

Corollary 1.4. If ap >0 (k=1,2,....,n) and > ajazas = n, then
cyclic
Z (aff + 1) (ag + 1) (ag + 1)

(af +1) (a3 +1) (ad+1) —

n

cyclic

Poof. We have

because
a‘f—a%+12a% ete.

Equality holds if and only if a; = a2 = ... = a, = 1.
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Corollary 1.5. If a,b > 0, then

3 3 4 4 2 2
@+ >vVa?—ab+ 62> {2 ;b 2\/a +0 >a+bz\/%z

a? 4+ b2 ~ 2 = 2

2 ab (a® +b?) - ab (a +b)?

>
T oad+b T 2(a 403

1
b

Q=

Proof. In Theorem 1 we take x =

SyllS]

Equality holds if and only if a = b.

Corollary 1.6. If z,y > 0, then

(2*+1)° (s +1)° @+ ) 1)
(:c2+1)2(y2+1)2 Z(xz—x+1)(y2—y+1)2\/ 1 >
S :L“2y2+1

- 2

Proof. From Theorem 1 we get

<<w3+1> <y3+1>>22 (V@—z7 D@ =v7D) >

(z% +1) (y* +1)

2
2
(DY, (o) e
- 4 - 4 2
Remark. In [1] problem 1.62 is proved that for all x,y € R holds
2,2
1
(2" —z+1) (" —y+1) > %

Corollary 1.6 offer a refinement and a new proof for that, namelly

(@t + 1) (yr+1) _ 2%y?+1
(x2—x+1)(y2—y+1)2</ 1 > =

for all x,y € R.
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Corollary 1.7. If ap > 0 (k=1,2,...,n), then

which is a generalization and a refinement of problem 1.62 ([1]).
Proof. Using the Theorem 1, we get

2
n 3 2 n

ak—|—1>
H >H(a —ap+1) > >

2 = k k =
k:_1<ak+1 k=1

nooNE\ 2
1+<H ak>
> k=1

Corollary 1.8. If t € (0, %) , then

1
(sint + cost) (1 —sintcost) > 1 —sintcost > (1/2 —sin®tcos?t >

1 sint + cost 2sintcost
27—’_ > +Vsintcost > —M— >

> — >

— V2 2 ~ sint +cost
N sint cost sintcost (sint 4 cost)
~ (sint +cost) (1 —sintcost) —  2(1 —sintcost)

Proof. In Theorem 1 we take x = tgt.
Corollary 1.9. If a >0 (k=1,2,...,n), then

(a?+1) (a3 +1) (a3 + 1) a3 (araz + 1) (aj + 1)
22(@%+1)(a%+1)(a§+1)22 P

cyclic cyclic
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A generalization of problem 3349 Crux Mathematicorum.

Proof. We have

(a?+1) (a3 +1) _ 4f(af +1) (af+1) afa2+1 _ ajaz +1
= 2 2
(a?+1) (a3 +1) 4 2 2

3 241 T
and %t1 > \Jaz or “3“ as(af+ ), after multiplication we get

a+1 2-1-1 = a3+l
E:(ﬁ+4J0€+1)w%+U:>§:<am2+1><%(ﬁ+ﬂ)>
cyclic (a% + 1) (a% + 1) (a% + 1) - el 2 ag +1
Equality holds if and only if a; = a2 = ... = a, = 1.

If n = 3, then we obtain problem 3349 Crux Mathematicorum.

Corollary 1.10. If ap > 0 (k=1,2,...,n), then

5 Z (af +1) (a3 +1) (a3 +1) - Z araz (a3 + 1) (afa3 + 1)

cyclic (a% + 1) (a% + 1) (a% + 1) B cyclic a?ag + 1

A generalization of problem 3349 Crux Mathematicorum.

Proof. We have

(@ +1) (@+1) | aiea+1 oz (adad +1)
(@+1)@+1) " 2 7 a1

a3+1 > a3+1

1 2 after multiplication we get:

and

(a‘i’—&—l) (a%—i—l) (a§+1)> alag(a%ag—i—l) asz +1
Z(a2+1)(ag+1)(a§+1)—z< B 41 )( 2 )e“'

cyclic 1 cyclic
Equality holds if and only if a; = a2 = ... = a, = 1.
REFERENCES
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An extension of Ky Fan‘s inequality

Joézsef Sandor??

ABSTRACT. We offer a generalization of the inequality ﬁ, G’ , due to Ky Fan.
Let A,, G, denote the arithmetic, respectivelly geometric means and of x;

(i =1,n), where z; € (0,3]. Put A, = A}, (z;) = A, (1 — ;) ;

Gl =Gl (z;) = Gy, (1 — x;) . The famous inequality of Ky Fan (see e.g. [1])
states that

‘ i

- >

(1)

Q‘C}

<

PN

/
n

n

AO = Ao (CLZ) = ]i]_)néAk = k/aln.an = GTL (a) = Gn

1/k -
Define Ay, = Ay (a;) = (M) for k£ 0 and a; > 0 (z = 1,n) , while

Then the following extension of (1) holds true:

Theorem. For all x; € (0, %] and all £ € R one has

1
k k] % _1
(71;;%1) + ...+ (71;:") 2k T +...+ 2k o .
1+ - > - = (2)

Proof. Remark that for k£ = O, inequality (2) beceomes

T\L/l—ﬂUl 11—z, >a;1—|—...—|—xn_1,

1 xn n
which is relation (1), i.e. the Ky Fan inequality.
Put now % = a; in relation (2). Since z; € (0, %] , we get a; > 1.
After some elementary transformations, relation (2) becomes

BReceived: 04.09.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Inequalities for sums.
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1
k k\ &
. (al—i-...—l—an) S 3)

1
(a1 + D 4+ (an + 1)2’“] T
n

n

where k # 0.
1N 2k—1

1
Let ap, = y,f (yr > 0) and consider the application f (y) = (1 + yE) :
where y > 1. It is immediate that this function is convex for k& < 0 or
0<k< %, or k > 1; and concave for k € [%,1] .
Using the Jensen inequality for convex (concave) functions, relation (3)
follows at one for k # %

For k = 1, however we have to prove the inequality

29
2
1—|—<\/a+'ﬁ'+\/@> > V(1 +ay)...(1+a,) (4)

Letting a = y7 and f (y) = log (1 + y2) which is concave, by Jensen‘s
inequality follows at one again (4).
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A refinement of some geometrical
inequalities

Mihdly Bencze?*

ABSTRACT. In this paper we present a new inequality, which give some
refinements for classical inequalities.

MAIN RESULTS

Theorem 1. If x,y,z > 0, then

4
16 + — 16
:U+y< Tyz _1>+(\/5 V) 5y
2 \@r9)wr2)Era) 2 (Va+ i)
Proof. After elementary calculus we get
2
(Ve +y) < (@z+2)(y+2)
and finally (z — ‘/a:y)Q > 0.
Corollary 1.1. In all triangle ABC' holds
+v5)" ~16ab : :
1). ‘ITH’ (% — 1> + W < vab and his permutations

c (4r (\/ﬁJr\/sfb)[lflG(sfa)(sfb)
2.5 (F -1+ 2(vs—a+vs—b) =

permutations. This is a refinement of inequality

(s —a) (s —b) and his

;(ég—l) <V(s—a)(s-b),

problem 11306 American Mathematical Montly, author Alexandru Rosgoiu.

2 Received: 17.03.2006
2000 Mathematics Subject Classification. 26D15, 51M16, 26D99
Key words and phrases. AM-GM-HM inequality, geometrical inequalities
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4
3). hathy ( 32Rr 1> + (Vhatvhy) —16hah, < Vhahy and his

2 s24r24+2Rr 2(\/E+\/h7)2
permutations.
4
gy, ratr (4r gy 4 (Vetvi) S16mn d hi tations.
) 2 (R ) + 2(\/ﬁ+\/ﬁ)2 < /Tqrp and his permutations

5) sin? %+sin2 g 32Rr2 1) 4
: 2 % (2R—7)(s24+r2—8Rr)—2Rr?

sin
Ao BY4 . 2A . 2B
(sm 5 Tsin 2) 16 sin 5 Sin” 3
A . B\2
2(sm % +sin 5)

< sin % sin g and his permutations.
cos? %-{—ccosz g ( 33232R B 1) i (cos §+cos %)4716 coslg cos? %
cos? 2 (4R+7r)"+s2(2R~r) 2(cos %—i—cos E)

2
< cos % cos g and his permutations.

6).

IN

Proof. In Theorem 1 we take (z,y, z) €
{(a, bc),(s—a,s—b,s—c),(hg, hp,he), (ra,Tp,7c) , (Sin2 4 ¢in? B gin? %) ,

2 2
(C082 %, COS2 g, COS2 Q)} .

Corollary 1.2. In all triangle ABC holds

—

ot (yﬁ% - 1) < Vab

(% 1) <V(s—a)(s—-b)
aJQth (52+3r221—%&-r2Rr o 1) = hahb
eyt (f — 1) < Vram

\V)

c
2
h

w

e~
S~ N e N N N

5). 2 %;sinQ 2 ((QR—T)(SQ—?-%“giZSRr)—ZRﬂ - 1) < sin 4 sin §
6). < gJQFCOSQ z ((4R+r§)—2|—1z§?2R—r) - 1) < cos 5 cos §
Corollary 1.3. In all triangle ABC holds

D). 25 (538 — 1) < X Vab

2. (k1) <X oo G-D

3). S (B 1) < S VR

8. 4R+ ) (% 1) <X i

5). 2?}? ((2Rfr)(s2ﬁ§i28m)72m2 - 1) < >osin g sin g

6). 412?1-%5-7" ((4R+T)%24i822(2R—T) _ 1) <> cos % cos %
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Theorem 2. In all triangle ABC' (a # b # ¢) we have

V3 1 V3
18R?r — Z a(a—>b)(a—c) = 36Rr?

(A refinement of Eulers inequality R > 2r)
Proof. We have

> 1 B
a(a—0b)(a—c) abc 4sRr

but 3v3r < s < ?"[T?’R which finish the assertion.

Corollary 2.1. In all triangle ABC' (a # b # ¢) we have

2V/3 1 V3
T Sy sy

(A refinement of Eulers inequality).
Proof. We have

1 1
Z(sfa)(bfa)(cfa)_ (s—a)(s—b)(s—c) sr2

but 3v/3 < s < %R etc.

Corollary 2.2. In all triangle ABC' (a # b # ¢) we have

4 < Z 1 < 1
2TR2r — ro (g —1p) (ra — 1) — 2713

(A refinement of Eulers inequality).
Proof. We have

Z ! - L etc
ro (T —70) (ra —7c)  TaTere S
Corollary 2.3. In all triangle ABC' (a # b # ¢) holds

2 _ 5 1 _ R
2TRr? — £~ hy (hq — hy) (ha — he) — 5dr?

(A refinement of Eulers inequality).

Proof. We have
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1 1 1
- - te.
2 ha (ha — o) (ha — he)  hahohe 2522 ©C
Corollary 2.4. In all triangle ABC' (a # b # ¢) we have

A
3\[<Z ctg5 <3\/§R

99 —19%5) (tgg —tg§) — 2r
(A refinement of Euler‘s 1nequahty).
Proof. We have

Z ctgé _ 1 :fetc
(tgg —t93) (t95 —t95) Tltgs r

tgg —tgy) (tg3
Corollary 2.5. In all triangle ABC' (a # b # ¢) we have

2/3r tga V3
OR = Z A_ 4 B 2 A, C < 9
(ctg 5 ctg 5 ) (ctg 5 ctg 5 )

(A refinement of Euler‘s inequality).
Proof. We have

Z tg% = L _ ete
(ctgg - ctg%) (ctgg — ctg%) I ctg% S
Corollary 2.6. In all triangle ABC (a # b # ¢) we have
3 ! > 64
sin é (Sln 3 sin® g) (sin2 % — sin? %)
Proof. We have
> 1 _16R? 64
sin? ‘;‘ (sin® ‘;‘ sin? g) (sin? 2 4 _sin? g) r2 T
Corollary 2.7. In all triangle ABC (a # b # ¢) we have
64 1 16 R?

= Z
= 2 A 24 _ 2 B 24 _ 20\ — 2
27 cos? 5 (cos 5 —cos? 35 ) (cos 5 —cos? 5 ) 27r

(A refinement of Euler‘s inequality).
Proof. We have

Z 1 16 R? .
= etlcC.
2 A 24 _ 2 B 2A _ 2C 2
COS 5 (COS 5 COS 2) (COS 3 COS 2) S
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Theorem 3. In all triangle ABC' (a # b # ¢) we have
a

6v3r < —

S @9

(A refinement of Euler‘s inequality).
Proof. We have

< 3V3R

a? b
-— = :2
Z(a—b)(a—c) a+b+c S
but 3v3r < s < %R etc.

Corollary 3.1. In all triangle ABC' (a # b # ¢) we have

s—a)? 3v3
3\/§rﬁz(b_(a)(c)_a) < 5 R

(A refinement of Eulers inequality).
Proof. We have

(s — a)3
E — = E —a) = s etc.
b—a)(c ) (s —a) = s etc
Corollary 3.2. In all triangle ABC' (a # b # ¢) we have

3 2 2
2r (7r + R) < Z h < 27R* 4+ 16Rr + 4r
R (ha — hp) (hg — he) 8R

(A refinement of Euler‘s inequality).
Proof. We have

h3 s+ 12+ 4Rr
a N, = T TR e
> (ha — hy) (ha — he) > 2R e

Corollary 3.3. In all triangle ABC' (a # b # ¢) we have

rs 9R
Or < a < —
T_Z(ra—rb)(ra—rc)_ 2

(A refinement of Euler‘s inequality).
Proof. We have

7"3
a = 4R + 7 etc.
Z (ra —rp) (ra — 7¢)
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Corollary 3.4. In all triangle ABC' (a # b # ¢) we have

tg*4 3(4R+7r)RV3
3(4R+7“)7“\/§§ E 2 <
(tg —t93) (t95 —t9%) 2

(A refinement of Eulers inequality).
Proof. We have

Z tg?’é = Ahtr etc
(tg5 —tg%) (tgg —t9%5) s '

Corollary 3.5. In all triangle ABC (a # b # ¢) we have

3A
3\/§§Z ctg® 5 <3\/§R

(ctgs — ctg?) (ctgs —ctg§) = 2r

(A refinement of Eulers inequality).
Proof. We have

ctggé s
Z( a B 2 Y c :;etc.

ctgs —ctg2) (ct92 —ctg2)
Corollary 3.6. In all triangle ABC' (a # b # ¢) we have
.6 A

Z( 7 A 23)(22A 20)>

sin 5 — sin 3 S1n b} sin 5

e~ w

Proof. We have

sin® 4 r 3
Z A B 2 A oy =l—5527
(sm2 5 — sin? 2) (sm2 £ — sin? 2) 2R — 4
Corollary 3.7. In all triangle ABC (a # b # ¢) we have
Z cos? A 9
(cos2 g — cos? g) (0032 % — cos? %) 4

Proof. We have

cos? ’3 5 A T 9
- 294 <7
Z ((3052 % — cos? g) (0032 é — cos? %) Z 5y + 2R — 4
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Theorem 4. In all triangle ABC holds

S1R?
—R) < < —7r“—4
r (20r Z a—b a—c) <= r Rr

(A refinement of Eulers inequality).
Proof. We have

Zm Za Jrz ab = 3s%> — r?> — 4Rr etc.

Corollary 4.1. In all triangle ABC' (a # b # ¢) we have

— 27R?
r (13r — 2R) <Z (s Cc‘_a)g : — 12 _ ARy

(A refinement of Eulers inequality).
Proof. We have

—a)t
Z(b_(sa)@)_a)_Z(S_a>2+z(s_a)<3_b)—52—?“2—4Rr

Corollary 4.2. In all triangle ABC' (a # b # ¢) we have

3TR +8Rr+r2 <y ra < 16R2 + 8Rr — 2612
4 - (rg —rp) (rg — 1) —

(A refinement of Euler‘s inequality).
Proof. We have

4

"a = r)? — 52 etc.
Z(Ta—rb) (ra —re) (4R +) ’

Corollary 4.3. In all triangle ABC (a # b # ¢) we have

(2(4R+7~)>2_1<Z tg'4 <<4R+7~)2_1
3V3R T (tgg —tg%) (tag —tgg) T\ 3V3

(A refinement of Eulers inequality).
Proof. We have

3 tgt4a B <4R+r>2_1etc
(tg3 —tg%) (tog —tg§) \ s '
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Corollary 4.4. In all triangle ABC (a # b # ¢) we have

ctgg — ctgg) (ctg% — ctg%)

2
tg*9

(A refinement of Euler‘s inequality).
Proof. We have

> iy - O -
(ctg% - ctg%) (ctg% — ctg%) \r r

Corollary 4.5. In all triangle ABC (a # b # ¢) we have

37TR% + 122 — 32R sin® 4
64;2 - - Z 2 B 2 2 A 2C <
sm — sin 5) (sm 5 — sin 5)
2R?2 — Rr — 3r2
- 2R2

(A refinement of Eulers inequality).
Proof. We have

Z sin® ‘;‘ B 16R? + 3r2 — 8Rr — s?

(sin2 g‘ sin? 12_” ) (51112 ‘3 sin? g) 16 R?

Corollary 4.6. In all triangle ABC (a # b # ¢) we have
rN2 27 cos® 4
3 (1 + —) - < 2 =
4R 64 — Z (cos? 4 — cos? &) (cos2 4 —cos2§)

2
2 3
=3(1+ ) ‘[r
4R
(A refinement of Eulers inequality).
Proof. We have

8 A

COS 5 _ < L)Q B (i)Q
=3(1 tc.
Z (0032 g — cos? g) (cos2 % — cos? %) + 4R 2R e
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Theorem 5. In all triangle ABC' holds

2 2

R+7T§Z 1 §27R + 16Rr + 4r
4s2R?r a?(a—"b)(a—c) 16s2R?r2

(A refinement of Euler‘s inequality).

Proof. We have

Z 1 _ >ab  s*+r*+4Rr ote
a2(a—0b)(a—c) a2b2c2  16s2R2r2 '
Corollary 5.1. In all triangle ABC' (a # b # ¢) we have
4(4R2+3r)<z ! 1 S4R—i—57"
27TR*r (5 — a) (b — a) c (—a) 27r

(A refinement of Eulers inequality).
Proof. We have

1 —4R+rec.
2 T o—aeCa

Corollary 5.2. In all triangle ABC (a # b # ¢) we have

2 1 R
< <
27Rr2 = 2. h2 (hg — hy) (ha — he) — 54r%

(A refinement of Eulers inequality).
Proof. We have

Z ! __f etc
hZ (hg — hy) (ha — he) 28212
Corollary 5.3. In all triangle ABC' (a # b # ¢) we have

4 < Z 1 < 1
2TR2r2 — 12 (rg — 1) (rg —re) — 271%

(A refinement of Euler‘s inequality).
Proof. We have
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Corollary 5.4. In all triangle ABC (a # b # ¢) we have

ct92é 27 R?
97 < <
2. (tgg —tg%) (tgg —tg%) — 4r*

(A refinement of Euler‘s inequality).
Proof. We have

Z CtQQ% — (f)Q ete
(tgg —t9%5) (tgg —tgS) \r '

Corollary 5.5. In all triangle ABC' (a # b # ¢) we have

4(AR+1r)r Z tg2§ AR + r
2TR? (ctgy — ctgg) (ctgs —ctgg) — 2T

(A refinement of Eulers inequality).
Proof. We have

)3 _ @R
(ctga — ctgZ) (ctga — ctg$) s?
Corollary 5.6. In all triangle ABC' (a # b # ¢) we have
(77“ - 2R 1
< <
Z sin sm 2 — sin? g) (sin2 % — sin? %) o
4 (27}22 + 4r? — 32Rr) R?
(A refinement of Euler‘s inequality).
Proof. We have
Z 1 16 (82 + 72— 8R7°) R? ;
= etc.
sin? 4 (sm ‘3 sin? g) (sin2 % — sin? %) ré
Corollary 5.7. In all triangle ABC' (a # b # ¢) we have
64R? (24R? + 2Rr 4 Tr?)
st =
> 1 4R? (91R? 4 32Rr + 4r?)
cos? é (cos? é —cos2 &) (cos? g — cos? %) - s4
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(A refinement of Euler‘s inequality).
Proof. We have

. 16 (52 4+ (4R +1)°) B2

= tc.
Z cos? % (COS2 % — cos? %) (0052 % — cos? %) 54 e
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On certain conjectures in prime number
theory

Jézsef Sandor?®

ABSTRACT. Some remarks between connections of certain famous conjectures on
prime differences are pointed out.

Let p,, denote the n'* prime number. Put d, = ppy1 — pn. As

di+do+...+dp, _pn+1—2
n - n

~logn ~ logp, as n — oo

(by the prime number theorem p,, ~ nlogn); we can say that the average
order of d,, is logp,.

MAIN RESULTS

The study of gaps between primes has a long history.

In 1920 H. Créamer ([1]) proved that the famous Riemann hypothesis implies
that

dy, = O (1#/2 : logpn) (1)

We note that the Riemann hypothesis implies a weaker hypothesis, namely,
the so-called Lindelof hypothesis, to the effect that for any € > 0 one has

C(;—i—it) =0 (t°) ast — o0

A E. Ingham showed (see e.g. [11]) that by assuming only the Lindel6f
hypothesis, one has for any € > 0

ZReceived: 04.09.2009
2000 Mathematics Subject Classification. 11A41; 11NO5.
Key words and phrases. Primes, difference of consecutive primes, Riemmans
conjecture.
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d, < pY/**=, for n > ng (2)

(i.e. if n is sufficiently large).

Clearly, relation (1) is stronger than (2) as clogp, < p5, for any fixed
constants ¢, e > 0; if n is sufficiently large.

In 1937, based on probability arguments, Cramer conjectured ([5]) even a
stronger relation than (1), namely that

4w = 0 ((1ogp,)’) 3)

The strong inequality (3) perhaps is not true; and indeed, recently A.
Granville ([4], [6]) conjectured that for infinitely many n one has

dn > k (logpn)® (4)

where k =2-e77 &= 1,12292... (e and 7 being the two Euler constants). See
also H. Maier [7].
Cramer conjectured in fact a more precise form of (3), namely that

lim sup _ 5 =C (5)
n—oo (logpn)

where c is finite constant (perhaps; ¢ = 1).
As noted by K. Soundararajan [9], (5) is for beyond what ”reasonable”
conjectures such as the Riemann hypothesis would imply.
An old conjecture says that there is always a prime between two consecutive
squares (see e.g. [8], [11]). Even this lies slightly beyond the reach of the
Riemann hypothesis, and all it would imply is that

d
limsup —— < 4, (6)
n—o0 Dn

which is weaker than (5) with a finite value of c.
A. Schinzel conjectured (see [8]) that between z and x + (logz)? there is a
prime, if z > xg (xg ~ 7,1374035).
Thus pp, < prny1 < pn + (logpn)2 if p, > 8 (i.e. n > 4), so this would imply
Prn+1 — Pn <1 (7)

lim sup ,

n—00 (log pn)2 B

i.e. cof (5) is < 1. This would imply also the conjecture (3) of Cramer.
Schinzel‘s conjecture gives also



On certain conjectures in prime number theory 729

Pn+1 — Pn < (logpn)Z

0< — 0 as n — o0,
vV DPn vV Pn
SO
o ©)
— 0asn— oo
Pn
As
Pn+1 — Pn Pn+1 — Dn
N =
VPnE VB (1 )
and since pg—:l — 1, we get that (8) is equivalent with

et — v/Pr — 0 as n — o0 (9)

In our paper [10] it is proved that (and even stronger results)

lim inf /5, (vt — v/fw) = 0 (10)

Motivated by our paper, D. Andrica ([8]) conjectured that

VDnt1 — /Pn < 1foralln>1 (11)
As for & > 121 one has (logz)? < 2/z 4 1, we get that

(logpn)® < 2¢/pn + 1
if p, > 121, so

Pnt+1 — Pn < (10gpn)2 < 2ypn+1, ie.

(11) holds true, which means that Schinzel‘s conjecture implies the Andrica
conjecture. Another conjecture, due to Piltz is that for any € > 0

As (logpn)? /p5, — 0 as n — oo, clearly (3) is stronger than (12).
On the other hand, (12) is stronger than (11), for sufficiently large n, as

letting e.g. € = 3 in (12) we get

1 1
D+l — Pn < Mpi < 2pi +1if n > ng
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But (12) implies even relation (2), as from p, 11 — pp, < M -pé it follows
immediately that % — 0 as n — 00, i.e. (8), which is equivalent to (9).
Inequality (11) seems to be true; at least for n = 4 we get

/D5 — /D1 = V11— V7 =~ 0,670873 which is the largest value among the
first 10° primes.

In 2001 Baker, Harman and Pintz ([3]) obtained an unconditional result on
the maximum value of d,,. They proved that, without any hypothess one has

dn < p2°? for n > ng (13)

and perhaps there are hopes to prove unconditionally inequality (2) for not
only € = 0,025 but any € > 0.
Recently, a major advance was made by Goldston, Pintz and Yildirim (see
e.g. [9]); who proved without any assumption that

dn

lim inf =0
nse 10g pr

Clearly, this implies also that the liminf of expression (8) is true; but
remains open the proof of the similar fact for the limsup.

As noted by K. Soundarajan [9], theorem (14) shows that given € > 0, for
infinitely many n, the interval [n,n + ¢ - log n] contains at least two primes.
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New inequality in tetrahedron
Mihély Bencze?®
ABSTRACT. In this paper we will prove a new inequality for the tetrahedron.

MAIN RESULTS

Theorem 1. (A refinement of Finsler-Hadwiger‘s inequality). In all triangle
ABC holds

6 (ab+bc+ ca) — 5 (a® +b* +¢?) < 430 [ABC] <

< 2(ab+bc+ ca) — (a® +b* + ¢?)
Proof. Using the Schur‘s theorem for all z,y,z > 0 and ¢t € R we get

-y (—2)+y(y—2)y—2)+2(z—2)(z—y) >0

Ift=2and x =a,y =0b,z = ¢, then we obtain

Za4+acha2 Zab (a2—|—b2)

or

4(Zab)2+ (Za2)2 —1(Xa) (>a?) =
>3(3Xa)[[0+c—a)

which is equivalent with

430 [ABC] < QZab — Za2

26Received: 15.02.2007
2000 Mathematics Subject Classification. 26D05
Key words and phrases. Geometric inequalities, triangle inequalities, tetrahedron
inequalities.
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Using again the Schur‘s theorem we get

(22:[)3/— Zx2> (Zx) < 9zyz

but 27zyz < (3. z)*, therefore

23 ay - a? <\ [3uyz (Zx)

Ife+y=a,y+2=>5, 24 x = c, then we obtain
6> ab—5>a% < 430 [ABC].

Corollary 1.1. In all triangle ABC holds

4r2 +16Rr — s> < V3sr <r (4R +7)
Proof. In Theorem 1 we use that
Zab =s?+ 12+ 4Rr, Za2 =2 (82 —r? —4Rr)
and o [ABC] = sr.
Theorem 2. Let ABCD be a tetrahedron with h4 and m4 the lengths of

the altitude and the median from vertex A to the opposite face BCD,
respectively, and V' denote the volume of the tetrahedron. If

M = (BC — CD)? + (BC — BD)? + (BC — AC)® + (BC — AB)* +

+(CD — BD)*+(CD — AD)?*4+(CD — AC)*+(BD — AD)*+(BD — AB)* +

+(AD — AC)? + (AD — AB)? + (AB — AC)?,

then

(o) (0ms) 2 2+ ru

where r denote the radius of insphere of tetrahedron.
Proof. We have Y- m?% = 4 > AB%. Denote S, the area of face BCD etc.,
and using the Theorem 1, we obtain
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BC? + CD? + DB? > 45,\/3 4+ (BC — CD)* + (BC — DB)*> + (CD — DB)?
AC? 4+ CD? + DA% > 4Sp V3 + (AC — CD)? + (AC — DA)? + (CD — DA)?
AB? 4+ BD? + DA% > 4503 + (AB — BD)? + (AB — DA)? + (BD — DA)?
AB? + BC? 4+ AC? > 45p\/3 + (AB — BC)? + (AB — AC)* + (BC — AC)?

After addition we get

23 AB? > 4VBY Sa+ Mor 0 Y mh > 4VBY Sa+ M or

8v3
St > V3Sg, 2y
Multiplying by > ha we obtain:

(o) () = 5% (Ssa) (Sa) + 201 ().

If we suppose that S4 < Sp <S¢ < Sp, then ha > hg > h¢ > hp and from
Chebishev's inequality holds

(Z SA) (Z hA) > 4ZSAhA — 48V

Because > 7 h; = 7o therefore 3 hq > Z = = 167, thus
A
(0 ()2 55 (59 (0 - (00
>% 48V—|—9M 167 _122/4_3927“

Equality holds if and only if AB=BC =CD = DA =BD = AC.
Open Question. Using the notation of Theorem 2, determine the best
constants ¢y, co > 0 such that

12\/83‘/ +ctMR > (ZhA) (ZmA> > @—1—62]\47‘

where R denote the radius of circumsphere of tetrahedron.
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Inequalities involving o5 (n)
Jézsef Séndor?”

ABSTRACT. We offer certain inequalities involving o2 (n) for odd or even values
of n. Some consequences are pointed out, too.

MAIN RESULTS

1. In a former (see [2]) we have proved the following double inequality for all
n>2:

(U (n))2 7T2 2 (1)

< < =
d(n) o2 (n) 6 "
In fact, the right side of (1) may be improved in some series.

Let Ja (n) denote the Jordan totient of order 2 (see e.g. [1]), i.e.

J2<n>:n2.n(1_p12), (2)

pln

where p runs throught the prime divisors of n.

If n = p{*...p% is the prime factorization of n, then

2a;42 (1 _ __1
r p?ai+2 1 ﬁ b; pi?ai+2 T 2a;+2
72 =17 = <l =
i=1 pi —1 i=1 (pi_l) i:lpi_l
2
_ .2 p 2 1
I = e
pln pln p

2"Received: 12.09.2009
2000 Mathematics Subject Classification. 11A25; 26D15.
Key words and phrases. Arithmetic functions; inequalities.
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og (n) I .
5 < 11 A
pn p
o2 (n) n?
>
7 < 7o () forn > 2 (3)

< II 11i (sinceforp{n,lf}%<1)andby

2

p prime P

w1 To
IT L =¢ (2) = %2 by Euler‘s formula, so we get

p prime P

o2 (n) n? 2
— fi > 2 4
2 <J2(n)<6 orn > (4)

2. The method shown in [2] however offers an improvement of the constant
%2, for odd values of n.

Namely, as in [2], write

Uz(n):Zd2:Z<g)2:n2-Z%

dn dln dln

Now, if n = 2m — 1 is an odd number, then all divisors d of n are odd, too; so

IR N
ol dz2 — 12 32 (2m - 1)2
& 2
Since 1% + ..+ (2m£1)2 < kzl (2]{;)2 = -, we get:
2
02(2m—1)<(2m—1)2%, m>1 (5)

i.e. an improvement of right-side of (1) for odd values of n.

3. A lower bound for o9 (n), distinct from that of the left-side of (1) is
offered for even values of n:

If n is even, then

Y
NS

o2 (n)
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Indeed, let n = 28N with &£ > 1, N odd. Since o (2’“) = % and o9 is
multiplicative, with oo (N) > N2, we have
o9 (n) > % -N?% = 4'?322’;21 -n2. Tt is easy to verify that
4-22k—1 5
_— > 7
3.2%F — 1 (7)
or equivalently 22¢ > 22, valid for all k > 1, (7) follows and this finishes the

proof of (6).
Letting n = 2m in (6), we get
o9 (2n) > 5m? (8)
with equality only for m = 1.
Corollary 1.

o2 (2m) > o2 (2m — 1), for any m > 1 9)
This follows by (5) and (8), and remarking that

2T 12
5m>8(2m 1)

This follows e.g. by 72 < 10.

As 72 (2n + 1)? < 40n2; ie. m(2n + 1) < 2ny/10, where v/10 ~ 3,16 holds
true for any n > 8 (i.e. 2n (\/ 10 — 7r) > =3,14...), we got the following:

Corollary 2. For any m > 8 one has

09 (2m) > 092 (2m + 1) (10)
Remark. o3 (6) = 03 (7) = 50; as 12 + 22 + 32 + 62 = 50 and 12 + 7% = 10.
Since o9 (2m) # o9 (2k) for m # k and oo (2m — 1) # 09 (2k — 1) for m # k;
clearly, by (9) and (10); the only solution to the equation
092 (n) = 09 (n+1) (11)

isn =~6.
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A property of polynomials
Mihély Bencze and Lili Smarandache?®

ABSTRACT. In this paper we prove a property of polynomials which have all the

roots real numbers.
MAIN RESULTS
Theorem Denote x1, xo, ..., z, all the real roots of the equation
" +az" . +a, =0,
where n > 2. If z1 <z < ... < z,, then

2(n—1)a? — 4nas

2(n—1)a? — 4nas 9
< - <
n(n—1) < (n—m)” <

Proof. Starting from Lagrange identity we get:

n n 2
an%— (Zxk> = Z (xi—xj)zﬁw(fﬂn—xl)z
k=1 k=1

1<i<j<n
but

therefore

Y

(zn — x1)2

28Received: 29.03.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Cauchy-Schwarz inequality
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For the right side inequality we start from

1

Z (i — 75]’)2 z ((951 — z)” + (25, — xn)Q) =

1

3
I

H
12
A
.
IA
3
ol
I

1

= % (22 (x1 — xk)Q + (z, — xn)Q +2(x — xn)2>

.

v

3
—

>

NN

2

x>

=1

therefore

2(n—1)a? — 4nasy

n

(l‘l - xn)Q <
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Two inequalities for real numbers

Nikolaos Karagiannis 29

We will formulate and prove the following two inequalities:
Theorem

L If z1,..., 2541 > 0 such that

n+1 n+1 n+1

[[a+z=>_ ][ A+
i=1 i=1  j=1,57#1
then

(n+1D" Mz oz <"1+ zy) - (14 Zpgr) for every n € N

II. Prove that the following inequality holds

oo n+1 1
;; 2n + 4)! 20
Proof. I
n+1 n+1 n+41l
[[a+z) = Z H1+:z:j A4z1)- (14 zp41) =
=1 J#z
=1+4+z) - 14+zp1)+...+1+z1) - (14+z,) <=
<:>1:1jx1+...+1;%+1<:>1:m

P Received: 16.02.2009
2000 Mathematics Subject Classification. 26D15.
Key words and phrases. AM-GM-HM inequality.
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1 —
Tl Tl g M S T = P
1+ zp41 1+ T+ 2p4
S ARG N [ L D T R 1.
1421 1+zp41 1+ 21 14 x4
However for the positive real numbers:
14z 1+ 29 14+ xn41
ry T x| xpq
from Cauchy’s inequality, one has
war] (L +21) - (14 2pg1) n+1
Z X1 Tn+1 —
X1 Tl 1+$1+‘.'+1+$n+1
(Lt @) (At znp)  ntl Ltz A +anp)
X1 Tp4l n Z1-Tntl
(n+ 1)n+1
nn-i—l

Therefore

(n+1)" ez <n" 1+ x) -

Proof.
II. We know that

T 2

x ™
ex:1+—+—+...+ﬁ+...f0reverya:€IR{

1! 2!
Thus

(1+2xp41) foreveryn € N

X \n
et = Z (=2) for every z € R

n!
n=0

From (1) and (2) we obtain:

ef+e 1 i (x” (—1)"1’")
n=0

n! n!

X X
=14+ +...

2 4

21 4l




744 Nikolaos Karagiannis

Therefore
et 4 e o p2n
— 3
>~ 2 @ ®)
n=0
Differentiating both parts of (3) with respect to x we get
e’ —e” 2nx
9 B Z
et — e > 2 g2+l
= Z 2n + %) for every x € R (4)
n=0
Differentiating both parts of (4) with respect to x we get:
—x e 1 2 1) p2n
& = Z (n + n f; )z for every x € R (5)
Differentiating both parts of (5) with respect to x we get:
e —e  XRdn(n+1)(2n+1) 201 12+22 4. 402 ,
SLAE)Y ey
2 (2n + 2)! (2n + 2)!

n=2

for every x € R. Thus

24224+ (n+ 1)2x2n+1
(2n + 4)

M

for every x € R (6)

n=1

If we set z = 1, (6) implies :

e—e*l_i12+22+...+(n+1)2_ 12+22 12422432

48 (2n + 4)! _(2-1+4)!+ (2-2+4)!
1+1 1 241 00 n+1
2 - 2 _
2 1+4'Z 2 2+4'Z” + n:1(2n+4)!;“
oo n+l
n=1 k= 1 2n+4

Therefore
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oo ntl K2 e—e 1 1
E E = < 0.0489 < —.
|
== (2n + 4). 48 20
Hence

oo n+1 /€2 1

22 Gara) <3

n=1k=1 ’
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An inequality for the number of
divisors of n

Jézsef Sandor and Lehel Kovacs®©

ABSTRACT. M.I Isravilov and L Allikov proved in 1980 that d (n) < n?/3 for
n > 12. The authors proved in [2] that d (n) < y/n for n > 1262. We shall prove
here that d (n) < 4n'/3 for all n > 1.

MAIN RESULTS

Let d (n) denote the number of distinct positive divisors of n.

,

Then d (1) =1 and if n = [] p{" is the prime factorization of n (p; distinct
i=1

primes; a; > 1), then it is well-known that

dn)=(a1+1)...(ar + 1) (1)

The classical inequality (see e.g. [1], [2])

d(n) <2vn (2)
is valid for all n > 1. Though the inequality
d(n) < n??3 for n > 12 (3)

by Isravilar and Allikov holds true, remark that for n > 64 (2) is stronger
than (3), as 2n'/2 < n?/3 is true for n > 26 = 64.

A stronger inequality, namely

d(n) <+/n, n > 1262 (4)

39Received: 12.09.2009
2000 Mathematics Subject Classification. 11A25.
Key words and phrases. Arithmetic functions; inequalities.
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has been proved in our note [2].

For greater values of n, however we can deduce the following stronger
relation:

d(n) < 4n'/® for n > 1 (5)

Indeed, as 4n'/3 < n'/2 for n > 4% = 4096, we get that (5) is stronger than
(4) for n > 4096.

Theorem. For all n > 1 one has

d(n) < 49 (6)

Proof. As 1 <4, (6) is true for n = 1. Let n > 2, and use relation (1).
First we need the following.

Lemma. For all p > 11 one has

23> at1; )
For all p > 2 one has
(a+1)p " < M(p), ®)
where
M (p) = i .p(logp*?))/?)logp ©)
logp

Proof. The inequality (7), written equivalently p® > (a 4 1)* follows by
p* > 11% and from

11> (a+1)*,a>1 (10)

inductively. Indeed, (10) is valid for a = 1, as 11 > 23 = 8. Now, assuing (10)
for a, one has 1191 =11-11% > 11 (a + 1)* > (a + 2)?, as

2)? 1 \? 1\* 27
(“+)3:<1+> §<1+) ==L <
(a+1) a+1 2 8
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finishing the proof of (10).
For the proof of (8), consider the application

fa)=(a+1)p

As ' (a) = p9/3 |1 — %] , we get that the function f has a maximum

3
logp

at a =ag = — 1, and the maximum value of f (ap) is

i . p(logp—3)/3 logp’

M (p) = oz p

i.e. (8) is valid, with (9).
This finishes the proof of Lemma.

Now, for the proof of the theorem write n as

n=11»"1I»

p<T  p>11

As for each term of the second product one has

d(p*) =a+1<p¥3

while for each term of the first product we have d (p®) < p®3M (p), we get
that for all n > 2 one has

d(n) <M (2)-M(3)-M(5)-M(7) [[p** = K -n'/?
p>2
By using a computer, one can find that M (2) = 2,006063; M (3) =
1,448847..., M (5) = 1, 172580..., M (7) = 1,084934..., so K ~ 3,697... < 4,
finishing the proof of the theorem.

Remark. As in d(n) < K¥/n, one has K = 3,..., we get even a stronger
relation than inequality (6). For example, K < 3,7.
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On refinements of the arithmetic-
geometric- harmonic mean inequality

Jézsef Sandor3!

ABSTRACT. We offer a survey of results on upper and lower bounds for
An - Gn,An - Hn: Gn

Recently, in paper [1] the following result has been proved:

If 2, > 0 (k=1,n), then for

one has

where A, (z) = Btette G () = /T1..Tn;

Sule)= Y (VEi—yz)°

1<i<j<n

In 1958 H. Kober [3] proved that (2) holds true, and that one has also

b
n(n—1)
More generally, he proved that, if A, (x,w) and G, (z,w) are the weighted

arithmetic, respectivelly geometric means, with weight w = (wy, ..., wy) ,
where w; > 0, w1 + ... + w, = 1; and denoting

- Sp () < Ay () (3)

DNy (z,w) = Ay (z,w) — Gy (2, w); Sy (z,w) = Z Wiw; (\/37Z — \/1‘7)2

1<i<j<n

31Received: 23.06.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Inequalities, refinements of the arithmetic-geometric
mean inequality.
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then
Ap (z,
n_lmin{wl,...,wn} < M < max {wy,...,wp} (4)
Clearly, when wy = ... = w, = 1, from (4) we reobtain (2) and (3).

Another type of results were obtained in 1978 by D.I. Cartwright and M.J.
Field ([4]):

Ifo<z <x9 <... <z, then

1< 1 O
g Zwi (wz - An)2 <A,-G,< Txl Zwi (xz - An)2 (51)
™ i=1 i=1
H. Alzer [5] improved the lower bound of (5) to
R 2
o 1 1 n § An - YUn
oo ;w (z; — Gy) G (6)
Clearly, one has also
1O 2
An - Gn < — i \L1 — Gn 7
< Y= G) G

but as G,, < 4,, (so —A,, < —G,,), clearly, the upper bound in (5) is stronger
than (7).

In 2000 A. McD. Mercer [5] proved, by using another argument, that:

1 2
A, — H, > T El w; (x; — Ap) (8)
A Hy > S (e B ()
n n = 2, £ Wi \Tj n
ﬂf:w(a; Gn)?<G,—H <@§n:w(g¢ Gn)? (10)
21:% — K3 1 n n n = 21_% P K] K2 n
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In another paper [7], he proved the following:

If 21 <z9 < ... <z, with at least one sign of inequality strict, then

P () Zwi (z; — Ap)? < Ap — Gy < P (1) Zwi (z; — Ap)? (12)
i=1 i=1

and
Q (zn) Z w; (2 — Gn)? < A — Gn < Q (21) Z w; (z; — Gp)? (13)
i=1 =1
where
r— Gy B r— Gy
P@) ==y QW) = e = e =56, (4, = G

Regarding Kober's result (4), we note that Kober has shown that the upper
bound is always reached. However, P. Diananda [2] has proved that this is
not always the case with the lower bound. In fact, he proved the following
result:

If not all z; (i =1,n) are equal, then

1 ANy (T, w) 1
<
1 —min{wy, ..., w,} = Sp(z,w) ~ min{ws,...,w,} (14)

Here both bounds are always reached.

For other results, we quote the onograph by D.S. Mitrinovic [8].
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Identities and inequalities in a quadrilateral

Ovidiu T. Pop3?

ABSTRACT. In this paper we will prove some identities and inequalities in cyclic
and tangential quadrilaterals.

1. INTRODUCTION

Let ABCD be a convex quadrilateral and we note AB = a, BC = b, CD = c,

+b+c+d
DA=d, BD = e, AC:f,s:%, AC N BD = {M}, the

measure of the angles AM B is ¢ and A is the area of quadrilateral ABCD.

If ABCD is a cyclic and tangential quadrilateral, let R, r be the radii of the
circumscribed circle, respectively inscribed circle of quadrilateral ABCD.

It is well-known that the sides a, b, ¢, d are the solutions of the equation (see
[4])

at 25234+ (82 4-2r2 4-2r/AR? + r2)2% —2rs(VAR2 4+ r24r)z+r2s? = 0 (1.1)
and the following inequalities are true (see [3])

2\/27“(\/ AR? + 12 — 1) < s, (1.2)

with equality if and only if ABCD is a square (when R = 7v/2) and isosceles
trapezoid (when R # v/2),

s < VARZ 412+, (1.3)

with equality if and only if ABCD is a orthodiagonal quadrilateral and

32Received: 12.09.2009
2000 Mathematics Subject Classification. 51M16.
Key words and phrases. Cyclic and tangential quadrilateral.
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2¢2r<¢m_ r) < s < VARZ 412+, (1.4)

when the equalities hold simultaneous if and only if ABCD is a square
(when R = r/2), and if R # v/2 at least one inequality from (1.4) is strict.

On the other hand, the L. Fejes Téth Inequality

R>V?2 (1.5)

holds, with equality if and only if ABCD is a square and the following
identities

ef =2r(VAR? +1r2+r) (1.6)

and

hold.

If quadrilateral ABCD is cyclic, then

5 (ac+bd)(ab+ cd)

= 1.8
c ad + be ’ (18)
ef = ac+ bd, (1.91)
e ab+cd

— = 1.1

f ad+be (1.10)
and

16R*A% = (ab + cd)(ac + bd)(ad + be), (1.11)

called Girard’s relation.

2. IDENTITIES AND INEQUALITIES WITH Ry, Ro, R3, Ry

Let ABCD be a convex quadrilateral and we note with Ry, Ro, R3, R4 the
radii of the circumscribed circles to the triangles AM B, BMC, CM D and
DMA.
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Lemma 2.1. The following identity

sef
Ri+Ro+ R3+ Ry = —- 2.1
1+ g + 113 + iy 9A (2.1)
and
o — 28R1 b— 28R2
_R1+R2+R3+R47 _R1+R2+R3+R47
2sR3 2sRy
= ,d= 2.2
¢ Ry + Ry + R3 + Ry R+ Ro+ Rs+ Ry ( )
hold.
b
Proof. From the sine theorem we deduce that R; = ,L, Ry = ———,
2sinp 2sin
R3 = ,L, Ry = ——, from where
2sin ¢ 2sin ¢
+b+c+d i
R+ Ry+ Rs+ Ry = ¢ ¢ = But A = efsing and then (2.1)

2sing  sing’
Ry Ry R3 Ry 1

follows. On the other hand, we have that — = —= — = — = ——,
a b c d 2sing
Ry Rs3

R
from where b = —a, c= —a and d = 4 4. From the relations above, by
Ry Ry Ry
summing, we obtain that

ds—atbtetdmat Zat Sat g2
s=a c =aq Rla Rla Rla_R1

then relations from (2.2) also result.

(Rl + Ry + R3 + R4) and

Lemma 2.2. If quadrilateral ABCD is a cyclic and tangential quadrilateral,
then

a0 = 28R1
VAR? + 12 7
Proof. From (2.2), by taking (2.1), (1.6) and (1.7) into account, relation
(2.3) is obtained.

(2.3)

Theorem 2.1. If ABCD is a cyclic and tangential quadrilateral, then
R1, Rs, R3, R4 are the solutions of the equation

165221~ 1652 (V/AR? + r247)2° +4(s*+2r2 +2r/4R? + 12) (VAR? + r247)2a?
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—4r (VAR 4+ 12 + )z 4+ r*(VAR2 + 12 + 1)t = 0. (2.4)

Proof. By taking (2.3) into account, we have a solution for equation (1.1) by
replacing one from (2.3) in (1.1), after calculus, we obtain that R; verifies
equation (2.4).

Theorem 2.2. If quadrilateral ABCD is a cyclic and tangential
quadrilateral, then the following identities

> Ry = VAR 412 41, (2.5)
24 2r2 + 2rVAR? 4+ 1r2)(VAR2 + 12 + 1)?
ZRIRQ:(S +2r? + 2rVAR? 4+ r?)(VAR? + r -l—r)’ (2.6)
452

VAR? 2 4
S RiRoRy = 7 ;f ) (2.7)

*(VAR? £+ 12 + 1)
RyRyRyRy — A T2 r) (2.8)

1652
,  (VIRE T2 4 1)2(s? — 22 — 2rVIRE 7 12)
ZRI = 242 ’ (29)
1 4
— == 2.10
R (2.10)
> 1 A(s®+2r% +2rVAR? 4 12) (2.11)
R1Ry r2(VARZ + 72 +7)2 .
and
1 165>

3 - 0s (2.12)

R1R2R3 712(\/4R2 12 +T)3

hold.

Proof. It results from Theorem 2.1.
Theorem 2.3. If quadrilateral ABCD is a cyclic and tangential
quadrilateral, then the following inequalities

4r <Y Ry <2RV2, (2.13)
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4R? +r?2 — 2 1 2 3
6r2 < R:4r2+ry/ARZ 172 < 3 RiR, < (5V4R2 4 12 Zég/mﬂa)

- (5V4R? + 12 — 3r)RV/2 - (10RV2 — 3r)RV/2

1 < 1 , (2.14)

'/4R2 2 vAR2 2 5
< ” )’ <Y " RiRyRs< ( 12;;2”) <R32, (2.15)

2 2 2 2 2 2 5 4
4 THVAR 412 +7) r(VAR?+r2+7)° R
< < < < — .
rt< T <R1RyRyR, < Pl < (2.16)
(\/W +r)33(VAR? + 12 — br
R2 < )32R2 ) <> R} <2R%, (2.17)
42 1

= < > R (2.18)

12 8(5V4R2? + 12 — 3r) 2 1

~ r(VAR? + 1?2 4 1)? RiRy —

16(R? + 1% +rv4AR2 +12) _ 3R?
< < (2.19)
r2(VARZ 4+ 12 +1)2 rd
and
8 512R? 16 4
< <= (220
T r(VAR2+ 12 4 1)t Z R1RzR3 r2(VARZ+r2 4 ) 13 (2.20)
hold.

Proof. Tt results from Theorem 2.2 and from inequalities (1.2), (1.3) and
(1.5).
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IDENTITIES AND INEQUALITIES WITH 7r1,79,73,74
In this section, we consider that ABC'D is a cyclic and tangential
quadrilateral and we note with r1, 79,73, 4 the radii of the inscribed circles

to the triangles AMB, BMC, CMD and DM A.

Lemma 3.1. The following identities

eda
AM = ——— 3.1
ab+ cd’ (3.1)
eab
BM = — 3.2
ab+cd’ (3.2)
ebc
M = .
¢ ab + cd (3-3)
and
ecd
DM = 3.4
ab+ cd (3.4)
hold.

Proof. From the similarity of triangles ABM and DCM, respectively ADM

we ave tha' C = C = -
AM _DM IlD d 1 . .

b b
BM = —AM, CM = BM = —ZAM and DM = < AM. Tf we choose BM
a a a

and

b c
and DM in the equality BM + DM = e, then we obtain 8AM + —AM =e,
a

from where relation (3.1) is obtained and after that, by replacing relations,
relations (3.2)-(3.4) follow.

We note with sq, T} the semiperimeter, respectively the area of the triangle
sr2(VAR2 + 12 + 1)

AMB and a = .
2R(2R+ 1+ V4R? +12)
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Lemma 3.2. We have that

I

™ =

(3.5)

\/Q

Proof. By taking s=a+c=0b+4d, (3.1
we calculate

,(3.2) and (1.6)-(1.11) into account,

AB 4 MB 4 MA 1 eab eda
S (AB+ MB+ 21.4) = 3 T

a e(b+d) a s (ac + bd)(ab + cd)
:2<1+ ab+cd> :2<1+ab+cd) - (\/ ad + be )

1+ s €f g + s ef
V/(ab + cd)(ac + bd)(ad + be) 2 4RA
62L<1+€f>_62b<1 2r(\/4R2+r +r>

\V] \

from where

2R+ 1+ VAR? + 1?2
s1=a . (3.6)
4R
MA-MB -sing i efsinp
We have that T} = 5 and by taking A = and (3.1),
(3.2), (1.10), (1.11), (1.6) into account, it results that
1 e?abd 20 e a’bd A B a’bdA
YT 2(ab+ced)?ef  flab+cd)?  (ab+ cd)(ad+ be)
- a’bdAef _ a’bdAef
~ (ab+cd)(ac +bd)(ad +bc)  16R2A2’
from where
2bd(VAR2 + 12
7, = b +ritn) (3.7)
8sR?
Because abed = A% = 5212 from (3.6) and (3.7) it results that
Ty  abed(vVAR? + ?"2 +7) 4R
r=—= 5 , and than (3.5)
51 8sR c(2R+r + VAR? +12)

follows.
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Remark 3.1. Similarly, we obtain that ro = G, r3 =% and r4 =% .

Remark 3.2. Because Ry = % , with the help of relations (3.1), (3.2)

and (3.7), we can calculate Ry, respectively Ra, R3 and Ry.

Theorem 3.1. If ABCD is a cyclic and tangential quadrilateral, then
r1,72,T3,T4 are the solutions of the equation

16RY(2R+r+V4AR? + r2) 2t —16r R3(\/AR? + r247)2(2R+r+V/4R2 + 1r2)323 4

472 R (5% 4+ 202 + 2r/AR? + 12)(\V/4R? + 12+ 1)2 (2R + 7 + V/4AR? + 12)%0% —

—4s*r" R(VAR? + 12 + r)’(2R + r + VAR? + r?)a+

+520(VAR2 +r2 4+ 1)t = 0. (3.8)

Proof. By taking ¢ from (3.5) as a solution of the equation (1.1), by replacing
¢ from (3.5) in (1.1), after calculus, we obtain that r; verifies equation (3.8).

Theorem 3.2. If quadrilateral ABCD is a cyclic and tangential
quadrilateral, then

Zr  r(VAR2 412 4 1r)? (3.9)
""" R@R 41+ VARE 1 12) ’
72(s% 4+ 202 + 2rVAR? + r2)(VAR2 + 12 + 1)?
Zrlr2 — ; (310)
AR2(2R + 7 + VAR2 + r2)?
s2r4 (VAR + 12 + )3
> rirgry = : (3.11)
4R3(2R +r + VAR? 4 12)3
28 (VARZ + 12 + 1)t
T1T2T2T4 = , (3.12)
16R*(2R + 7 + V4R? 4 r2)*
S - r?(VAR? 4+ 12 + r)?(8R* + 2r* 4+ 2rVAR? + 1% — %) (3.19)

! 2R2(2R + 1 + VAR? + 2)2 ’
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Z* 4R2R+r+\/m) (3.14)
(it .

2(VAR: 412 +1)

>y 1 4R(s> +2r% + 2r VAR + %) (2R + 1 + VAR? + r%)? (3.15)
r172 :

s2r4(VAR? + 12 4 1)?
and
3 1 16R*(2R+r+ V4R +12)? (3.16)
T1T2T3 25 (VARZ + 2 +1)2 '
Proof. It results from Theorem 3.1.
Theorem 3.3. If quadrilateral ABCD is a cyclic and tangential
quadrilateral, then the following inequalities
8r3(v2 — 1)
T < Zrl < 2\/5(\/5_ 1)Ra (3'17)
2475(1/2 — 1)? 3R (V2 —1)?
HEVE D 3 gy < G2 AR (3.18)
279 2 —1)3 2—1
Srive- 1) < 27’17’27“3 < (\g i , (3.19)
64712(v/2 — 1)* RYV2 —1)*
S E— S rirorery < — (3.20)
and
4 1) 2R%(
& Z —< # (3.21)
1 T
hold.

Proof. It results from Theorem 3.2 and from inequalities (1.2), (1.3) and
(1.5).
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An inequality for means of two arguments
Joézsef Sandor3?

ABSTRACT. Let A and G denote the arithmetic, respectively geometric means of
two positive real numbers, and let Aj, denote the power mean of order k of these
numbers. We will prove that (pG + (1 — p) A) % > A_p forallp € (%7 1).

Particularly, for p = % we get GEQH > A, /3, where denotes the harmonic mean of

the numbers.

MAIN RESULTS

P P 1/
Let A, (x,y) = <%) : (p#0) (x,y >0) and
Ao (z,y) = lin% Ay (z,y) =G (z,y). Clearly A} = A and G are the
p*}

arithmetic, respectively geometric means of x,y. Put

H (z,y) = (li;) = % for the harmonic mean of x and y.
z 'y

The aim of this note is to prove the following inequalities:

Theorem. For all p € (%, 1) one has

G+ (1 —p)A)- G =pH +(1-p)G> A, 1)

with equality only for x = y. ,
Proof. The equality of (1) is based on the trivial remark that H = %. On
the other hand, remark that as

1
1 (TP HyP\P (1 (2P + %_ P +yP v 1
A_p(z,y) 2 C\2 \ apyp N 2 xy’

one has

33Received: 12.09.2009
2000 Mathematics Subject Classification. 26D15, 26D99
Key words and phrases. means and their inequalities.
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GQ
A p= A (2)
p Ap

so the prove the inequality (1), it will be sufficient to show that

AplG+(1—p) A2 A-G ()
By an inequality of H. J. Seiffert (see [1]) one has

Ap>(1-p)G+pA (4)

for all p € (%, 1) with equality only for z > y.
On the other hand, by the weighted arithmetic-geometric inequality we can
write that (see [2])

pG+(1—p)A>GP - AP, (1—-p)G+pA>GLlP. AP (5)

for any p € (0,1). Since (GPA'™P) (G'"PAP) = G A, inequality (3) follows.
Particularly, as % € (%, 1) ; we can see that

2H + G
T 2 Az, (6)

with equality only for x = y.

log 2

Remark 1. For another application of (1), put p = Tog3 -

Clearly, p < 1 and
p> 3, as
2log?2 =log4 > log3

Remark 2. It can be shown that the result is best possible in the sense that
the constant ”—p” in the inequality (1) cannot be improved; i.e. for any
k > 0 one can find a,b > 0 such that

1
A ik (a,b) >pH+(1-p)G (for pE (2, 1))
Pute.g. b=1 and a =1+ x; and apply Tayler expanasion for the difference

A—p+k(171+x)_(1_p)G(171+$)+pH(171+$);

etc.
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A better lower bound for o (n)
Jézsef Sdndor3?

ABSTRACT. We prove that o (n) > n+ 1+ (d(n) — 2) y/n for all, n > 2 thus
improving the result by M.Le [].

Let o (n) denote the sum of divisors of n. Further, let w (n) denote the
number of distinct prime factors of n; while d (n) the number of distinct
divisors of n.

Recently,by extending the result by W. Sierpinski, namely

o(n) >n++vn (1)
for n = composite, we prove that [1]
o (n) > n+(Q(n)— 1) Vi (2)
M. Le has further improved (2) as follows (see [2])

d(n)—1
fz]wz (3)

We note that, we used the simple relation (2) in the solutions of some open
questions. In what follows, in place of the slightly coplicated inequality (3)
we will prove a simpler, but stronger inequality, namely:

U(n)2n+1+[

Theorem. For n > 2 one has

o(n) >n+1+(d(n)—2)yn (4)

with equality only for n =prime or = (prime)2 .
Proof. If n =prime, then d (n) =2 and o (n) =n + 1, so (4) is satisfied with
equality.

31Received: 26.06.2009
2000 Mathematics Subject Classification. 11A25
Key words and phrases. Arithmetic functions; inequalities.
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Suppose first that n is not a perfect square. Then for any divisor d # 1 or
d # n of n one has also 7 # 1, 7 # n and 3 # d. Thus, we can write the
equality

U(n):n+1+%Z(d+%> (5)
d#1,n
d|n

By the arithmetic-geometric mean inequality one has

d+%5 >2,/d- 5 = 2/n; so from (5) we get (4), as in the sum there are
d(n) —2 terms. As d # %, the inequality is strict.

If n is a perfect square, then d = % only for d = \/n; but for other terms we
have a similar identity, so inequality (4) follows again at once. One has
equality only when d = 7 for all divisors d; and this happens only when

n = p? (p = prime) .

We note that d (n) > 3; so when n is composite (i.e., not prime), relation (4)
is stronger than (3).
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The difference of the median and altitude
of a triangle

Jézsef Sandor3®

(b—c)?

ABSTRACT. We offer a simple proof of the inequality mg — he > “—

appears in [1]

, which

Let m, and h, denote the lenght of median, and altitude corresponding to
the vertex A of the triangle ABC. Recently, M. Minculete and M. Bencze [1]
proved the inequality

2
(1)26) (1)
a
The proof of (1) is based on geometrical constructions, and an application of
Ptolemy‘s inequality in quadrilaterals. We note that, all other results of [1]
are essentially based on relation (1).

Mg — hq >

Our aim in what follows is a simple proof of inequality (1). Our proof will
offer also the condition of equality in (1); namely when the triangle ABC' is
right-angled in A.

Our proof is based on equality
h2 _ 2 2
mz -1z = (555) ®

2
Now, by (2) we get mqg — hg = ¢/ h2 + (bLCQ) — hg, so in order to prove (1)

b2 — 2\ ? (b—c)?
2 >
¢m+( o) zhat O 3)

35Received: 26.06.2009
2000 Mathematics Subject Classification. 51M16
Key words and phrases. Inequalities in a triangle.

we must show that
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After some easy transformations, it is immediate that (3) becomes

b+o® (-0 b+c
4a da a

he < , le. (4)

Inequality (4) is well known, as ah, = 2A = be - sin A < be, with equality
when sin A = 1.
This proves the assertions made above.
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An improvement of the Bagchi-Gupta
arithmetic inequality

Jézsef Sandor3®

ABSTRACT. In 1954 Bagchi and Gupta proved that o (n) > ¢ (n) + d (n), where
o, and d are the well-known classical arithmetic functions representing the sum of
divisors, Euler‘s totient, and the number of divisors, respectivelly. We prove that
o(n)>n+1>a¢(n)+dn)>2 foraln>2.

Let o (n) be the sum of divisors of n. Then clearly

o(n)>n+1,n>2 (1)

with equality only if n is prime.
MAIN RESULTS

The main aim of this note is to prove that the inequality
¢ (n)+d(n) <o(n), by HD. Bagchi and M. Gupta ([1], [2]) may be
improved, as follows:

Theorem. For all n > 2 one has

p(n)+dn)<n+1<o0(n) (2)

Proof. In view of (1), it is sufficient to prove the first inequality of (2).

For the proof of this inequality, let us remark first that, when d > 1 is a
divisor of n, then clearly (d,n) > 1; so d cannot be a ”totative” of n; i.e. a
number such that (d,n) = 1. Therefore, the set of divisors and the set of
totatives of n has a single common element, namely 1.

When n is prie, then any 1 < k < n is a totative, and there are only two
divisors: 1, and n, so ¢ (n) +d(n) =n+ 1.

36Received: 29.09.2009
2000 Mathematics Subject Classification. 11A25
Key words and phrases. Arithmetic functions; inequalities
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This is true also when n = 4, as any number in the set

1<2<3<4

or is a divisor of 4, or is a totative of n.

Lemma. Assume that n # prime and n # 4. Then there exists an
a€{1,2,...,n}, such that a t n, but (a,n) > 1 (where a { n means that a
doesn‘t divide n)

Proof of the Lemma. If n is composite, and n odd; let n = N - M, where
N,M > 1. Put a = N -m, where m < M and (m, M) = 1. Then clearly a { n,
but n|a, N|n, thus (n,a) > 1.

If n is even, remark that n — 2 is even, too, and n — 2 { n, if n 4. Thus

a =n — 2 is acceptable, as 2|a, 2|n.

This finishes the proof of the Lemma.

By this lemma, thenumber of divisors, and the number of totative cannot be
in sum greather than n, provind that

v (n)+d(n) <nforn{ prime, n{4 (3)

Therefore, for all n, the left side of (2) holds true, with equality only when
n= prime, or n = 4.
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Solutions of Jézsef Wildt International
Mathematical Competition

The Edition XIX*", 2009
Mihély Bencze and Zhao Chang Jian®7

W1. Consider the function f : (0,1) — R defined by
1 1
f (@) = ln( ”)

x 1—=x

. X 2k , X\ g2kl
Since f (z) = 2;(]% for [z[ <1, then f'(z) =4 > %5 (Jz| < 1) and

f"(x)y=4>" % (lx] < 1).. Therefore, f'(x) > 0 and f” (z) > 0 for

all x € (0,1), and f is increasing and convex.

a c a b c
( +§+ ) < f( )+fg )+

Applying Jensen‘s inequality, we have f
equivalently

3 3+ (a+b+ec)
In <
a+b+c 3—(a+b+c)

<1 : 1+a 1/(1_‘_1 1—|—b 1/17—{—l 1+e¢ 1/c
=3 (M1, "\15% o

Taking into account that a + b+ ¢ = 1 and the properties of logarithms, we

get
5 1+a 1/a 1+b 1/b 1+4c 1/c
- >
(G0 () () s o

3TReceived: 28.09.2009
2000 Mathematics Subject Classification. 11-06
Key words and phrases. Contest
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WLOG we can assume that a > b > c¢. We have, é < % < % and
g(a) > g(b) > g(c), where g is the increasing function defined by
1+

g(x) =1In ({5 ). Applying rearragement’s inequality, we get

1 1 1 1

L9(a) + g () + ~g(c) > ~g(@) + 19 () + g (c) or

1+a 1/b 1+b 1/c 1+c 1/a> l1+a 1/a 1+b 1/b 1+c 1/c
1—a 1-90 1—c “\l—-a 1-b 1—c

From the preceeding and (1) we obtain

S (1+a\Y* 1\ (1 e\
b+c c+a a+b -

(L LB\ e\ (1 a\ Y 10\ (1 4e
B 1—a 1-b 1—c - l1—a 1-b 1—c

Likewise, applying rearrangement‘s inequality again, we get

1 1 1 1 1

Tg@) + g () +39(0) > “g(a) + 19 (8) + g (c) and

of (LHa\Ye L\ (1 e\ a1 a\ Y L0\ L\
b+c c+a a+b N 1—a 1-b 1-c¢ -
1/a 1/b 1/c
> ¢ 1+a 145 l1+c >8
1—a 1-0 1—c

Multiplying up the preceeding inequalities yields,

[ (14+a\rte (14b\ e /14e\ats
> 64
b+c c+a a+b

from which the statement follows. Equality holds when a = b= ¢ =1/3, and
we are done.
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W2. The function f (z) can be written in the form

1 1 1 1
Inz In 22 In 23 In 24

fla)= (Inz)? (lnx2)2 (lnx3)2 (lnx4)2
(Inz)? (lnx2)3 (1n$3)3 (111553)3

Developing the Vandermonde‘s determinant, we get

f(z)=(n2z)2(nz)3(nz) (Inz)2(Inz)(nz) = 12 (Inz)°

Let I, = [ (Inz)" dz, (n > 1) . We have to compute Is. We will argue
integrating by parts. Let

u = (In :L')6 g (In g;)
v=21x dv = dx
Then,
Is == (lna:)6 — 6/ (lnx)5da: =z (lnx)6 — 615

Likewise, Iy = x (Inz)® — 51y, Iy = 2 (Inz)* — 413, Iy = 2 (Inz)® — 315,
ILh=x (lnsc)2 —2I1 and I} = xlnz — = + K. Therefore,

Area (A /f do = 12/(ln$)6dx:

122 (In2)® — 722 (Inx)° + 360z (Inz)* — 1440z (In 2)® + 43202 (In z)?

—8640 (In ) 4 86402 ~ 4.13

and we are done.

W3. We have

‘piln):HG—;) and \1172”) :H<1+;)a

where p are the prime divisors of n. This implies a well-known property,
namely that for n > 3, ¢ (n) and ¥ (n) are even.
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1). Let now n be odd; n > 3.

Then as ¢ (n) is even and n+ V¥ (n) odd; ¢ (n) divides n+ ¥ (n) is impossible.
For n = 1 the property is true, as ¢ (1) = 1. Therefore, n = 1 is the single
odd solution to the problem.

2). Let n be even, and put n = 2¥N, where N is odd. Then

¢ (n) =21 (N) and n+¥ (n) = 28N +2F"1.3.0 (N) = 2571 2N + 30 (N)]
Thus we should have also:

@ (N)[[2N + 3V (N)] (%)
T

If N =1, then (*) holds true. Let n > 1, N = [] p;* (prime representation).
i=1

Then from (*) we get

HP (p1—1)

divides

Y

T T T
II#" [2 [Ipi+3][w:+1
=1 =1 =1

which means that

T T T
[Tei-D] [21_[2% +3][ i+ 1)
i=1 i=1 i=1
(thus, it is sufficient that in (*), NV to be squarefree). Let r > 2. Then the
left side of (**) is divisible by 4, but the left side is not (divisible only by 2).
Thus r = 1, which gives, with p; =p:

(%)

p—12p+3(p+1)]=5(p—1)+8
Therefore, p — 1|8. This is possible only for p = 3 and 5 implying that

N =3%or N = 5%

This means that n = 2F1 or 2¥3% or 2F5¢.

In conclusion, all solutions to the problem are n =1 or n = 2*, or n = 2+39,
or n = 2F.5% where k > 1, a > 1 are arbitrary positive integers.

) < # Let p be a prime. Since

W4. i). Tt is well-known that alb = £
2P + 1 is always multiple of 3, we get
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p@+1) (3 _2

2r 4+ 1 3 3
Thus ¢ (2P + 1) > % (22 +1) > 2P~ as 2.2P + 2 > 3. 2771 or equivalently
4-2p71 4 9> 3.2P71 Thus for m = p, the second assertion follows.
ii). Let p1 < p2 < ... < pp < ... be all primes p = 3 (mod 8).
Note that for such primes p we have

pl2rt 1= (2% — 1) (2% + 1) ,

and p divides the second paranthesis and not the first (indeed, if p divides

the first, then since % is odd, we would get that 2 is a quadratic residue

mod p, false for p = 3 (mod 8) [see textbooks of Number Theory]).
Thus p divides 255 + 1.
Now let n be the smallest number such that

(-2 0-8)-(-2)-

(this is true, since the left side tends to 0 as n — o).

W =

Put now

1 -1
k= lecm. [pl p ]

5 g
This number k is odd as has the property that

p1p2..pnl2F + 1,

P (2" +1) _ p(prpn) _ (1_1> <1_1) _1
2°+1 7 prpa 2 ) 3
Thus ¢ (2k + 1) < @ < 281 for k > k.
This proves the first assertion of the problem.

SO

W5. From the given assumption the case when p; = 2 and py = 2 is not
considered. Thus we let py = 2z 4+ 1 for x € N. Let us assume that the given
equation accept at least one integer solution.

Then the equation



778 Octogon Mathematical Magazine

() () -

P+ (z+ 1) =a” (1)

is written in the form

Since p; is an odd integer, it follows that

"=+ (x+ 1) =z+(x+1)]A=22+1)A, AeN

Thus (2x + 1) |a™. However, 2z + 1 is a prime number, therefore

(2z41)|a
Therefore
(22 +1)% |a?
But n > 1, therefore
2z + 1) |a" or 2z + 1)* 2P 4 (z + 1) (2)

We obtain

P+ (r+ )P =P + [z + 1) — 2]t =P + 22+ 1) +

+(pll> 2z + 1)1 (—2) + < n 1) 2z +1) (—z)" 1+ (—z) =

p1—

=" + (2041 B+ ( P 1) (2z 4 1) Pt~ — zP1 =
b1 —

— (ppl 1) (2c4+1) 21+ (22+1)*°B, Be Z
L

From the relation (2), it follows that

(2x—|—1)2]( b 1) (22 +1) 2"~ or
p1—

(2x 4+ 1) ]( P 1> P11 or (22 4 1) |pyraPt !
p1—
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Since the number 2z + 1 is prime,it is implied that

(2x 4+ 1) |p1 or (2z+1)|x.

The second case is not allowed since

2r+1>xkas 2x+1,2) =1

Finally (2z + 1) |p1, i.e. p1 = 2x + 1, since p; is a prime number.
Hence p; = p2. However, we have assumed that the equation does not accept
integer solutions for p; = po, therefore the equation (1) and thus the equation

—1\Pt —1\™
(p22 > +<p22 ) g

does not accept integer solutions.

We6. It is evident that

n)+ph(n)+..+p,(n)=1+phb(n)+..+p,_1(n)+1 (1)

—~

p(n) =p}
However for L%J < m < n it holds.

Py, (n) =p(n—m), (2)

as it easily follows from the Ferrer‘s diagrams.
From (1) and (2) we get

p(m) =2+ [ (1) o+ 9y ()] F [Py (1) 4 plya ()] =

2

—24 [plg () 4+ 7] (n)} + [p (n— [EJ) ¥ +p(1)} (3)

If n is an even integer, then

for some k € N.
In the case n is an odd integer, it follows

2k +1

n—LZJ:(Qk—i—l)—{ J:(2k+1)—k:k+1:LJ+1,
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which means that

2] = 2]+ oo,

where x1 (n) denotes the principal character Dirichlet modulo 2.
This is valid since

1, i (n,2)=1
Xl(”)_{ 0, if (n,2)=0

Therefore from relation (3) we obtain the equality
n
p(n) =2+ |pa(n) + 4P|, (n)] + [p (bJ +x1 (n)> + .. —l—p(l)] ,
which coincides with the equality that we wished to prove.

W7. If z = %b, dex = —‘;—fdt, and after then we substitute ¢t — x we give

a 2 a
I_/b(xQ—ab)lnzlnidx_/b (?) —ab)lnglng abdx
((

(22 4 a?) (22 + b?)

a

b
(ab — ;UQ) In ZIn 7dx
/ (3;2 + a2) (xQ + b2) = —1, therefore I =0

a

but z2 — (%b)? < 2% — ab which prove that

/b 22 — (eth) 1n£1n£da: /b(x“z_ab)lnglngdx
xz T a2 x2 T b?) (22 4+ a?) (22 4+ b2)

a

WS8. The identity can be written in following form:

k=0

From this we give
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n= 2 (1))

k=0

Denote a the coefficient of 2™ in the expression f (z) = (1 —z)?" (1 + z)™"
and

) ((p@ _m<p1n> N (f;) _ ) ((qg) H(Qf) T2 (g) ; )

ere orea : (pg) <q:> ) (pln) <qnqﬁ 1> N <p2n) (anfQ) =
_ Zn% (pn> (ank> o

In another way we obtain f (z) = (1 - $2)pn (1-— x)(q_p)n, and

=) -

k:o (pn>< n— 2k ) o

W9. If we consider the module series:

)

N3

)

Z [(1—2)(1—2x)...(1 —nx)|
n!
n>0
and if we apply it Cauchy-d1Alembert criterion, we find:

an+1
Gn

1-— 1
B R
n—oo n+1

lim
n—oo

= ||

If || < 1 the initial series is convergent. Also, for z = 1, this series becomes
> 0, so it is convergent to.
n>0
If x = —1, we obtain the series )  (n + 1), which is divergent.
n>0
We conclude that convergence set for the initial series is C' = (-1, 1].
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1/x 1

In the following, we apply the binomial series for (1 + )", when a = —,

x#0and z € (—1,1). We have:

(1+x1/m 1+Z 1)'“(%_(n_1))n$:

n!
n>1

:1+Z(1—x)(1—2x)...(1—(n—1)x) Z(l—x)(l—Qx)...(l—nx)

n! n!
n>1 n>0

Now, we conclude,

(1—2)(1—22)...(1 —nx) (1+2)*, @ e(-1,1)\{0}
Z n! -\ & x=0
nz0 ' 0, x=1
Surel lim =e.
Y (n,z)—(c0,0)

W10. i). Eliminating & fixed points from 1,2,...,n remain n — k points. So,
we have (n — k)" ¥ functions ¢ : {1,2,...,n — k} — {1,2,....n — k}. Because
k points from n, can be choosen in (Z) posibilities, it occurs:

Fl=- 0 ()

ii). We shall use Stirling formula of the factorial

n! = (%)n V2rne/ 12" 9 e (0,1)

If n = 2k, we have:

<2k> L@k (%)% Vrketr /2
k (k)2 [& ke@/m} ’

where 61,65 € (0, 1) .
Therefore

e (O
<2k) = 22k€6k (4 92) < 92k 1/24k
k vk ’

because — 0 < 3 L and F < 1.
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More, because el/24k < e, it occurs:
2k ok
<e-2

2k
|F| = kk(k> < e (4k)F
iii). For n = 2k, the equation |F'| = 540 becomes:

2%k
kk( k) = 540.

We notice that £ = 3 is a unique solution, because by induction,
k*(2F) > 540, (V) k > 4. So, n = 6.

Finally,

W11. The idea is to order the given polynomial with respect the powers of
m. It obtains the quadratic equation with the discriminant A = z* (x — 2)2 :

z*m? + 323m + (2x2 +x— 1) =0 or

(mx2—|—:n+1) (mx2+21:—1) =0

Thus
—1++vm+1 —1++v1—4m
Tp=—" """, T3y =—""" """
m m
Case 1.
1-— -1+ +/ 1
m_ VMt =5-2v5
2m m
Case 2.
1-— -1- 1
m_ ML e =5+2V5
2m m
Case 3.

1-— -1 1—4
m_ + V1 - dm = may4 = +iV/3 are not real
2m 2m

Case 4.
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l-m —1-—+1—4m :
= , no real solutions.
2m 2m

W12. The function g (z) = In f () satisfies:
a). g(ar) < ag (v)

b). g(@+y) <g(x)+g(y)

Then, with the aid of a), we deduce that

(w+y)> < %erg(ﬂy)

and

g(y)=g< Y (93+y)> S#wg(:wry)

By addition, g (z) + g (y) < g (x + y) and comparing with b) , we have

g@)+gy) =9 +y)

By a standard procedure, g (z) = Az, where A € (0,00) N Q.

Finally, f (z) = e*?.

Remark that if continuiuty is a part of the contest programme, then
(0,00) N Q@ can be replaced by (0, 00) .

W13. If a; = as = ... = a, then the equality holds. Suppose that between
a, k = 1,n, are two different numbers. The function f : R — R defined by

() = (iZaﬁs)m
k=1

is strictly increasing in this case. (see: Pdlya-Szegd)

This implies that
1 5 5 1 4 4
J— > J—

which is equivalent to
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On the other hand the inequality holds:

because it is equivalent to

1<g<i<n

Now inequalities (1) and (2) imply the desired inequality (**). We have
proved the inequality and we shown that equality holds if and only if
al] = ag = ... = Ap.

a+l1
W14. We use the substitution x = t++2 and we get the equalities:

1 1 1
a+1 a+1
= a+1 = (3)
f x)dxr a+2 ta +2 a-+2 f
0 0 0
a+1
Since f is an increasing function and z++2 > 0, (V) z € [0, 1] the inequality

follows: f (:c%) > f(z), (W)ze01].
Thus the following inequality holds;

1 1
a+1/ x? a—l—l/ x®

—~dxr < dx (4)
a+20 f(x£> a—|-20 f(x)

Now (3) and (4) imply the result.

W15. Since

B+C B-C
b+ c=2R(sin B+ sinC) = 4Rsin ; cos —— =

-C

A A
= 4R cos 5 cos < 4Rcos o5

it follows that
A
b+ c<4Rcos )

In an analogous way, we have ¢ + a < 4R cos g; a+b<4Rcos % Therefore
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A B C 1
n 4 n = n > n n n _
2" cos o +y" cos o + 2" cos 5 _4R[m (b+c)+y" (c+a)+ 2" (a+b)]
1 n n n n n n
= B ) el ) Fa " 4y >

n
2

B

> 1 (2b (22)2 +2¢(xy)? + 2a (y2)

> 7 ) = (:[;y)% sin C’—l—(yz)% sin A—i—(zx)% sin B.

Consequently, we obtain

A B C n n n
" cos o +y" cos o + 2" cos > (xy)2 sinC + (yz) 2 sin A + (zx)2 sin B.

Remark. In same way we obtain the following stronger inequality

A B n n n
x"cos§+yncos§+z"cos%2 (y—;z) sinA—i—('Z—;x) sinB—i—(x;?J) sinC

W16. We check the inequality for n =1, so % =1>+/2—1, which is

true. We assume that the inequality holds for n. Hence we prove that the
inequality is true and for n + 1, thus:

n+1 n 1

1 1 1
2w r® Ty Vet I Y

k=1 k=1

but 7 (n) < 2y/n, for any n > 1, so

—1__ which means that

_1 5

T(n+1) 2v/n+1’

ni_:l 1 > +1—-1+ ! > +2-1
= n _ - n _

=T (k) 2vn+1

By the mathematical induction, the inequality is true for any n > 1.

W17. If a = b = ¢ = 1 then we have equality. We consider ¢ = max {a, b, ¢}
and then ¢ > 1. We show that

(a+1)(b+1)(c+1) Zmin{f(b),g(b)}
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and similar result that

(a+1)(b+1)(c+1) =2 min{f (a), f (b)}

We have a = % and

1 1 1 1
(a+1)(b+1)(c+1)=(—+1)(0b+c)(c+1)=2+ —+bc+b+c+ -+ —

be be b ¢
Ifh(c) =2+ % +bc+b+c+q+1 then

(b+1) (bc* — 1)
bc?

h' () =
evidently

h:[1,400) — (0,400).
If b < 1, then

c |1
| ——— —

2
RN ) (F+1)
therefore h (¢) > g (b). If b > 1, then

c ‘1 400

Wl+++ ++ ++
2

h ‘ 2(1;421) o

therefore h (¢) > f(b).
W18. We have

a2n+3 + b2n+3 2 a2n+2b + ab2n+2 = ((I _ b) (a2n+1 _ b2n+1) Z 0
By induction we get
a® T 4 2t > (4 +b) (ab)”
therefore

ab ab 1
Q203 L p2nt3 4 gh < a2 F2h & ab2n 2 & gb | @20l o p2ntl 4 <
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1 1 1

S @) @) +1 (@atb) (@) + (@)’ (@) (at+ b+

Cn

Cat+btcen
or
abe < et - a+b+c" EISDN
a?nt3 1 p2nt3 4 ab — a4+ b+ a2nt3 4 p2nt3 4 gp —
a+b+c" il
@) 2 L b2 b > a
W19. We have
z3 3 1
N2 = s=1l-7—>
(1+22)” 1+ L+ a2y
and for k > 2
() -
Ltat+.+ay) — (I4+ad+.+a2i ) (T+ai+. +ad)

1 1
Cl+a?+o.tad,, l+al+.+a}

n 2 2
(i) = ()
e \l+ai+..+ap) ~ \1+af

SO

+z”: 1 -1 1 N 1
P 1—|—x1—|— —1—mk1 1+x%+...+zi - 1—|—x% 1—|—$%
n
T
1 _ kZ::I i
- n - n
1+ 3 >
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W20. 1). If z = cos 2z + i sin 2z, then

PORETCICRESE o I S B | D DE B SFs

0<j<k<n 0<j<k<n §=0 =0

—1I ol 2 242 q
R A 221

2).
, 1 1\ g2t
> sk = ghe (T ) - T
0<j<k<n
but
21 sin(n+1)x .
= : (cosnx + isinnz)
z—1 sinz
SO
Z §in (2(j + k) ) = sinnacsir% (n—i— 1) z sin 2nx
4 sin x sin 2z
0<j<k<n
and
Z cos (2(j + k) z) = sinnwsin' (n+ 1) x cos 2nx
, sin x sin 2x
0<j<k<n
and
2 2
Z sin(2(j+k)x) | + Z cos(2(j+k)z)| =
0<j<k<n 0<j<k<n

_ sin®nasin® (n+ 1)@
- 2

sin? z sin? 2z

W21. We prove by induction the inequality

3

M:Ha

- Tk k
§1+$k =

k=1 1+ Tk

>
Il
—
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It is true for n = 1, for n = 2 after computation we have

(71 + 22) T172 + 27172 > 0

true. We suppose true for n and we prove for n + 1.

n n+1
n+1 - n T T Z Tk T Z Tk
Z : k _ : k + : n+1 > k=1 _ : n+1 > k:nlJrl
o it T LT t Tty s + Tnp1 145"
k=1 k=1
the last step is the case for n = 2.
n > o=
If 2, = kis, then > k51+1 > *=L___ In this we take n — oo, and we obtain
1
k=1 1+k2 =
=1

the desired inequality.

W22. For k € {0,1} we have equality. Using the weighted AM-GM
inequality we get

a)' k=1 (e (a\ k@
a9 k+n—1 as a “k4+n—1 as

therefore
nk al k_ al K k—1 as K an, K
k+n—1z<a2> _;:((ag) Thrn-1\\a) TG
nk al
> v 21
“k+n-1 as
therefore

k
al al
E > E
<a2> N ag
W23. If x,y € R then

3m
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For m =1 is true. We suppose true for m, and we prove for m + 1.

(a;2 —xy + yQ)mJr1 < g (x2m + me) (a:2 —xy + y2) <

gmt 2m+2 2m+2
< m m
S5 (x +y )
We have

(x2m 4 me) (1_2 —xy 4 y2) < 3 ($2m+2 4 y2m+2) PN

o (x2m+1 4 y2m+l) (z +y) + (me _ y2m) (xz _ y2) >0

n
). > (21 —zi20+ :c%)m < ¥ 37 (2™ 4 23™) = 3™ 3 aim
k=1

cyclic cyclic

2). I (2% —mao+23)" < (3;")” [T (227 +a2m) <

cyclic cyclic

(b5 +m3m>)” e (E ) - (R a)

cyclic k=1

W24. If A(a),B(b),C(c),P(z), K (%), L (%<), M (<}%) and

2
221_22 > 21 — 22 22 — 23 23— %1

21 + 29 21 + 29 29 + 23 23+ 21

21—22+22—23 Z1 — k9 zZ9 — 23

21+22 22+t23 23+21 3t

(21 — 22) (22 — 23) (23 — 21)
(21 + 22) (22 + 23) (23 + 21)

(21— 22) (23 —22) | (21— 22) (22 — 23)
(21 + 2’2) (23 + 2’1) (22 -+ 2’3) (2:3 + 21)

If 21 =2—a,29=2—0b, z3=2z—c, then

1 a—>b
2.3 | Gy

a—b
a+b
2

1

AB _ 1 AB
=3 >

z — ﬁ_i ﬁ

W25. If 2,y > 0 and 22 + y? = 1, then

1
T+y+—>24+v2 (%)
Ly
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Proof. We have

1
E=xz+y+—
Ty

But 1 =22 +y? > 22y, 2y =t =t <

Octogon Mathematical Magazine

1
5 and

D

1 1 1
(@ +y) Va? + 2+ — > 25y 20y + — = 2V 2wy + —
Y Ty Ty

C

t< 5= E=2V2+7>2+V2e2V2% -
(2+VY)t+120e (1) (t- ) 20
A B
In triangle ABD we take
(1)
AD AB (x) AD + AB BD?
_ab >24/2
*=3pY=Bp~ BD Tap.aB=2tV?
In triangle BC'D we take
(2)
BC DC (x) BC+CD BD?
_BC >9244/2
"= 3pY=Bp~  BD T BC.0pZ2tV2
1
>22<2+x/§>

Adding (1) and (2) we get

BD

1

(AB+BC+CD+DA)+BD2<

AB-AD ' CB.CD

Sk Tk
ay >np 'Hlai if
1=

W26. We have 1 = )
i=1
ai=t=1> n vtk = ¢ < n"k < n_l‘*'%, because k < n + 1, therefore
-1

n—2
k

1
>

n
I1
i=1
n 1 n n
Zai+n:< ai> <Zaf> + n =
i=1 I1 a: i=1 i=1 a;
i=1 i=1
n—1
k
1 nol g 1
= nT1+1 H a; + - = nTlJ’_lt —+
; i=1 IT a:
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>nlTk4nk o n%+1t2—(n1*% + n%) tH1>0 < (n%t - 1) (n“%t - 1) >0
true
W27. It is a known fact that for every perfect number m it holds
IR
=2
dlm

Therefore

Assume that

k1 _k k
a" = pi'py’..pld

is the unique prime factorization of the number a”. It is obvious that

1 1 1
1 2 i
Py Y2 Pu

From Cauchy‘s arithmetic-geometric mean inequality it follows

ol ky kK L 1 1 I
p11p22,..pyf‘ Z L.{.L_F _|_L @724—-}—7# Z —k k =
w2 g P2 Py </ J

11 1 "
k1 + ko Tt k =z n/p
P Do py @

Therefore

(2)

From (1) and (2) it follows that

7

2>

7
<:>an/“> -
2

W28. Set y =0in (1). Then

|27 (5) - @), <ol
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for all x € X, since 1L 0. Thus

1 2. 9
1@ - 57| <22
Y
for all z € X. Therefore
m—1
1, L 0.0 2Pk
gl ') = gt )| < P55 B

for all nonnegative integers n, m satisfying n < m. Hence

{greol

is a Cauchy sequence in Y. Because of the fact Y is complete, there exists a
mapping T : X — Y defined by

1
T(2)= lim of(2")

for all z € X. Setting n =0 and m — 400 in (4), we get the inequality (2).
It follows from (1) that

HQT <”“2ry> T () =T (y)

Y

- n—1>I—iI-loo 2n

12f (2" (@ +y) — £ (2") — £ (2")]]y <

2Pm . 0
< lim
n—+oo 2N

for all x,y € X with z L y. Thus

(Il + llyll%) =0

2T<$;Ly> —T(z)—T(y)=0

for all z,y € X with x 1L y. Therefore T': X — Y is an orthogonally Jensen
additive mapping.

Let L : X — Y be another orthogonally Jensen additive mapping satisfying
(2).

It follows that

IT (@)~ L@)lly = 5 IT (") ~ L")y <
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92
ozl

< (IF @) = T (2"0)y + |1 (2"2) - L(2" )Ily)_ 5 o on

= on

which approaces zero for all x € X. Thus

T (z)=L(z) forall z € X,

which proves the uniqueness of the mapping 7'

W29. We have

2(1—z+2%) (1-y+y?) =1+2%2 +(z —y)* +(1 - 2)* (1 —y)* > L +a%y?
Ifx:\/\/gtgé,y:\/\/gtgg,then
A A B B
— = = - - —|>
22(1 \/\/gth—F\/?:th)(l \/\/gt92+\/§t92>_

A B

=) (1— \/\/gtg;l—kx/gtg;l) : (1— \/\/gtg};—i-\/gtgl;) >3
3

Equality holds if and only if A=B=C=2%

‘W30. We have the following identity:

5 ()0 £ ()

0<i<j<n

and after derivation we get

ST i+ g)attit (T;) (;‘) =n(l+2)> " - zn:z'x%—l (?)2

0<i<j<n

but
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and after then we take x = 1, therefore

2 ()0 = (=)
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Proposed problems

PP. 15870. = If a,b € N* and |$ — V7| < 5557, then

4atTh 1
atdb \ﬁ‘ < 3009°
Mihaly Bencze

PP. 15871. Prove that:

n
D). 3 VLo < \/(Fani1 — 1) (Lans1 — 2)
k=1
n
2). > /For—1Fo < /Fon (Fapg1 — 1)
k=1

Mihaly Bencze

PP. 15872. If f (k) = {1+ % + ..+ £} where k € N* and {-} denote the

f(a)=f(b)
fractional part, then solve the following system: f ()= f(c) ,where
f(e)=F(a)

a,b,c e N*.
Mihély Bencze

PP. 15873. If z4,a,b >0 (k=1,2,...,n), then

2
G+ Xz 2 (x1+xz)2+m<2 |b331—a952|> :

k=1 cyclic cyclic
Mihaly Bencze

PP. 15874. 1fa,b € N and [§ — V3| < gy, then | 2553 — V3| < .

Mihaly Bencze

PP. 15875. In all triangle ABC holds:

rqo+re TatTh R
1)' 2< Ta+Ty + Ta+Te < r

a+c a+b s24+r242Rr
2) 2 < a+b + atc < 2Rr

38 Solution should be mailed to editor until 30.12.2010. No problem is ever permanently
closed. The editor is always pleased to consider for publication mew solutions or new in
stghts on past problems.
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< ha+hC _|_ ha+hb < (82+T2+4RT)2+882RT

— hg+hy ho+the — 32s2Rr

sin? %—l—sin2 g < (2Rfr)(52+r278Rr)72Rr2
sin? %+sin2 % - 8Rr2

cos? 4 4cos? £ < (AR+7)%+52(2R+T)

cos? %4—0052 % - 8Rs?

w\mw\(‘}“‘m“\
+ +

Mihaly Bencze

my—xiy:x—i—y—%—%

PP. 15876. Solve the following system: Yz — i =y+z— % — %
1_1

z X

zx—ﬁzz—i—x—

Mihaly Bencze
PP. 15877. If z,y € R, then

02 i 2 2 2 1
(sm z sin“ y 4+ cos® x cos y) (1 + oo 0% 1 o2 y) >
> 1 1 _
= sin®zcos?z + sin® y cos? y 2

Mihaly Bencze

=2 - < f1g-val.

PP. 15878. If a,b € N*, then

3a+4b 1
2a+3b \/i‘ < 4

Mihély Bencze
PP. 15879. Compute

1). lim Val ] ((k+1)% —k%) 2). lim n! T In (1 + 1)
k=1 k=1

n—00 n—00

Mihély Bencze and Balint Bartha

n k
PP. 15880. Prove that 3 [] (1 + ﬁ) > nlndd)
k=1p=1

Mihély Bencze
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1 1
PP. 15881. If Ay = [ ;Z5dz and By = [ -£7dx, then
0 0

10n(n%-1) LA 5n(2n24+9n+13)
3 S k‘zl Ay By S 3 :

Mihaly Bencze

PP. 15882. Let ai (k =1,2,...,n) denote the sides of a convex n-gon, and
n n

S = 3" ay. Prove that [] (S —2x1)" < [T ar.
k=1 cyclic k=1

Mihély Bencze
PP. 15883. In all triangle ABC holds
Sm2mi > Y r2w2 + 1 > (2(s* —r? — 4Rr) — 3ab)

cyclic

2

Mihaly Bencze

PP. 15884. In all triangle ABC holds
[T (cos B5¢ —sin 34) + 8] sin? 458 = 0.

Mihaly Bencze

PP. 15885. If a,b,¢,d > 0, then (e/a+ Vb + %) Vd+ Vab+ Vbe+ Yea <

<Vatbt+c(Vatb+d+Vbtct+d+Vetatd).

Mihély Bencze

PP. 15886. If 2, € R (k=1,2,...,n), then
n m n m
(1 — I sin? $k> + <1 — T cos? ack) > 1, when n,m € N*.
k=1 k=1
Mihaly Bencze
ex3+2y2+3z _ 1
3 ) z+1
PP. 15887. Solve in R the following system: { e¥ 7227137 — y—}rl
ez3+2m2+3y _ 1
T oz41

Mihély Bencze
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PP. 15888. If z € [0, 7], then
sin? z cos z (sin® 2 + cos* z + sin® z) + (sin cos z)% < 1.

Mihaly Bencze

chz sh2x 1
PP. 15889. If z € R, then eVt eIt 2 5shzx.

Mihaly Bencze
(P+)° gt ) o nee)
VEZHTHVEZ 3 kHVE2 2 4

Mihaly Bencze

PP. 15890. Prove that )
k=1

n

o0 2
PP. 15891. Prove that ) (n +3n+21
n=o 97 (n!)

2n—2 5
6m=—49
> T35 -

Mihaly Bencze

n 2n—1y\ (n+1)(n+2)
PP. 15892. Prove that ] (1)'*" < <2(“1)> .
k=0

Mihaly Bencze

PP. 15893. In all acute triangle ABC holds cos” Acos® B

cosC =

V(82412 —AR2 2_ )2
> %Z(COSA —cosB)2 cos? C + (Bt )(SP;T AR%) (s ;;}EJF ’)

Mihaly Bencze

n
PP. 15894. If 2 > 0 (k=1,2,...,n), then > —#&- 4+ —— > 1 for all
k=1 k at+ > g
k=1

a>1.

Mihély Bencze

PP. 15895. If in quadrilateral ABC'D we have A=C= 90°, then
\/(BD — AB)AD + /(BD — AD) AB + /(BD — BC') DC+
++/(BD — DC) BC < 2BD.

Mihaly Bencze
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PP. 15896. If F}, denote the k-th Fibonacci number, then

[[ (n—1+F2) >n""2(Fpys—1)°.
k=1
Mihaly Bencze

PP. 15897. Let ABCD be a quadrilateral in which A =C =90°. Prove

that 55 (AB+ BC + CD + DA) + BD? (y545 + c5cp) > 4+2V2.
Mihély Bencze

PP. 15898. Let ABCDA;B1C1 D1 be a rectangle paralelipipedon with sides
3
a, b, c and diagonal d. Prove that %’H'C + 4> 4/3.

abc

Mihaly Bencze

PP. 15899. 1). Let be ay, by € R (k =1,2,...,n) such that b, = 2122ttt
(p=1,2,...,n). Prove that (a,),; is arithmetical progression if and only if
(bn),>1 is arithmetical progression.

2). Let be ay, by, A\, € R (k=1,2,...,n) such that b, = Ala;fji‘;f;\ip%

(p=1,2,...,n). Determine all A\, € R (k=1,2,...,n) for which (an)p>1 18
arithmetical progression if and only if (bn)n21 is arithmetical progression.

Mihaly Bencze

PP. 15900. Let be E (z) = 2 +sin2z + (1 + 3 sin2z) (sinz + cosz) , where
r € R.

1). Prove that max E (z) = 3 (14 v2) 2). Determine min F (z) .
Mihaly Bencze

PP. 15901. If F} denote the k-th Fibonacci number, then

VEFna)
rot | (VEF) N
FnFn+1 H Fk
k=1

Mihély Bencze
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n
PP. 15902. If a; >0 (i = 1,2,...,n) and > a¥ =1, where 1 <k <n +1,
=1

n 1 n
then > a; + 1> pl=% 4 nk.
i=1 ;

Mihaly Bencze

PP. 15903. Ifa; >0 (i=1,2,....,n) and k > 2 (k € N), then

n
> af > a1az...ax + a203...054+1 + ... + GpQ71...QK—1.
i=1

Mihély Bencze
PP. 15904. In all acute triangle ABC holds 7> tgA > R sin A.

Nica Cristina-Paula and Nica Nicolae, Farcasul de Jos, Romania

PP. 15905. In all triangle ABC holds

1). 3r2 +4Rr + 4R? > &2
2). r (52 —r2_ 4Rr)2 < 242 (R—r) (32 +r2— 2Rr)
3). (52 — (2R + r)2) (s* =72 —4Rr) > 9

Mihaly Bencze
PP. 15906. In all acute triangle ABC holds

(Za2)3 (Z Wg_@) > 97 (42(12192 _ (Za2)2> .

Mihaly Bencze
PP. 15907. In all acute triangle ABC' holds

2
1). (Z cosA) SSQJ”;#

2). (2R+7)* + 82372}%“22 > 5

. . (R+r)?
3). Y. cos Asin BsinC > 237;

Mihaly Bencze
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PP. 15908. Prove that

2T 6T 107 147 187 2271 307 34m 161
COs g + €OS Tg + €OS 5~ + €Os g~ + €OS Jg + COs 55 + COs S~ + COS g < I8

Mihély Bencze

PP. 15909. In all acute triangle ABC holds
2
1). (z a\/cosAcosB> < N acosB
2
2). (Z aVcosAsinB) < 2% asin B
Mihaly Bencze
PP. 15910. In all triangle ABC holds:

32_7"2— T 2
1). Y sin? AtgA > (2o —dfr)

4sR2r
. s2(s2—3r2—6Rr 2 . s24+r2+4Rr 2
2). Yosin' AtgA > ( 16sRr ) 3). Y tgAsin® B > %

Mihaly Bencze

PP. 15911. In all triangle ABC holds:
1). > sinAcos A< 25 2). Y tgAcos’ B > f—f (3 sin A cos B)?

Mihély Bencze

PP. 15912. Prove that:
n(n+1)

n k 2((n+1)!-1) 2
- L0 < (5:2052)
ut (k+1)>2 6((n+2)!—2)
2). kl;ll (k1) = (m)

n (n=1)n(2n—1)

k—1)? 6((n—2)(n+1)!+2 6
3. 1) Y < (CREER)

n(n+1)(2n+1) 1
6

n(2n2+3n+7)

n 2 n+1)!
O T < (k)

Mihaly Bencze
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PP. 15913. In all triangle ABC holds:
2 S T) S —7’ — T
D). (Tava) <16s(R—r) (4R +7)  2). (Tavh) <> ) r—arir)

Mihaly Bencze

) < (nt )T
PP. 15914. Prove that k];ll (k) =1/ < <(n+1)(’§n_1)> .

Mihaly Bencze

n 2
PP. 15915. Prove that > 3-5-...- (2k+1) > 2 <Z \/%) .

Mihaly Bencze

PP. 15916. 1) Prove that E W < 2n\f

sin
=1

2). Determine the maximum of Z %

k=1 cos 6n
Mihaly Bencze
PP. 15917. In all acute triangle ABC' holds

1 1 1
2 Z 9R?—2a? < s2—(2R+r)? S Z 18r2—a?"
Mihély Bencze

PP. 15918. In all acute triangle ABC holds Y ——h— > 1.

Nicolae Nica and Cristina-Paula Nica

PP. 15919. In all acute triangle ABC holds

1 1 1
Z 4R?+2r2—a? < s2—(2R+r)? = Z 12Rr—6r2—a?"

Mihaly Bencze

PP. 15920. In all acute triangle ABC holds
L < Z 2 12 7 < ! :
4(2Rr—R2—r2—(R—2r)VR?—2Rr) a*+b*—c 4(3Rr—R2—r2+(R—2r)VR?—2Rr)

Mihély Bencze
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. T T a2 T
PP. 15921. In all triangle ABC holds #2130 < o7 < 2800,

Mihaly Bencze

PP. 15922. In all acute triangle ABC holds 4 L < m < 1%24.

Mihaly Bencze

PP. 15923. In all triangle ABC holds
1). 2s2R(2R—r) > (s* —r? — 4Rr)2 2). 5o < (52+T2+4R7") < 2

2R(R+r) — 4sRr

Mihaly Bencze
PP. 15924. Let ABC be a triangle. Determine all & € R for which
(250)" < (Thg) (D) < (252)°

Mihaly Bencze
PP. 15925. In all triangle ABC holds

D). 3/ (ra—2r)m, < s 2). ¥ /(ha —2r) Iy < 5/ %

Mihaly Bencze

PP. 15926. In all triangle ABC holds 52 < (¥ 1) (X m,) < 82

— 8sr
Mihaly Bencze

PP. 15927. 1). Let A;A,...As, be a convex polygon. Determine the
geometrlcal locus of points M in the plane of the polygon, for which

Z MAG, = Z Ay
) What is the geometrical locus if M is in space?

Mihaly Bencze

PP. 15928. If

P (n,I'(n)) = ()T (n) + 5(1)T? (n) + 3(5)T% (0) + ... + 5 ()T (n)
then (n, P (n,I' (n )))—1f0r all prime n.

Laurentiu Modan
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PP. 15929. Let consider the bidimensional random variable z = (z,v),
given by the following table:

y\r | -1 2
2
(1) @ | where a € [0, 1].
cee E
2 I
3

1). Fin?c)l o peritting the existence of z, as random bidimensional variable
2). Compute P (z < 2|y > 0)

3). Study the independence of the unidimensional random variables X and
Y, using the covariance cov (X,Y).

Laurentiu Modan
PP. 15930. For a selection x1, xo, ..., T,, of the volume n, we consider the
n n
first centred moment of selection i = & Y~ (2 — 7), where T = 1 3~z is
k=1 k=1

the selection average. Find the correct answer from the following 5
possibilities:

Laurentiu Modan

PP. 15931. Let the series ) sin, x € (0,1) be. Explain the correctness of
n>1
the following statement: ”In acoordance to the limit criterion of coparison

" . . sin £ .
for positive series we find: lim @ = lim ’§| -n = |z|. Because
n—oo 5 n—oo '™
. . . . 1
|z| € (0,1), it occurs that Z;l sin £ has the same behavior of the series Z;l -
n-= n-=

being a divergent series.

Laurentiu Modan

2n—1
PP. 15932. For §(n) = . Eznﬁlg find the limit lim %% (In link with PP.
k=1 \2n—k n—0o0
13474).

n

Laurentiu Modan

PP. 15933. If a,b,c > 0, then ) Py i mi+2

Gheorghe Gherasim
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PP. 15934. If a > 1, 0 < o < 3, then

aP—1

1 z _ (B= VaetB Z 1)1
J x+1arctg\/Tda:—< Farctgva na.
1 a®tP—1

aa_
Gyorgy Szollosy
PP. 15935. Prove that
(=)™ 5 (2 4+ 52) () (7) = n2 (n = D2 (") + 03 (*2) for all

1<i<j<n J
n > 2.

Gyorgy Szollosy

PP. 15936. 1). Prove that exist n € N, 1 < n < 89 such that
1 + sec 20° = /3tgn°®
2). Prove that ctgl2° — 4sin12° = /15

3). Determine m € N such that 3v/3 + v/15 + /2 (25 4+ 11V/5) = 2tgm°

Gyorgy Szollésy

a?+4b?

b
In zd Inabln 45~
PP. 15937. If 0 < a < b then z{ (Igfag)?z2x+b2) = 2(b2_a22)b

Gyorgy Szollésy

PP. 15938. Let ABCD be a convex quadrilateral in which AB = AD,
DACA = a°, BACL =3a°, DCAL = 30° (0 < a < 45) . Prove not
trigonometrically that DBC 4 not depond from «a.

Gyorgy Szollésy

PP. 15939. Determine all A > 0 such that cos A + A3 sin % cos ¥ < A\ in
all triangle ABC.

Mihély Bencze

2\ R
PP. 15940. In all triangle ABC holds 3 sin 4 cos £5¢ < (4+3;\)\3%R 2r
all A > 0.

, for

Mihaly Bencze
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PP. 15941. In all triangle ABC holds 5413 (4R + r)? (16R — 5r) < 65° <
< (4R +1)? (2 2R+7)? + RZ) ((ZR )2+ 2r2) .

Mihaly Bencze
PP. 15942. In all triangle ABC holds [] (4R — r,) > 3v/3sr2.

Mihaly Bencze

PP. 15943. In all triangle ABC holds $5#"5 < (S a) (U 1))” < 2274,

Mihély Bencze
PP. 15944. If x € R and n € N*, then
n(l+2?+at+..+27) > (n+1) (z+2°+ ... +2271).
Gyorgy Szollésy
PP. 15945. If ag = 0 and a,11 (1 + M) =1 for all n > 1, then prove

that the sequence (ay,),~, is convergent and compute:

1). a= lim a, 2). lim n(a, — @)
n—oo n—oo

Gyorgy Szollosy
PP. 15946. If x > 1, then:

1 X
2cx+1\ =
D (25 <1+ ()
e ok 1) * i 1
2. 1 ((3) 1) <ok

n 1 %
3). Compute lim [] <(2]ff11>k - 1)

Gyorgy Szollésy and Mihély Bencze

PP. 15947. Solve the following equations:
. 25 -2t —1=0
2). 2° — 2t 4+22% -~ 222 + 2 — 1 =0.

Gyorgy Szollosy
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n
PP. 15948. If z,, = [ ;2H2=¢ where a,b,c > 0, b > ¢, then

1
. 0
Jm e = ()"
Gyorgy Szollosy

PP. 15949. Compute

a a

1). [arcsin (cosz) du; 2). [arccos (sinz) dz;
0 0

3). [arctg (ctgz) dx; 4). [arcctg (tgz)dz, where a € [0, %] .
0 0

Gyorgy Szollésy and Mihély Bencze

PP. 15950. The triangle ABC have the sides in geometrical progression if
and only if abcY" a®b = 3" a®b?* or if and only if abe " a® = 3 a?b3.
Gyorgy Szollosy and Mihaly Bencze

4 (3622 + %) =9 (z +y)

PP. 15951. Solve the system: { 2 (62 — y) = 3 (22 + y?)

Gyorgy Szollosy

4 (2-v2)r
x —
PP. 15952. Prove that g‘mdﬂf = 16 .
Gyorgy Szollésy
630‘11 — l,%e
s __ ,.ae
PP. 15953. Solve in (0, +00) the following system: 6_2___1? , Where
exﬁ — xclze
a > 0.
Gyorgy Szollosy and Mihaly Bencze
n
PP. 15954. Prove that lim ) 2nt1_2k sin 2km — L

n=oo /=) vV (@nt 1) Hk+y/ @) font -k - 2ntl A

Gyorgy Szollésy
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et

PP. 15955. Prove that f\/lnxdx < 2et — 118.

Mihaly Bencze and Gyoérgy Szollésy

PP. 15956. If a € (0,1) U (1,+00), then
2e (ag —1> <m(a®—1)<e(a™—1).

Gyorgy Szollosy and Mihaly Bencze

A

PP. 15957. In all triangle ABC holds:

1). 24r < Y, P42 < 19R 2). L<yda < L

Gyorgy Szollosy and Mihaly Bencze

PP. 15958. In all triangle ABC holds

sin B sinC 2 24
sin(C-i—g) T sin(B+g) >3 (1 + 2cos 3 )

Gyorgy Szollésy

n+1
PP. 15959. Ifap, >0 (k=1,2,...,n+1), [[ ax =1, z > 1, then
k=1
agtaz+...+an+1
Y atatrat, ST

Gyorgy Szollosy

PP. 15960. In all triangle ABC holds 3 frtee® < /3,

Gyorgy Szollosy
PP. 15961 Prove that:
) Z k2 k+1 16\[ (7_1>

2). Determlne all z,y > 0 such that

22—zl | vi—y+l - 16V3 ( 1 )
Fo R 2 5 (G T e

Mihaly Bencze and Gyoérgy Szollosy

PP. 15962. If n € N, n > 2, then in all triangle ABC holds:

. . 3%/ (n+1)" !
D). SeinA(l-sin A) € o). 5 gy > PR

Gyorgy Szollosy and Mihaly Bencze
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PP. 15963. In all triangle ABC holds
1,1 4sRr
A 7+Z 2sR s24r24+4Rr
H (tgf) ’ =< <52+r5+4Rr> o :
Mihaly Bencze and Gyorgy Szoll6sy

PP. 15964. Let ABC be a triangle. Determine all n € N* for which
Stcosd = /n]] (cos 4 +sin£-) .

Mihaly Bencze and Gyorgy Szollosy

PP. 15965. In all triangle ABC holds ) (b+l::§ma > 22(71%@7{“’32, | T

Gyorgy Szollosy

8
PP. 15966. Prove that [ lngfgfl)?dz = ;%arctg7‘{§7,
1

Gyorgy Szollosy
2n—1

PP. 15967. Prove that Y sec? %f” = 4n? cosec’ar, where a € (0, 7).
k=0

Gyorgy Szollésy
PP. 15968. If x,,11 = —x% - % for all n > 1 and xy € R, then (acn)n21 is
convergent, lim x, = —% and compute lim n (asn + %) .
n—oo n—oo
Gyorgy Szollosy

PP. 15969. In convex quadrilateral ABCD, where a, b, c and d are the
lengths of the sides of quadrilateral and A is the area. Prove that

S (Bat+b+c+d) >2" 30/A forall n > 1.

Nicugor Minculete

PP. 15970. In a tetrahedron ABC D, we consider F4, Fg, Fo, Fp the areas
of its faces BCD, ACD,ABD, ABC, F is it total area, R is the circumradius
and r is the inradius. Prove that:

D). Y A< SR 2). 163(2@)(2@)3%

Nicusor Minculete
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PP. 15971. If 24, € (0,1) and p, > 0 (k= 1,2,...,n), then
2

n
( > P
k=1
n I a—
n P > pr(14xy) > prTg
H (l+xk>Lk > k=1 k=1
: 1-z - ul
k=1 k > pr(l—zx)
k=1 )
(Xig+t2iy)

iy (1+1'i1 )+---+>\ip (H—xz‘p) Aig @ig FetAip T, <
)\il (l—aii)-f—...-i-)\ip (l—itip)
n72)

I1
n 2 (p72
(£)

1<i1<...<ip<n

Mihély Bencze and José Luis Diaz-Barrero

PP. 15972. Ifa; >0 (i=1,2,...,n) and 2 < k <n — 1, then
ak+a2a3...a 2 n k-1
ZA a21+a3+...+akk112 2 k 2 ai :
cyclic i=1
Mihély Bencze

PP. 15973. Ifa; >0 (i =1,2,...,n), then

D 2 adyas 2

a+f3 n
! >%Zaf,foralla2521
i=1

cyclic
a+ n
aq 1 B
2) Cyzd:icW Z Ei_lai s fOI' all 2 ﬁ Z 1 and 2 S k § n.
Mihaly Bencze

PP. 15974. If zy € R (k=1,2,...,n) and m € N, then
n

1). 3 (22 -z +22)" <3 Y a?m

cyclic k=1

n n

2. 11 (22— avws + 23" < (32)" <z x%m)

cyclic k=1

Mihaly Bencze
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PP. 15975. If K, L, M denote the midpoints of sides AB, BC,CA in
triangle ABC then for all points P in the plane of triangle we have:

AB | BC , CA -, AB-BC-CA
PK T PL T PM < 1PK-PL-PM"

Mihély Bencze

PP. 15976. If z € [0,7], then 1 4 Msin’s | ljcos’s o 6

sin z+4cos x 1+sinz l4+cosx — l+sinz+cosx”

Mihaly Bencze

2sin? z+cos? x 2 cos? z+sin? z a2 2 3
PP. 15977. If x € R, then it2c0ss T lrosin’s +sin“zcos”x > 7.

Mihély Bencze

2

PP. 15978. If z € R, then —30& cos’ v L <3
v then \/1+sin21 + V1+cos2 z + \/(1+sin2 90)(1—i—cos2 x) 2

Mihaly Bencze

PP. 15979. If A > 0 and = € [0, 5], then

: ; M+l
<A+ Vsinx + s/cosx) Vsinzcosx < A5

Mihaly Bencze

PP. 15980. If A > 0 and = € R, then
A1+ N)sin?zcos?z < A3sin?x + Acos® x + sin® z cos? z.

Mihély Bencze

2

s2
PP. 15981. If A € (0, 3) and o € R, then 33508 + <55 > 5 — \.

Mihaly Bencze

PP. 15982. If A > 0 and = € R, then

1 1 10A+1 241
4 (sin2 xcos?x + >\()\+1)> =1+ (/\—i-sin2 m)()\+cos2 z)’

Mihély Bencze
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PP. 15983. If z,y,z € R, then:

3 3
1). (1 — {/sin? z sin? y sin? z) + (1 — {/cos? x cos? y cos? z) >

> sin? x sin? y sin? z + cos? x cos? y cos? z.

3 3
2). (\3/ ch?xch?ych?z — 1) + ({5/(1 + ch?z) (14 ch?y) (1 + ch?z) — 1) >

> sh?xsh?ysh?z + ch?xch®ych®z.

Mihaly Bencze

PP. 15984. If 2, € [0, W} (k=1,2,...,n), where A > 0, then
(A= M) = I -ap).
k=1 k=1
Mihély Bencze

PP. 15985. In all triangle ABC holds:
, , 2R—r)(s24r2—8Rr)—2Rr?)’
1). 1 (sin § +sin §)7 < (BEDLTES0)07)

2 AR+7)?+52(2R+1))°
2). 1 (cos 4 + cos §)* < (LI E0)

Mihaly Bencze

PP. 15986. If z; > 0 (k= 1,2,...,n), then ] —&ite2l > on 1‘[ a2
cyclic (\/7—’—\/7 k-

Mihaly Bencze

PP 15987 If F}. denote the k-th Fibonacci number, then
+ + + .+ 2" L > 1.

Mihély Bencze

(n+1)(11n— 1)

PP. 15988. Let n be a positive integer. Prove that Z sin * > i

k=
José Luis Diaz-Barrero

PP. 15989 Let n be a nonnegatlve integer. Prove that

Foio+ Z L3tk > 14 Z Fy,3  where F,, and L, represents the n—th
k=0 k=0
Fibonacci and Lucas number respectively.

José Luis Diaz-Barrero
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PP. 15990. Let a,b, c be positive real numbers. Prove that

(b;f)z + (ct;z)Q 4 @th)? 5 9

José Luis Diaz-Barrero

PP. 15991. Let r be the inradius of a triangle ABC with sides a, b, ¢ and

semi-perimeter s. Prove that (cs(s_fl); + ((ls(s—_bl‘; é‘g;_cg > 3 {/rs2.

José Luis Diaz-Barrero

1
PP. 15992. Compute lim >3 ———-— .
=00 1<i<i<n 20097

José Luis Diaz-Barrero

| (n))?
PP. 15993. Compute the following sum — .
P Wing EO (2n+1)!

José Luis Diaz-Barrero

PP. 15994. Find all triplets (z,y, z) of real numbers such that
3622 — 24y +1=0
16y%> — 202 +9=0
422 — 122 +25=0

José Luis Diaz-Barrero

PP. 15995. Assume that any element x in a finite ring R is idempotent,
then prove that R has a multiplicative identity.

José Luis Diaz-Barrero

PP. 15996. If a, b, ¢ are distinct real numbers, then

() < o+3 (2 )

_a
b—c

Mihély Bencze

PP. 15997. If a,b,c > 0 then ) §/a4+a,2(bic)2+(b+c)4 >

Mihély Bencze
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PP. 15998. If x4 >0 (k=1,2,....,n) and > zixe = n, then

cyclic

Mihaly Bencze
PP. 15999. If ax > 0 ( , then

2 1 2
[T (af +aia2+a3)” > % (a1 +a2)” + 1, (a1 —a2)
cyclic cycl'Lc cyclzc

Mihaly Bencze
PP. 16000. If 2, >0 (k=1,2,...,n) and

22 —z1xo+a2) (22 —zox3+a2 n
Z ( 1 172 Qig 2 223 3) Z Z :Ez
cyclic 2 k=1

Mihaly Bencze

PP. 16001. If a,b,c > 0 and k € N* (k > 3) such that a* + b 4 ¥ = 3,
k+1pk k+1 .k k+1,k 9(k+1) | 3(k=3) kpk .k
then aFt1phtl 4 phtlchtl o chtlgh+l < S+ Sapatbte”.

Mihaly Bencze

PP. 16002. If z,y,z > > , then
3zyz > 1+ L1 (1 +\/4x— 3)+ 112z —1+ Az =3).

Mihaly Bencze
PP. 16003. If ay >0 (k=1,2,...,n), then

’
n 4 %
1+ 11 af
1

£l
Il

H(l—akﬂ—a%)z

[

Mihaly Bencze
PP. 16004. In all triangle ABC holds

z<1\/\/§ng‘+\/§tg§) (1\/\/§Tg§+\/§tg§)23

Mihaly Bencze



818 Octogon Mathematical Magazine, Vol. 17, No.2, October 2009

PP. 16005. If a; >0 (k=1,2,...,n) and Y. a?a3 = n, then

cyclic
S (1-ar+a}) (1—ax+ad) >n+l 3 (lar —as] + [(1 —a1) (1 — as)])?.
cyclic cyclic

Mihély Bencze

PP. 16006. If z;, >0 (k=1,2,...,n), then

2
(sh42) (a3 +2) D) [
2 m2(;31+§32)(962er:§3) =z m 2 x2 25 kglm :

cyclic cyclic

n n n n
1. 11 (1—ak+a§)z§<1+ IT ar + Hai) > 11 ax
k=1 k=1 k=1 k=1
n n n
2). 11 (1—ak+ai)z§<1+ Ha§> > I ax
k=1 k=1 k=1

Mihaly Bencze

n n 3
PP. 16008. If ay >0 (k=1,2,...,n) and ) ai =mn, then ) (ZEE) > n.
k=1 k=1

Mihély Bencze

n n 241 3
PP. 16009. If a; >0 (k=1,2,...,n) and 1;::1 ap = n, then kZ::1 (aa’“zﬂ) > 4n.

Mihaly Bencze
PP. 16010. If z;, >0 (k=1,2,...,n), then
2412 3/ x3 +J: n
E xiﬂ:i Z Z 5 Z_:

cyclic cyclic

Mihaly Bencze

+ +y+2
PP. 16011. If z,y,z > 0, then 35/ “1¥ +3v2 > 237, /#2422 > 61/2.

Mihaly Bencze
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PP. 16012. If a,b, ¢, then
. 1. 1 1 +b 1 1
1) mln{zm,z%}ZZm 2).m212m
Mihaly Bencze

PP. 16013. Let ABC be a triangle in which
2(4R+r1r)=s (1 +Vv1+ 452) . Prove that Ztg2%t92§ <1

Mihély Bencze and Shanhe Wu

PP. 16014. If a,b,c > 0, then Za—}rl +maX{Z G%er;z b21+a} <>Li

Mihély Bencze

PP. 16015. If z,y, 2z > 0, then % +> i 23 zf;f% > 3 (A refinement
of Nesbitt‘s inequality).

Mihaly Bencze

PP. 16016. If a,b,c > 0, then
min {] (1 +a®0) ;[T (1 +ab*)} >[I (1 + a?be).

Mihaly Bencze

PP. 16017. If a,b,c > 0, then

1). max{E%;E%} < %Zaz 2). min{z%fb; %} > 29;{9';
3). Yab< Y a? 4). (>-a) (D> ab) > 9abe

5). Prove 1) = 3) 6). Prove 2) = 4)

7). It‘s possible 3) = 1) ? 8). It‘s possible 4) = 2) ?

Mihaly Bencze

PP. 16018. If a,b,c,x,y > 0, then
ya?+xb?—(z+y)c? —(z+y)a+yb>+xc? xa?—(x+y)b%+yc?
a?+b + b+c + cta <0.

Mihély Bencze

PP. 16019. If a,b,c > 0, then
1). > ab® (a® +b%) > a?b*c? Y- ab(a + b)
2). (5 a%) (X a%b?) > atbted (3 ab?) (3 a%b)

Mihaly Bencze
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PP. 16020. If a,b,c > 0, then
D). Y5 >max{za%b,za%b}

2) Z b+c = 2
3). Prove that 1) = 2)
4). Is true the implication 2) = 1) ?

Mihaly Bencze

PP. 16021. If ay >0 (k=1,2,...,n), then
n
(a1 + J/aias + ag) (a2 + 2\/asa3 + ag) (an + ny/anal + al) > (”;2)! IT ak.

Mihély Bencze
PP 16022. If0<ak<1(k::12 ,n), then

Z ag + > 1+a1+a2 _n+ > ajas.
k=1 cyclic cyclzc

Mihaly Bencze
PP. 16023. In all acute triangle ABC holds ) 4/1 — thAtg < 2V2.

Mihély Bencze and Yu-Dong Wu
PP. 16024. If z; € [-1,1] (i =1,2,....n), k € {2,3,...,n}, then
). V1-23+1—-a2+2/1—2+4y/1—af+ ... +2"2/1—22 <
A1 — (31 4 @9 + 233 + dx4 + ... + 27 21,2

2). éwl—x < >

cyclic

_ ($1+932+2‘T3+41'4+m+2k721k ) 2
3 .

Mihaly Bencze
PP. 16025. If z; € [—1, 1] , pk >0 (k=1,2,...,n), then

1 pry/1 =} < Z pk an (prr)®.

Mihaly Bencze

PP. 16026 Determme all numbers m e N which can be expressed
m———i— + + .+ where a; € N* (i =1,2,...,n).

a1+a2 a1+a2+a3 a1+a2+ Aan?

Mihaly Bencze
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n
PP. 16027. If S, =1+ % + ..+ %, then [] Skff—l > ntl
k=2

Mihaly Bencze
PP. 16028. If a,b,c > 0, then (Y 9)% + (32 2)° > 33 atb,
Mihaly Bencze and Zhao Changjian
PP. 16029. If a,b,c > 0, then (> a) (Z %) >33 a.
Mihaly Bencze

PP. 16030. In all triangle ABC holds [] (stgé — 27") <1
Mihély Bencze

PP. 16031. In all triangle ABC holds \/tgé >23 ctgg — % 2,

T

Mihaly Bencze

C 2 B
2

sin

sin Ag <1

B in2 A gin2 B 2 A 2 B)y —
COS2(281n 2Sln 2~|>COS 2COS 2)

PP. 16032. In all triangle ABC holds

Mihaly Bencze

PP. 16033. In all triangle ABC holds

1). S.m2tgA > 9sr
2). TI(—a+b+c) < 4B

Mihély Bencze

PP. 16034. The triangle ABC is equilateral if and only if
s3>s ((4R +7)? — s2> >3 ((4R +7)? — 1232R> :

Mihaly Bencze
PP. 16035. If 7,5, 2 > 0, then 3 (g —v4 5) (g +¥_ 5) <3.

Mihély Bencze
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PP. 16036. If x,y > 0 then
x2n _ I2n ly 4 xQn 2 2 2n—3y3 4= nyn—l 4 y2n > mnyn'

Mihéaly Bencze

PP. 16037. If 2, >0 (k=1,2,....,.m),n >3, m € N then
n

32 (2m)2m kz wzmﬂ >2m+1) Y = 2"”’{/36%’” %m (xo + 373)2’”.
-1

cyclic

Mihély Bencze
PP. 16038. If ay >0 (k=1,2,...,n),n > 3, then
n 2
VAY al > Y ai(azas(ag + ag))3

k=1 cydlic
Mihély Bencze

PP. 16039. If ax >0 (k = 1,2, .eyn),n > 3, then

mé ay =5 % ary/a3af (az + a3)".

cyclzc
Mihély Bencze

PP. 16040. Let p,q be two prime. Prove that exist ng € N such that for all
n € N, n > ng exist a,b € Z such that n = [a p] + [b\/a] , where [-] denote
the integer part.

Mihaly Bencze

PP. 16041. If a,b,c > 0, then
1. Yat+ I (T ab)’ +abeya> (X a)* (3 ab)
2). 23 a* + (3v3 —2) abe Y a + 2v3 (X ab)® > V3 (X ab) (X a)®

Mihély Bencze
PP. 16042. In all acute triangle ABC holds

1). Y sin(sinA) < & < Z cos (cos A)
2). Yosin(cosA) <14 5 < Zcos (sin A)
3). >_sin(sin A)sin (cos A) < 5 < >~ cos (sin A) cos (cos A)

Mihély Bencze
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PP. 16043. In all triangle ABC holds
(32 +72 4+ 4Rr) (52 +72 4 2Rr) > 12Rr (52 —r2— Rr) .

Mihély Bencze

2A 2B 2C
PP. 16044. Tn all triangle ABC holds Y~ 219" 2 +19"5

') S
r+stg3 g -

Cn\r—-

Mihély Bencze
PP. 16045. In all triangle ABC holds

sin? r 3(8R2+r2—52)
1. 143 — % 2 3k T "2RER=—
cost 4 3((4R+r)2—s2

2). 2+2R+ZCOS2§ ( )

= T 2R(AR+r)

Mihaly Bencze
PP. 16046. In all triangle ABC holds }_ ¢ tgécth% > {‘/%.

Mihély Bencze

Py
PP. 16047. In all triangle ABC holds ) S_?_/TgA
2

<

3
44/sr”

Mihély Bencze

2 2 2 2
PP. 16048. If z,y,z > 0, then Zﬂ@y*;z +12> 32%.

Mihaly Bencze
PP. 16049. In all triangle ABC holds > ————
5y/5—6 Ttg%

Mihaly Bencze

A
PP. 16050. In all triangle ABC holds Y- %2 -
2

Mihaly Bencze
PP. 16051. In all triangle ABC holds

Z ctg?’% > 4sR(R+3r) _ 3s ( s®+r2+Rr 2
sin? A = r3 r ’

2sr

Mihaly Bencze
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PP. 16052. In all triangle ABC holds 3 /(1?4 + %) tg4 > 2.

Mihély Bencze

PP. 16053. In all triangle ABC holds ) tg% + gctg2§ < %ﬁ

Mihaly Bencze

PP. 16054. In all triangle ABC holds

1). 32 4/tg4
2). S y/tgd

< 45 (7v/E + )

< 6V5-3 Y/ sv/3

Mihaly Bencze

PP. 16055. In all triangle ABC holds
(Z tg?@@?) <Z tgé‘) > 3/3.

PP.

PP.

PP.

PP.

PP.

16056.

16057.

16058.

16059.

16060.

Mihaly Bencze

. sin? % cos? % (4R+r)2—s2
In all triangle ABC' holds } - — Tires & 2 TR(URT)P—27)"

\Y]

Mihély Bencze

: A
S11’12 35 24R

tg2g+2tg§tg% = r

In all triangle ABC holds )

Mihaly Bencze

Prove that (1 |73 T/ If?,z) \/% > 3, for all z,y,2z > 0.

Mihaly Bencze

a 3
If a,b,c > 0, then > Tatah < \/m,for all z,y > 0.

Mihaly Bencze

2(s2+'r2 +4R’r)
sT :

In all triangle ABC holds 9+ Y tg5ctg§ >

Mihaly Bencze and Shanhe Wu
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PP. 16061. If a,b,c > 0, then (Y v/a)® (X a)? > 8 (23 a® + 3abe) .

Mihély Bencze and Zhao Changjian

5s—27rtg§ >1

PP. 16062. In all triangle ABC holds gl 2

Mihaly Bencze

PP. 16063. If z,y,2 > 0, then 3 (V@ + v/2) \/ 225 > 6.
Mihaly Bencze

3 a)(Lla—blVath)’
3[[(a+d) ’

Mihaly Bencze

PP. 16064. If a,b,c > 0, then 2 22 > S a +

PP. 16065. If a,b,c > 0, then
[T(a—0b)?+2% a3b® + 2abe 3 a® + 9a2b2s2 < (X a?) (X a*).

Mihaly Bencze

PP. 16066. If a,b,c > 0 and a 4+ b+ ¢ = 1, then determine all z,y > 0 such
that Y- (za® + ybe) (1 — a)? < 4.

Mihaly Bencze

PP. 16067. If z,y,z > 0, then
Yt +17 (X ay)? > 3 (X ) (X ay) + 25wyz Y @,

Mihély Bencze

PP. 16068. If a,b,c > 0, then

2
1 1 2 b a(a—b) ab
2 ((b+c)2 T (c+a)2> a*+43 <m> +23 (b+c)(c+a) =42 (b+¢)?"
Mihaly Bencze

PP. 16069. If a,b,c > 0, then
55 a*+23a% >33 a?h? + 4max {Y ab®abc Y a}.

Mihaly Bencze
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PP. 16070. If a,b,c,z,y € R, then (22° + 22y + y*) > a + 2zyabc Y a >
(222 + 2zy — y?) > a®V? + 2y (z +y) > d’e.

Mihély Bencze

PP. 16071. If a,b,c € R, then
Sab 46> a*? +>a?bt +25" a0 +2 adb? > 12a2b?c? 4-4abe Y ab (a +b) .

Mihaly Bencze

PP. 16072. If « € [1, 3], then in all triangle ABC holds
> ((tg9)" ™+ (t98)") (1) ™ < 3 (5)".

Mihaly Bencze and Yu-Dong Wu

PP. 16073. If a,b,c > 0, then 3. 25 Elabetlt, < 1571,

Mihély Bencze

PP. 16074. If a,b,c > 0, then
3(3a) (X ab) +4 (X ab)? > 9abe +2 (> a)* (X ab) .

Mihaly Bencze

PP. 16075. In all triangle ABC holds

1). 232—57"2—20]%7“2%(E\a+b—c\+2z\a—b|) ,
2). 732—207*2—81%7'2%( S I3a—b+3c|+2> |a—b|)
3). TAR+1)* — 2082 > L (Do + 1y — 1| + 23 ra — 1))
4). 56 RZ + 24Rr + 472 — 10s% >

> %(Z‘sin2g+sin2§—sin2%’+22}sin2g—sin2g’)2
5). 2(4R+71)* — 752 >

> %(Z‘cos?%—i—cosQ%—cosZ%‘+22|cosz COSzB)

Mihaly Bencze

PP. 16076. If a,b,c > 0, then
[T(a+b)*>4]] (b? + ca) + 4abe > be (b+ ¢) + %(\H(a—bﬂ + 8abc)? .

Mihély Bencze
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PP. 16077. In all triangle ABC holds
12 (32 —r2— Rr) (52 —r2— 4Rr) > (82 +7r2 4+ ZRT) (1152 — 1572 + 44Rr) .

Mihaly Bencze

PP. 16078. If a,b,c > 0, then
9% a?>2Y (a+b) (b+c)+$(2\a+b—c|+2Z\a—b|)2.
Mihély Bencze

PP. 16079. If a,b,c > 0, then

aQ(b2+2ca) a? (a3+3bc(b+c)+2abc)
0. > G =1 2). 2 G el S atbtc
Mihaly Bencze
PP. 16080. If a,b,c > 0, then
2
1 242 b
DY () 245 2. T & > Yl

Mihély Bencze

. sin 4 2(13(4R+7)>—30s2)
PP. 16081. In all triangle ABC holds ) 0083% 2 (@R 2

Mihély Bencze
PP. 16082. If a,b,c > 0, then 9[] (a +b) (b* + b + ¢?) > 8(Xa) (X ab)*.
Mihély Bencze

PP. 16083. If a,b,c,d,e € Rand }_ (b—c) (c—d) = % then
5(3a) =1+ (a+b—3c+d+e)?+243 ac.

Mihély Bencze

PP. 16084. If z,y,z > 0, then [] (mQ + yz) + Ta?y?2? > %Z:py (r+vy).

Mihaly Bencze
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PP. 16085. If x > 0, then

. (-1 (2 +a+1)+1@+1)° <
<2(z24+1)° < (@+1)° @ +1) + (e — D* (z +1)°
2). 1222 +2+1) > (2(x+1) + |z - 1])°

Mihaly Bencze

PP. 16086. If ar >0 (k=1,2,...,n), then

n
2v3 3 Valtaraa+ai >4 ap+ Y |ar —azl.

cyclic k=1 cyclic
Mihély Bencze

PP. 16087. In all triangle ABC holds
1). 2R —r) (s* +r* —8Rr) > 18Rr?
2). (4R + 1) > (30R + 7r) s

Mihély Bencze

PP. 16088. If a,b,c > 0, then
(7> a*+103a%) (T L +10) =4) > 2601.

Mihaly Bencze
PP. 16089. If a,b,c > 0, then 7Y a’ + 5 ab (a®> +v?) > 3£ (30 a)t.

Mihély Bencze

PP. 16090. If a,b,c > 0, then (Y a?)* (2 5)* 2 9(X a®e?) (X 24) = 81

Mihaly Bencze

PP. 16091. If a,b,c > 0, then
2(2@2)2 > (3+V3) X d®b+ (3—V3) abe a+2 (X ab)?.

Mihaly Bencze

PP. 16092. If x,y,z > 0, then
2 2
D). X ermagryr <3 2). X g 2 1

Mihaly Bencze
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PP. 16093. Determine the closed form of the expression

n
A L QU PR . , where p, q are two given primes, and {-} denote
= q P
the fractional part.

Mihaly Bencze
PP. 16094. Ifa; >0 (i =1,2,. .,n) and k € {2,...,n}, then
\/(ll(lg .ag Z

k—1+aiasz...ap — k
cyclic cyclic

Mihaly Bencze

PP. 16095. If 2,y,2 > 0 and ) 1 = 2, then Zriy <1.

Mihély Bencze

PP. 16096. Solve the following system:

1790% . o
= arcsin + arctgx
1+LE§ /1_;'_:5% g 4

1—x . T
arccos 5 = arcsin + arctgx
I¥af i g8

Mihély Bencze

PP. 16097. If #,y € (0,1), then

1—22 1-y?
Tre L~ + arccos The? = = arcsin

Tty
l—zy*

Tty
(1+22)(14y?)

arccos + arctg

Mihaly Bencze
PP. 16098. If a,b,c > 0, then 3 ¥ < 3 1 1(Tq) (3 1).
Mihély Bencze

PP. 16099. If z,y,2 > 0, then Y ;<02 >3,

Mihaly Bencze

PP. 16100. If a, b, c > 1lora,bce (0,1), then determine all k,p € N such
that > loggu a < 72 < 3 10g ik a.

Mihaly Bencze
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PP. 16101. 1). In all acute triangle ABC holds } =2 Los A, 1> &

sin A

2). Compute min ) 35

Mihély Bencze
PP. 16102. If a,b > 0, then a?? +2 (3v/3 —5) (a +b) > 6 (2 — v/3) ab.

Mihaly Bencze

xy(212+7y2)

PP. 16103. If z,y,z >0, then Z @2y (@2 1597

3
<3

Mihaly Bencze

734+ 1=2¢ 215 — 1
3 — 939 _ 1
PP. 16104. Solve the following system: Tyt 1=2v2ws =1

Mihaly Bencze
PP. 16105. Prove that:

1— 2 o 5— 2\[ 2_;'_\/
1). s 72242 = o3 o
2). Compute [ ™ arccos 1+ zd:v

Mihaly Bencze
PP. 16106. In all triangle ABC holds ZthAthB <1-— (?ﬂ).

Mihaly Bencze
PP. 16107. Let be a,b,c € C (a # b # c) such that ;% +—+ab:0

a+b+c
ComputeS—(b C)n+( )n+( )n.WehaveS1—0 So = m~

Mihély Bencze

PP. 16108. Solve the following system:
— (BT 4 7) B —y — (e 7)==, — (3BT 7)1

Mihaly Bencze
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PP. 16109. If x,y,z > 0, then

(\/54-\/27—1-\/5)(934-3/4-2)% > 3V3 (vy +yz + 22) .

Mihaly Bencze

T oen® o (G
PP. 16110. Prove that [] ()" < ( 5224 .
k=0

Mihaly Bencze

e tg2x ctg x
PP. 16111. 1). Ifz € (0,5), then ;55— + o500 > 1 Hctg -

t92m1 ctg2$2 _ 2
tg3zy+ctgra ctg3zottgrs — tglzsttgizy
2). Solve the following system: ¢ — — — — — — — — — — — — — — ——
tg2ccn + ctg2a:1 _ 2
tg3xn+ctgry ctg3zri+tgre ~ tglxottglas

Mihaly Bencze

n
PP. 16112. Determine all a > 1 such that ) — L foralln € N*.
k

1
Ttaf =
=1 ta

Mihaly Bencze

PP. 16113. If the equation 23 4+ az? + bx + ¢ = 0 have positive real roots

1, X2, T3, then (4x% + 3) (41‘% + 3) (43@% + 3) >8 (a2 —ab—2a+b+c+ 1) .
Mihély Bencze

PP. 16114. In all triangle ABC holds:

1). 3 (4% +3) (40 + 3) > § (45 + 3)°

2). X (4h2 +3) (4h +3) > 3 (erann 4 5)°

3). 3 (4r2+3) (47 +3) > 2 (B8R +4r +3)°

4 4SIH4A 3) (4sin* B +3) > 4 (5 — )2

5; §E4COS4A_:—3))((4COS %13));34((7+IE’))2
2 =3 R

Mihaly Bencze
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PP. 16115. If z, >0 (k=1,2,...,n), then

3=

s

1). (:L‘%-Fl)zzgin 2+\/§<H ($1+$2)i)

k cyclic

2. ¥ @i +1) (3+1) > @szﬁ%_

cyclic

1

Mihaly Bencze

PP. 16116. If a,b,c¢ > 0, then abc[](4a+b+¢) < (a+b+c)*[[(a+b).

Mihaly Bencze

1 T n—1
1 1 1

PP. 16117. If f (x) = W 1 2 e n , then solve the
1n—2 2n—2 nn—?

equations:

1). f(2)=0 2). f'(2) =0 3). ) =f (L)

4). f(x+1)=f(x—1)
Mihaly Bencze

PP. 16118. In all triangle ABC holds

sin(A+z) sin(B+xz) sin(C+ x)
cos(A+x) cos(B+xz) cos(C+x) |+
a b c
sin (244 x) sin(2B+z) sin(2C +x)
+| cos(2A+x) cos(2B+x) cos(2C+1x) | =
a b c
sin2A sin2B sin2C
=2R| cosA cosB cosC |forall xz € R.
sinA  sinB sinC

Mihély Bencze
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PP. 16119. If x > 0, then

e (§) (£ )= (5) (3,%).

k=0 k=1

Mihaly Bencze

PP. 16120. Let A;As...A,, be a convex polygon with sides a1, as, ..., a, and
(n—2)%x2
(n—1)582 *

. A2
perimeter S. Prove that kzl T >

Mihaly Bencze

z

n
PP. 16121. Solve in positive integers the equation > zi! = y*.
k=1

Mihaly Bencze

n+1 n41
PP. 16122. If z; € R (i = 1,2,....,n + 1) such that > z; = an, > 2? = bn,
i=1 i=1

where 0 < a < b and (n + 1)b > na?, then

n(a—\/(n—i—l)b—na?) ) n(a—i— (n+1)b—na2)

n+1 ’ n+1

xR € for all k € {1,2,...,n+1}.

Mihaly Bencze

PP. 16123. Let p > q be two prime numbers such that p™ not dividing
((p — q) n)!. Determine all n for which ((p — q) n)! are dividing by p"~!.

Mihaly Bencze

PP. 16124. 1). If z € R, then 2* — 82 +8 > 0
2). Determine all a,b € R for which % - "%3 + % +ar+b>0forall zeR.

Mihaly Bencze
PP. 16125. Determine all x >0 (k= 1,2,...,n) for which
n 2 n
<Zxk) +1Z Z%%—Zxk
k=1 cyclic k=1

Mihély Bencze
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PP. 16126. If p,q > 2 are prime, then determine all a; € {0, 1,
n q n p
S o (£ )

k=1

(k=1,2,...,n) such that ajaz...a, = p <
k=1
Mihaly Bencze

n) and k € {1,2,...,n}, then

PP. 16127. If z; >0 (i =1,2,...,
n
-1
ik(z 1) Soak+ %(Z) > > Tiy Tiy-Tiy,-
=1 1§i1<...<ik§n
Mihéaly Bencze

PP. 16128. In all nonacute triangle ABC holds:
1). r(4R+7) < (8v2 —11) s
2). s2 412> 6(1+\/§)Rr
3). s2>2(7+5v2) Rr
Mihaly Bencze

1 n(n?—n+9)
PP. 16129. If n > 4, then kgl R = 9(nt1)?
Mihély Bencze

n

PP. 16130. If a,b,c > 0, then
S (a+b)*(a+c)* > 12abc(a+b+c)+ 1 (Xlala+b+c)—be|).
Mihaly Bencze

PP. 16131. Determine all z,y, z > 0 such that
(@+y+2)° <%+§+§) > 27 (2% + Y2 + %) .
Mihaly Bencze

PP. 16132. In all tetrahedron ABCD holds

1)‘ ﬁzhaz1+12max{(§;§)2;r22%}
2). =D re > 1+12max{(22:a§)2;§z%}

Mihaly Bencze
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PP. 16133. If n > 4, then

n 2 7 3 2
1S 2(n?+2n-1) 1 6(10n°+39n?+14n—33)
1). Z:: k= (nt1) 2). Z:: 7 2 5(n+1)%(2n+1)?

Mihély Bencze

PP. 16134. If F}, denote the k" Fibonacci number, then

‘1\

n 3 3n2F, F,
Z:: n nzj1 + (717; S?} for all n > 4.

Mihély Bencze

PP. 16135. In all simplex holds the following inequalities:

n S K2 n
1). niz n—3+3nmax { ———— 2;7“221%2
k=1 (Z hk) k=1"F
k=1
2 ¥ kz1ri 2 x. 1
n— =
2). kglrkzn—?)—i—i%nmax (irky’(n 2)22231%
k=1

Mihaly Bencze
N n+1 3(n+1) (%)
PP. 16136. Prove that Y - > %= (n—2+4 ——22 | for all n > 3.

Mihély Bencze
PP. 16137. In all triangle ABC holds ) sin % + 25 cos g cos B <> L.,

2 = in 4
sin 5

Mihély Bencze

PP. 16138. In all triangle ABC holds 3-47% <" (sin % sin 123) < R'” for
all @ > 1.

Mihaly Bencze
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PP. 16139. Ifar, >0 (k=1,2,...,n) and Z ar =n, then >

k=1 cyclic
(A generalization of problem 3345, Crux Mathematicorum).

n
1+a1a2 Z 2
Mihély Bencze

PP. 16140. In which triangle holds the following inequalities:

1). s*(s* +1r?) 4+ 27Rr* (4R +r) > 23s*Rr

2). 252R +27r% (4R +r) > 14s%r

3). (2 + 72 +4Rr)’ > 54Rr ((s* + 2 + 4Rr)* — 165°Rr )
4). (4R + 1) > 27r ((4R )2 - 252)

5). (2R —1)" (s + 72 — 8Rr) > 2TRr? (8R? + 1% — s?)

6). (4R +7) (32 + (4R + r)2) > 27Rs? ((4R +r)? - 52)

Mihaly Bencze

PP. 16141. In all triangle ABC holds

1). T4 > dsRr 2). [T Lot > 2
3). 11 h;j_};b > 2‘3{ 4). 1] riirlb > 2

sin 7+s1n§ r cos? f—&—cosf s
5)-Hﬁ2ﬁ 6)'Hﬁ>?

Mihaly Bencze

: (t9* 5 +t95 ) (t9> 3 +t9%)
PP. 16142. In all triangle ABC holds (Trtg2) (119 E) > 1.

Mihély Bencze

PP. 16143. In all triangle ABC holds
1), S Wraln 5 2 4 yp oy,

1+ry
2 B
2) Z (1—}—5111 7) sm25 > 16R2—4Rr+r2—s2
’ 1+4-sin? g - 8R?
A2 B
3). (1+cos® 9) cos? 3 32R2412Rr4r2—s?
: 14cos2 £ - 8R?

Mihaly Bencze
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PP. 16144. In all triangle ABC holds

1). 25 > /3 (s2+ 12 +4Rr) > 3V/4sRr

2). s> /3r (4R + 1) > 3V sr2

3). s2 4+ 12 +4Rr > sv/6Rr > 3v/2s2R2r2
4

ot

2R —r > 3\/3(s2+ 12— 8Rr) > 3{/E*

).
).
).
). 4R+ 7 > sv/3 > 3V/s2r
).
6). 4R+ 7 > 5\/3(s2+(4R+r)2) > 3¢/ 82

(Refinements for classical triangle inequalities).

Mihély Bencze

6\/53(32 +7"2+2Rr)
R3 :

PP. 16145. In all triangle ABC holds [[ (5 +2cos A) >

Mihaly Bencze

PP. 16146. If ap, \p,z,y >0 (k=1,2,...,n), then
(Z )\kai> (Z )\ka%) < (Z )\k> (Z )\kag,ngy) . (A generalization of
k=1 k=1 k=1

k=1
problem 26064, Gazeta Matematica, Bucuresti).

Mihaly Bencze

PP. 16147. In all triangle ABC holds

1). 2(s? =72 —4Rr) > s +r2 + 4Rr > 3V/1652R2r2
2). s2 — 22 —8Rr > r (4R +r) > 3¢/(s12)?

2 2
s2+r24+4Rr 4s3r 2s3r 3/ [ 25212
). (SEgpdlin)” — A5 > 250 > 39/ (2

4). (AR+71)? — 252 > s2 > 3¢/ (s2r)?

2., .2 2 2,2 2
5). 8R8+]22 s Zs+1r6R28Rr233 ( T )

2
(4R+r)2—32 52+(4R+r)2 3 52
6) : 8R? 2 16RR2 2 3

(Refinements for classical triangle inequalities).

Mihély Bencze
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E A
ctg® 4 $2\/5 Vitgs
e

PP. 16148. In all tri le ABC hold )
6148. In all triangle C ho sz(tgngtg%)g_ NG (s—rtg%)z

Mihély Bencze

PP. 16149. In all triangle ABC holds

2
1 s24r2—4R? __8R(R+r) 2 sin A
D). ¥t 2 (oot} — BRI, sy Y A

2). If ABC is acute, then

2
1> <52+7‘2+Rr) __ 4R 2 < 2 2) cos A
2ot 2 2s7 p A AR (87— QR A7)7) 2 (4R2 cos A+(2R+1)?—s?)"

Mihaly Bencze

n
PP. 16150. If z; >0 (k=1,2,....,n) and ) z = 1, then
k=1

n

_ 3 L
kz—:1 ﬂfkT(Llfﬂ]Zk) = n% > V1 =y

Mihély Bencze

PP. 16152. If ax, by >0 (k=1,2,...,n), then

m—1 m m m+1
. n n no (AT mtT
on ”Hak+”ku SH % 7fO]:'aH"’nE]\[
k=1 k=1 k=1 \ a;" " b, !

Mihaly Bencze

PP. 16153. If z; € (0,1) (i =1,2,...,n) and k € {1,2,...,n}, then

zz:l (1_Ii)k a chcl:ic (1_ m)k

Mihaly Bencze
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PP. 16154. If 2, >0 (k=1,2,....,n) and Y z; = 1, then
k=1

S e > @ (£ v i/ fl o
k=1 k=1 k=1

PP. 16155. Ife, = (1+ 1) &, = (1-4)" B, = (1+ )",

n

Mihély Bencze

_ — \n-1 _
E,=(1- 1)n+1 , then <%)n < (%)n+1 for all n € N*.

Mihaly Bencze and Zhao Changjian

PP. 16156. Determine all z,y € [0, 2] such that

1 nt1 n—1 1 nt1 n—1
tem 4 @-y ) (o) <
< (2" 4+ 2—2))" T+ (" + (2 —y)™)"H for all n € N*.

Mihély Bencze and Zhao Changjian

PP. 16157. If z € [0,2] and a > 1, then

T 4 (2 — ) o < gatl (2 — g)att .
Mihaly Bencze

n n
PP. 16158. Ifa, >0 (k=1,2,...,n) and > ar = > af, where a > 1, then

k=1 k=1
n
> al™ < n (A generalization of problem 249 GMA).
k=1
Mihaly Bencze
2(a+1)
o o a—1
PP. 16159. If a,b > 0, then (a“f“ﬂﬁ“ < @ forall > 1.
a® T fpatT

Mihély Bencze
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PP. 16160. If v, >0 (k=1,2,...,n), then
" 2 7 " 3 . 3
(£ (5 s (8) (5
k=1 k=1 k=1 k=1

PP. 16161. In all tetrahedron ABC D holds

Mihaly Bencze

a—1
= )
1). <hal+la+l < go—lpatl
(=)

a—1
¥ T
2). @ < 2073patl for all o > 1.

Mihély Bencze and Zhao Changjian

PP. 16162. In all triangle ABC holds

1

244 (32 —3r2— GRT) <3 (32 —r?_ 4R7")3
2 2

; st (s2 —12Rr) < 3(s? — 22 — 8Rr)’

) (4R+ 1) (4R +1)° ~1252R) <3 (4R + 1) - 232>3
)

)

e~ W

22R—1)° (2R —r) (4R +7)? = 38%) + 6Rs?) < (8K 17 — 52)°

5). 2(4R+ 1) (4R + 1) 382 @R+ 1)) < (4R +71)* — 52)

Mihély Bencze and Zhao Changjian
PP. 16163. If ap >0 (k=1,2,...,n) and o > 1, then
at1l n
af+ag | a—1 +1
> (SE) T e e
cyclic k=1

Mihély Bencze and Zhao Changjian

PP. 16164. In all tetrahedron ABCD holds
3 3
D635 27 X5+ (3) 2.6 527 m+ ()

Mihaly Bencze
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PP. 16165. If z; >0 (i =1,2,....,k) and n € N, n > 3, then

(B) © () e (Be) u(52)

i=1 p=3 \i=1
PP. 16166. If S¥ = 1* +2F 4 ... 4 n*, then

(n—=1)(n+4)
2

Mihély Bencze

n2 (n+ 1)F (SEF1)F1 < okt (SR o all | e N*,
Mihély Bencze
PP. 16167. In all triangle ABC holds

2 2
1). > (sinﬂ) <% 2). 11 (COS \/Z) > (%)2
Mihaly Bencze
PP. 16168. If z € [0, 5], then

1). sin? (sinz) + sin? (cos ) < 2sin 3 cos (3 cos 2z)
2). (sinz)* + (cos /5 — m)4 <1

Mihély Bencze
PP. 16169. If p,q > 3 are two prime numbers and A,, = {pn + ¢|n € N}
and B, = {gn + p|n € N}, then
1). A, U B, contains infinitely many twin primes
2). How many twin primes contains 4, N B,, 7

Mihély Bencze
PP. 16170. In all tetrahedron ABC'D holds
D Z e 2 v B X ) 7

Mihaly Bencze
PP. 16171. If a,b,c,d >0 and S =a+ b+ c+ d, then

V2
Y nTire 25— % - (nlﬁi)f for all n € N*. (A generalization of problem

3345, Crux Mathematicorum.)

Mihaly Bencze
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PP. 16172. If a,b,c > 0, then ) gt < 4.
Mihaly Bencze

PP. 16173. In all triangle ABC holds

A
D T < R

2). > (\/52—4R7“—r2—2R25in2A) tg% >2(R+7)

Mihaly Bencze

PP. 16174. If a,b,c > 0 and ab + bc + ca = 1, then

a® 3(\/g)y+z—:c a®ty 3
1) Z TFbvce 2 1+(\/§)y+z 2) Z 14+a* = (1+(\/§)Z)(\/§)y

for all z,y,z > 0.

Mihaly Bencze

PP. 16175. In triangle ABC denote R,, Ry, R. the distances from the
incentre of triangle to the vertices A, B, C. Prove that

1). Y A <2
2). >Ry =Vs*+1r2+4Rr

Z R, Z R, 3
3) X{ \/047 \/%} < \2/5
I\/Il]lély Bencze
$1+2siny—cosz <1

PP. 16176. Determine all x,y,z > 0 such that { ylt2sinz—cosz <
Zl+251nz—cosy <1

Mihaly Bencze

PP. 16177. In all triangle ABC holds

ctgg 3\/§ ctg2§ s\/g
1) Z s—i—'rtg% = 4r 2) Z s+'rctg% =z (1—1—\/5)1”2

Mihaly Bencze
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PP. 16178. Let P (z) be a polynomial with nonnegative coefficients.

Determine all zj, > 0 (k = ,n) for which
P<1> (2 +P<xi> ) + .. +P( )P(xl)Zn.

Mihaly Bencze
PP. 16179. If z,y,2 > 0 and n € N, then > 1 $n+yi)zn+y2n) < <$)"

Mihély Bencze
PP. 16180. If x,y,z > 0, then

1). 22% + Y222 > Y 2%y + 6xyz
2). 23 22 + yayz Y x> > xy + 6/x2y222.

Mihaly Bencze

. P —(n—1)z1+n—1
PP. 16181. If 2, > 0 (k= 1,2,...,n), then yzlm >

1

Mihély Bencze

n n n n
PP. 16182. Solve in Z the equation [] xj + Z % => H xi
k=1 k=1 k=1 k=1

Mihaly Bencze

PP. 16183. Solve in N the equation (}) = i (™).

s
Il
—

Mihaly Bencze
PP. 16184. In all triangle ABC holds V/6v3 < 3" /tg4 +tg5 < 3,/3L.

Mihaly Bencze

PP. 16185. If a,b,c,d > 0, then
Vat + bt +2vat +ct +Val +dt Vbt et 2V d Vet dt >
> 22 (ab + be + cd + da) .

Mihaly Bencze
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PP. 16186. In all triangle ABC' holds
1). 1 (3?;) > 2%

(b+C)s a >2g

9
(321:*:&) > g
a
2A
2R— 7“+2Rsm2§ cosecy > 22?1?
—r
2R—r— 2Rsm2§ -
sec? 4
4R+r+2Rcos® 4 ° S g L.
4R+r—2R cos? %

Mihély Bencze

2 sint )2 s sint\2 o sint )2

PP. 16187. Prove that f (T) dt + f (T) dt + f (T) dt < for all
X xT x

x > 0.

Mihaly Bencze

PP. 16188. Prove that
1

i . L L) de < 12,37,
0 \ (1—z+a?)2 (1—ﬂx+1’2)7 (1—\/§m+x2)7

Mihaly Bencze

PP. 16189. If z € R, then (sinz) 25 * (cos ) 2% % < e.

Mihély Bencze

PP. 16190. If x € R, then
(%)2 < ((Sinw)%g% + (Sinx)%ec%) <(cos x)QCtg% + (cos z)?eosee x) <1.

Mihaly Bencze

PP. 16191. Let 0 < a; < ag < ... < a, be an arithmetical progression with
ratio r > 0. Prove that
n

> |chagy1 — chag| > r (\/Shalshag ++/shagshaz + ... + \/shanshanﬂ) )
k=1

Mihaly Bencze
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PP. 16192. If z > 0, then 2z < tg (§tha) + Sth(tgx).
Mihély Bencze
PP. 16193. If z,y,z > 0 and 28 + 8 4 28 = 23¢323 then +% <1

Mihaly Bencze

PP. 16194. IfO<e < fe+ f = 1, 0<c§d§1,0<a§b§1,then

dxd
e(d—c)lngﬂ-i-f( —a lndﬁ Sfiner-

Mihaly Bencze

- . 9 6(1+\/cos2:c)
PP. 16195. If » S (0, Z]’ then arcsin (tg $) Z m

Mihaly Bencze

PP. 16196. Ifa; >0 (i=1,2,...,n) and k € {2,3,...,n}, then

a"—(m—1)(a1 1) n N
> et rar 2wy forallme N*.
cyclic

Mihély Bencze

PP. 16197. 1). If n € N*, then d? (n) < 3n

2). Determine all k € N* such that d* (n) < (k+ 1) n for all n € N*.

Mihaly Bencze

PP. 16198. If 0 < a1 < as < ... < a, are positive integers, then determine
all k € N* for which from the given sequence we can determine n — k
integers, such that for the remains by, bs, ..., by the numbers

‘bl — b2| , ‘bg — b3| s ey ‘bk — b1| are distinct.

Mihaly Bencze

1+ tgx + ctgy = cos (z + I)
PP. 16199. Solve the following system: 1+tgy + ctgz = cos (CL‘ + %)
14 tgz + ctgz = cos (y + I)

Mihaly Bencze
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n
PP. 16200. If a,zx >0 (k=1,2,....,n) and [] zx = a", then determine
k=1

n

min k; \/ﬁ
Mihély Bencze
PP. 16201. If 2 € [0,7], then 4 sin®z cos® z 4 cos (sinz) + cos (cosz) < 2.
Mihaly Bencze

PP. 16202. Let consider the equation 2% + y? = 2°

1). Prove that the equation have infinitely many solutions for which
T, (%)2 , 2 are consecutive integers.
2). Prove that the equation have infinitely many solutions for which

2
2 . . . . .
T, (yf) ,z are integers in arithmetical progression.

Mihaly Bencze

PP. 16203. If x € (0,1) U (1,400) and A € [1,2], then

n A (n+1)A
1\ A T 1)(x +1
kzl (zF + ?k) < ( xnigxk—l) ) _ n -2,

Mihaly Bencze

PP. 16204. If x > 0 and X € [1,2], then

n

n A
> shakz > n2A 1 (}1 > shkx) -1].
k=1 k=1

Mihaly Bencze

PP. 16205. Denote R4 the radius of the circle which is tangent to the sides
AB, AC and interior to the circumscribed circle of triangle ABC' etc. Prove

2s
that RY RG R, > (2t )™

Mihély Bencze
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m w271
" o (B
PP. 16206. Prove that I] ((7)(;))" < | =
k=0
Mihaly Bencze

PP. 16207. If z, = [n\/ﬂ , where n € N* and [-] denote the integer part.

Determine all £ € N* for which exist infinitely many n € N such that
zn, = 0 (mod (k—l—l)t),tEN.

Mihaly Bencze
PP. 16208. Let ABC be a triangle in which a > b > ¢. Prove that
(a(b—c)me+b(a—c)my) (my+me)? > c(a+b)ym3.

Mihaly Bencze

PP. 16209. If F; denote the k" Fibonacci number, then

Fk 2 FnFn+1
T+ FFrs1 ) = T+FnFnt1”

k=1
Mihély Bencze
PP. %6210. Prove that:

n
k41 n (k+1)(k+2) n(n+3)
1). kgl k(2k+1)? S s 2). kgl k(5k24+15k+8)? < 16(5n%+15n+8) *

Mihély Bencze

PP. 16211. Determine all a;, € C' (k € Z) such that

i T — sine if t=0
it RER=E= cosz if t#£0

Mihaly Bencze

PP. 16212. In all triangle ABC

12,2 2024+b%c?+c?a® . 2Rs?
1). 5 (s°+ 72 +4Rr) < S0 < 52
2). 3r(2R—1) < s? <2R? 42

Mihaly Bencze
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PP. 16213. In all triangle ABC holds:

1) max {5 sin 4 coseel Sein § cosec ) < BT
2). max {Z cos % sec 5; > cos 5 sec € } (4R+r) ;2g4R+T>2>
3). max {3 cos g‘ sec 2 > cos 4 4 sec 2} \/(2R ) ;ggmw)?)
4). max {3 cos 5 cos ecg; > cos 5 cos ec%} < \/ 4R+7")(;12%—:21”2—8Rr)

Mihély Bencze

PP. 16214. In all triangle ABC holds:

1). > (2 (cos 7 Tsin ’2) (cos & +sin &) — 4cos 452 cos Z5E cos -4 _
— > _sin g2 ) <1l—-455

).1Z ((?OSA4 s 12/2 (;OS 4 ;_ Scm E)C<A T—A
< 3 sing +6cos =3 + 33 sin T4

[\)

Mihély Bencze

PP. 16215. In all triangle ABC holds:

1

). fZR+)Za2+b2 > 30 4 3 bhe
>a?)(Xa) s

AT

)

)

w N

. max {Y_ a®h, Y a*c} < 6sR?

2
2 2 s24r244Rr " 1 9R?
4). (s* —r? —4Rr) <(45m> Rr> S %7

Mihaly Bencze
PP. 16216. In all triangle ABC holds: 2R? + 86Rr + 92—

—2(R —2r)VR? —2Rr < 6s®> < 31R? + 30Rr + 7r* + 2(R — 2r) VR? — 2Rr.
Mihély Bencze

PP. 16217. 1). In all triangle ABC holds: (Z g) (Z \/g)Q < @

2). Determine its minime.

Mihaly Bencze
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PP. 16218. Let ABC be a triangle, and x,y > 0. If (z + y) a < zb + ye,
then (x +y) A < xB+ yC.

Mihaly Bencze
PP. 16219. Let ABC be a triangle in which a < b < ¢. Prove that
4s(a+ hg) (s 4+ +4Rr) <3b(b+c+ hy + he) (a® + ac+ ¢?).

Mihaly Bencze

PP. 16220. In all triangle ABC holds: (3 a!) (3 (s —a)™") > 9-2¢ for all
t € (—00,0]U[l,+00).

Mihaly Bencze

PP. 16221. In all triangle ABC holds:

2
1). s> (3R —8r) + 3Rr (4R +1) > 0 2). X2 (hbﬁ) 21

Mihaly Bencze

PP. 16222. In all triangle ABC holds:

S

D XVE =265 2). X% = xm 3). Y =%
Mihaly Bencze

PP. 16223. In all triangle ABC holds:

1). 8R? + 8Rr + 5r? > 252
2). Yon, 2 onrs

3). (Crame) (25 ) 29
Mihaly Bencze
PP. 16224. In all triangle ABC holds: 235 < (Y ab) (3 1) < Y3,

Mihaly Bencze
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PP. 16225. In all triangle ABC holds:

s24+r2—8Rr

3
1) Z <ai+b> s2+r2+2Rr
> 2(4R—5r1)

2)‘ Z (fa+cb+cg =
a 4R—5
3) Z (rb:-rc> = 4R -

)3

Mihély Bencze

PP. 16226. If ap >0 (k=1,2,...,n), then
.9 n non
I (a1 +a2+.. +an—1)2 > ("Tl) (Z ak) IT a.

cyclic
Mihély Bencze

PP. 16227. If ax >0 (k=1,2,...,n), then

SEE e e

a2 a2

Mihély Bencze

PP. 16228. If z € (O, %), then —— + CO}M > 2V2 + (Vigr — \/ctgm)z.

sinz

Mihaly Bencze

PP. 16229. If ay, by, ci > 0, then

() (£ (£ )

Mihély Bencze
PP. 16230. If a,b,c > 0, then > ab® + > b%c < abc + 5. # + Y ad.

Mihéaly Bencze
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7

PP. 16231. If o,a;, >0 (k=1,2,...,n) and ) aff = A®, then

k=1
i ag-‘rl < Aotl
k=1
Mihély Bencze
n n
PP. 16232. Ifa;, >0 (k=1,2,...,n), then > a} —n [] ar >
k=1 k=1

n
> (n—1)max{<ﬁ(a1+...—i—ai,1+ai+1+...+an)—ai) |1§z’§n}.

Mihaly Bencze

PP. 16233. If a,b,c > 0, then (Y a) (X 1) > 9+ 4 (X ]a—b| o).
Mihély Bencze

PP. 16234. If a,b,c > 0, then
3 1 T 2
gz st 6(a+b)(b+c)(cta) (CVbtelb—cf)”.
Mihaly Bencze

n
PP. 16235. If a; >0 (i =1,2,...,n) and [] a; = 1, then
i=1

n
n 9k
> (1+1a-)k + ﬁ(f : > ”22,3]“,62 , where k € N*.
i=1 ¢ +a;

¢ =1 “

Mihaly Bencze

PP. 16236. If ax, by, >0 (k=1,2,...,n), then

n n n 2 n
« apbr + <Zai> T(Zbk> +a226% >
k=1 k=1 k=1 k=1

() (£9):

Mihaly Bencze



852 Octogon Mathematical Magazine, Vol. 17, No.2, October 2009

PP. 16237. If ag, bg,cx >0 (k‘ =1,2,...,n), then

S f(£2) (£) (8 (B o) (£9) -2 £)>

25 (Eo) (£0)

PP. 16238. If a,b,c > 0 and a® + b + % = %, then
(I1—a)(1=0)(1—-c) > abe.

l\?‘w

Mihaly Bencze

Mihély Bencze

PP. 16239. If a,b,c € R, then

1). Z</1+(b—c)2+(b—c)4§3—Zab+2a2
2). Z</1+(b+c—2a)2+(b+c—a)4§3(1—2a6+2a2)

Mihaly Bencze

PP. 16240. Ifap >0 (k=1,2,...,n) (n > 3) and [] ar =1,
k=1
[T (a1 +a2) > [] (ax +1).

cyclic k=1

Mihaly Bencze
PP. 16241. In all triangle ABC holds:
2 2 2
+r<—2R
DY (%) = S

). 5 (752) > 4 (1 - )

4 sin’ % 2 >1 4Rr?
)' Z sin? g—&-sinzg = -7 (2R—r)(s2+r2—8Rr)—2Rr

2
5) % >1— 4Rs?
© \ cos? S4cos2 & = (4R+7)%+52(2R+r)

Mihaly Bencze
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PP. 16242. If x,y,2,t > 0, then 21/(22 + y2) (y2 + 22) (22 + 2) (12 + 22)+

V@ T A PO (E+ ) B0 2 Y (e +y+2)aye.

Mihaly Bencze

PP. 16243. If a,b,c > 0, then (X 42 (27 > 2.

Mihaly Bencze

PP. 16244. In all triangle ABC holds:

.4 A (R3+8(2R7T)T‘2)2
- [T (1 +16sin" 5) > “mrgmp

16 . 4 A\ — (8LR34+8(4R+r)s?)”
2). [T(1+ geostg) = 9(729R*+16s)R2

Mihély Bencze

PP. 16245. If z,y,z > 0, then

V2 (22 +y2) (y2 + 22) (22 + 22) > 2yz + Y 22
Mihély Bencze

PP. 16246. If a,b,c,d > 0, then
D S f@+ 1) 02+ ) (@ +1) (1+ fz) 2 () 3+ )
2). Y (a2 4+1) (B2 +1) (2 +1) (14 =) > (T a)? B+ )

Mihély Bencze

PP. 16247. In all triangle ABC holds:

s249r(4R+r))’
D). TT(1+31g24) > CHrGinn)

24972 2
2). 11 (1 + %ctg2§) > (52_,_727T2
Mihaly Bencze

PP. 16248. In all triangle ABC holds:
1). 16R? > 52 + 12
2). 16R* (s* +1?) > (s* 4+ (4R +7r) r)2

Mihaly Bencze
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PP. 16249. Ifa; >0 (k=1,2,...,n) and Y ap =1, then
k=1

> \/a1—|—a%+a§—i—...—|—a22n 3;3_,}.

cyclic
Mihély Bencze

PP. 16250. If a,b,z,y > 0, then
1). 2(a®+1) (b +1) (a®? +1) > (ab(a+b+1) + 1)
2). (a®+1) (b*+1) ((awby)ﬁ - 1) ((aybx)w%y - 1) >
2
(ab (a+b) + (ab¥) 7 + (aybw)ﬁ) .
Mihaly Bencze

PP. 16251. Ifap >0 (k=1,2,...,n) and )  ajas =n, then

cyclic
2 2
> ) > o
cyclic 1
Mihaly Bencze
2 2 n
PP. 16252. If a; >0 (k= 1,2,...,n), then zlj % > 2;1 a.
cyclic =

Mihaly Bencze

PP. 16253. If 1 > a;, >0 (k=1,2,...,n), then
n

> \/(a%—l—l) (a3+1)>n+ Y a.
k=1

cyclic

Mihély Bencze
PP. 16254. If a,b > 0 and ab < 1, then (a +b+2)*> > 4(a+b) (ab+1).
Mihaly Bencze

PP. 16255. Determine all a,b > 0 such that
4a*b* + 3 (a> + b%) > 2ab+ 4 (a + ).

Mihaly Bencze
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PP. 16256. Prove that > kvk > (n — 1) (’f!)% + WTH)
k=1

Mihaly Bencze

PP. 16257. If a,b,c,x,y > 0, then > a® > 2?E§+Z S a?b + Q?an::;) 3 ab?.

Mihaly Bencze
PP. 16258. If z; >0 (i =1,2,...,n) and k € N*, then

k n
S knFtl—(k+1)nkF+1 H 1 12 j+1
Ti 2 (n—1)nk { T + Z ni Ay n A
=1 =1 ]: 1=

Mihaly Bencze
PP. 16259. Ifa; >0 (i =1,2,...,n) and k € N, then

P Ly
1 0> _ - Qi
k k = n—1 1*

cyclic Aty i=1

Mihaly Bencze

PP. 16260. Prove that n("+1) >(n—1) Vnl+ w for all
n e N*.

Mihély Bencze
PP. 16261. In all triangle ABC holds Y. m3 (my — m.)my > 0.
Mihély Bencze

PP. 16262. Solve the following equation:

n

VT =T F a2 — w3+ Vr2+ a3 — T4+ .. + Ty + 21 — T2
k=1

Mihaly Bencze

vVet+y—=z
VYyt+z—x .
Vitr—y

Mihaly Bencze

PP. 16263. Solve the following system:

S8 %
+ 4+ +
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n
PP. 16264. If a,a; > 1 (k=1,2,....,n) and ) ap = na, then
k=1

n
> m_\l/mazn_l—m—i-lgn(ma—m—i—l) for all m € N, m > 2.
k=1

Mihaly Bencze

PP. 16265. In all triangle ABC holds

1). SIS > [(a=b) (b= ) (¢ — )| st it
2). AR |22 > [(rg — 1) (1 — 1) (re — 7))
in6 A _qin6 B
[(sin? 4 — sin? 8) (sin? & — sin? §) (sin® § — sin? 4) | pymeyaror st o
0 |Gt 2
> {(cos2 ‘f} — cos? %) (cos2 g — cos? %) (cos.2 % — cos? %)! ég&ijﬁ?{;gz)

Mihaly Bencze

PP. 16266. If ar >0 (k=1,2,...,n), then

1 (3 (a+1)° - 2\/§a2) > (2v2)" (1 N (ﬁ ak)ﬁ)”.

k=1

Mihaly Bencze

n
PP. 16267. Ifap > 1 (k=1,2,...,n) and ) ar = na, a > 1, then
k=1

n
n2a—|—4kzlﬁ >n(n+2).
Mihaly Bencze

n

PP. 16268. If a; >0 (k=1,2,...,n) and Y a} = n, then

k=1
(a%—i—l) \/a%—ak%-l < 2n.
1

NgE

k

Mihaly Bencze
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PP. 16269. If ap >0 (k=1,2,...,n), then
n

1 1 1
I (o= H (o)) =1

Mihaly Bencze

n n (a2+1)2
PP. 16270. If ay >0 (k=1,2,...,n) and > ap =n, then > )
k=1 k=1

< 2n.

Mihély Bencze
n
PP. 16271. If ay >0 (k=1,2,...,n) and Y a} = n, then

n
DR (ag+a%+1)2§n\3@.
k=1

Mihaly Bencze

PP. 16272. If a,b,c,d > 0 and abcd = 1, then ) L s> 1
cyclic 24/2a3+3 <a%+1> 2 T 2V2

Mihély Bencze

PP. 16273. If a, >0 (k=1,2, .. )andZak—n then
k=1

n

> —ak+1—i—z 2H_n.

k=1

Mihaly Bencze

PP. 16274. If a >0 (k=1,2,...,n) then

1 (af +1) > (8) (1 + (kﬁlakf + (kﬁlakf)g.

|3

s

k

Mihaly Bencze

PP. 16275. If a, >0 (k=1,2,...,n

PT‘»P

n
4%2‘1

k=1

Mihaly Bencze
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n

PP. 16276. If ay >0 (k=1,2,...,n) and Y a} = n, then
k=1

n n n
n+32ai22<2ak+2a2>.
k=1 k=1 k=1
Mihaly Bencze

PP. 16277. If a,z; > 0 (k=1,2,...,n) then

1). L1 > D
Vi Veesre > Vor

3
n
2). %21 <Z :ck.> > aZx%xQ + > wixoxs.

k=1

Mihaly Bencze

PP. 16278. If z,y,ap >0 (k=1,2,...,n), then >

a1 < _n
: raityaz — Jz+y’
cyclic

Mihély Bencze

PP. 16279. In all triangle ABC holds \/ctgg (1+ gctg%) > /%,

T
Mihaly Bencze

PP. 16280. In all triangle ABC holds

1). TT (82 + r2ctg®4) > 15°
tg4§tg§
QARSI Sl

Mihaly Bencze

n

PP. 16281. Ifap >0 (k=1,2,...,n) and [] ar = 1, then
k=1

n

II (a1+a2) > [] (ax+1).

cyclic k=1

Mihély Bencze

PP. 16282. If a; € (—1,1) (k=1,2,...,n), then 1_1a2 >
k=1

I
I3
L

1— ag

Mihaly Bencze
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PP. 16283. If a,b,c € R and a+ b+ ¢ =0, then

V3V6 (Y abl = 3 la(b— o).
Mihély Bencze

PP. 16284. Find and draw the domain D C R?, on which the following

e e g3 .
limit: lim -£—, exists.
20 T+Y

y—0
Laurentiu Modan

PP. 16285. Let F,, L,, denote the n'* Fibonacci respective Lucas numbers.

1). Determine all k € N for which Fy, + F¥ is divisible by & for all n € N.
2). Determine all p € N for which Ly, + L% is divisible by p for all n € N.

Mihaly Bencze
n
PP. 16286. If ;> 1 (k=1,2,....,n),a > 1 and > x} = 2n, then

k=1
L s A
Il >2m.
k=1

Mihaly Bencze

PP. 16287. If ap >0 (k=1,2,...,n), then

3
TT:]:

1 (1 " G’Z) - % (kél ot <k§1 alk) klill ak) .

Mihaly Bencze

PP. 16288. Ifa; >0 (i =1,2,...,n) and A=2 )  ajaj, then
1<i<j<n
n k—1

n Tk
@i > a; .
i = (S o)

Mihély Bencze
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PP. 16289. If a,b,c, A > 0, then

(a)\-i-l + a/\b)\ + b/\+1) (b)\-i-l + b)‘C/\ + C)\-i-l) (C)\-H —|—c’\a)‘ + a/\+1) >
3
> (Z (ab)mﬁjl) ‘

Mihély Bencze

PP. 16290. If a,b,c, A > 0 then

S aML (B + M) > 3 (ab) 5 a+b) (B + D) (S + ad).

Mihély Bencze

PP. 16291. If z, >0 (k=1,2,...,n) then
n n
n
I (2+m+ ) > (12— | (142
k=1 * > > -
k=1 k=1 k

Mihaly Bencze

PP. 16292. Ifa; > 0(i =1,2,...,n) and k € N* (k > 2), then
n

a1l 1 . 1 k—1
> k_1tak > > a; — Ek—1) > aiag .
. 5 = .
cyclic =1 cyclic

Mihély Bencze

n
PP. 16293. I a;, > 0(k = 1,2,...,n), then 3 5%, > 3 a2 — 1 S aja.
1 2

Mihély Bencze

PP. 16294. Ifa; >0(i =1,2,...,n), k € N* (k > 2) then

n n

1 n 1 k—1
,Z aFrk—1 e E(k—1) Z a; -
=1 =1

Mihaly Bencze

PP. 16295. If a; > 0(i =1,2,...,n) and k € N, then

k_ k
D o e o e < =
aP 2R Lok ek (a3 tast.tan) — %i a;
i=1

cyclic 1

Mihaly Bencze



Proposed Problems 861

PP. 16296. In all triangle ABC holds

2,2
H (a—i—b—c)ab < 95 s“+r“+4Rr
ab — \ s2+r2+4Rr )

Mihély Bencze

PP. 16297. If a,b,c,A >0 and k € N, k > 2, then

s (Za)tt

D X e 2\ ey a

K _(Ca)t
2). X W 2\ S T3xane

3. Ty > (Ta)'T
3)

Vv

a k=2
© 2 Varram e = (2

Mihaly Bencze
PP. 16298. If z > 1, then in all triangle ABC holds

a 3 252
Z za—b+c = z+1 + (z2-1)s2—(22—22—-3)(4R+71)r"

Mihaly Bencze

PP. 16299. Ifa; >0 (i=1,2,...,n), k € {2,3,...,n}, A > 0, then

> oL > s
a%+)\(a1+az+...+ak)2 = 1+Ak2°

cyclic
Mihaly Bencze
n—lbn—l 1
PP. 16300. If a,b,c > 0 and n € N then Zl a2"+10fkb2”+1+a”b"c < o
cyclic

Mihaly Bencze

PP. 16301. Ifa; >0 (i =1,2,...,n) and k € N then

kk

Z ayja5a3
2k+1 2k+1 k k =
cyclic @1 Taz' tajay (azt+as+...+an)

Mihaly Bencze
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PP. 16302. If z,y, z > 0,then

CE2 2
D). () (T st ) <3

2) (Z x) (Z x2n+1+;nyynz+y2n+1) S 3 fOI' al]. n 6 N

Mihaly Bencze
PP. 16303. If \,z; >0 (i=1,2,...,n),a>1, k€ {2,3,...,n}, then

k

n
- k k—1 Cn(k=1)X
Mihaly Bencze
PP. 16304. In all triangle ABC holds ) \/ma"!"}nb—mc > s2—r26—4Rr'

Mihaly Bencze

n
PP. 16305. If 2, > o >0 (k=1,2,...,n) and 3 L+ =21 then

M=
NgE

VIp —a <

1 k

T.

k 1

Mihély Bencze

PP. 16306. If a,b,c > 0 and a € [—1,1], then

S V/(a? — 2aab + b2) (b2 — 2abc + c2) > > a? + (1 — 2a) 3 ab.

Mihaly Bencze

4
n

2 2111 2 >
a2+a3+...+an - Z ax
k=1

PP. 16307. If ap >0 (k=1,2,...,n), then >

cyclic

Mihély Bencze

n
PP. 16308. If ap >0 (k=1,2,...,n), then Y —ly >33 ap.

Mihély Bencze
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PP. 16309. Ifa; >0 (i=1,2,...,n) and k € {2,3,...,n — 1}, then

Z a1+a2+ +ak) < k‘(k—l)
2 k — 2 .
af+az+..+ai+kai

Mihaly Bencze
PP. 16310. If z, >0 (k=1,2,...,n), then

2 1
£ Zw—Qn—f—Zz—)
<xi+4+;z>§6"-e3<k=l E
k

s

k=1

Mihély Bencze

PP. 16311. In all triangle ABC holds

1). S a’b < 2s* (s* — 3r — 6Rr) (s* — 3r% — 8Rr)
2). Y (s—a)’(s—b) < 152 (s> — 12Rr) (s> — 1% — 12R7“)
3). Sordry < 3 ((4R +7)? — 1232R) ((4R +7)? — $%r — 1232R>

Mihaly Bencze

PP. 16312. If a,b,c > 0, then
32,/4 2+b 2\/>Z\/

1
a+b)( 2a+2b+c) +2 V(a+b)>+4c2”

Mihély Bencze

PP. 16313. If z > 0 and n,k € N*, n > 2, then

(k+ D)D" 2 (2" + 12 (2" +2)% ... (2" + k)2 > (:172 + W)"k

Mihély Bencze
PP. 16314. If z; € [1,2] (k= 1,2,...,n), then
: (500
[T (22 42) >3"- e \w=1 .

k=1

Mihaly Bencze
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PP. 16315. If a,b,c,x,y € R, then
23 a® + 223" a*h? + y2 Y a?bt + 2zabe Y- a®b + 2yabe Y ab? >

> 23 a3 + 22> a’b+ 2y Y ab® + 6xya’bic?.

Mihaly Bencze

PP. 16316. If 2,y € [0, 5], then

\/(2+sin2:c) (2 + cos?y) + \/(2+cos2x) (2+sin’y) > J 4+ sin(z+y).
Mihaly Bencze
PP. 16317. If ap >0 (k=1,2,...,n), then

- 1 2 , 8(n—1) nkl;[1alC
Yan )| X )zt 1|

3
=1 =1 » > ak
k=1

n

Mihaly Bencze

n
PP. 16318. If z; >0 (i =1,2,...,n) and > z; = 1, then

i=1
> \/xl—l—x% >/n+1.

cyclic
Mihaly Bencze
PP. 16319. If a,b,c,x,y € R, then
Sat + (# - 1) > a?h? > (v +y) Y adb+ (zy —x —y)abe > a > 0.
Mihaly Bencze

. 2(s2—r2—R 2,2
PP. 16320. In all triangle ABC holds 25 —— o)y s < 5

Mihéaly Bencze

PP. 16322. If a,b,c > 0 then ) \/G;HE > \/i(a—gl-b—i-c)'

Mihaly Bencze
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PP. 16322. Let M be a random point in the plane of the triangle ABC.

Prove that > MA-MB (MA?+ MB?) > 3AB - BC - CA- MG, where G is
the centroid of the given triangle.

Mihaly Bencze

PP. 16323. Ifa; >0 (i =1,2,...,n) and > %*% = 1, then

_a?+a?
cyclic

Mihaly Bencze

PP. 16324. If ABC is a triangle and M is a random point in his plane,

MA MB AB-BC-CA
then > 375 +>- 374 = MAMB-MC*

Mihély Bencze

PP. 16325. If 2,y,z > 0 then 23 + y® + 2% = 3zyz > L (S 2) (X |z — y)?.

Mihély Bencze

PP. 16326. If a,b,c > 0 then
1). (ZCLQ)Q >3Yah+ 1 (X2 ‘a2 — 2ab + bc — c? —l—ca’)Q.
2). (Zaz)Q >33 adh+ & (3 |a? — 2b? + ¢ + 3be — 30@’)2

Mihély Bencze
PP. 16327. If a,b,¢ > 0, then 3% + 374 > Y ab + 5 (L a)*.
Mihély Bencze

PP. 16328. If a,b,c € [0,1] such that > ab(a+ b) = 2, then
Savli—-+>avli+3 <142 a.

Mihaly Bencze

PP. 16329. If a,b,c > 0, then
(a+b) (b+¢)(c+a) > 8abe + L (X |a—b] /).

Mihély Bencze
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2
PP. 16330. If a,b,c > 0 then Y- 45 + 37 a4t 4 3~ abe <3574,

Mihaly Bencze

PP. 16331. If a,b,c,d >0 and a + b+ ¢+ d = 4, then

Sa? > a4 (Xla— 1)),
Mihaly Bencze

PP. 16332. If ay >0 (k=1,2,...,n) and > ajas =1, then

cyclic

1 ny/n
Z' ai1+a2 Z 2
cyclic

Mihaly Bencze

PP. 16333. In all triangle ABC
2(s>~r?~Rr) | 3¥LsR

1) s2+12+2Rr +3 4; t > 2

2) s2+22;8R7" + 3\2/21"2 > 2

Mihaly Bencze

PP. 16334. If z,y,2 > 0 and Zz—iy =1, then foifyg <1.

Mihaly Bencze

PP. 16335. If z;, >0 (k=1,2,...,n), then
2" 11 (a:k—,/xk+1)2 > <1~|— o 11 xi) .
k=1 k=1

PP. 16336. If a,b,c >0 and f: R — R is a convex function, then

Mihély Bencze

1). >af(a+2b) > (3 a) f(X_a)
2). Y af (a® + 3ab+ 3b% +2bc) > (Y a) f ((z a)2)

Mihaly Bencze
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PP. 16337. In all acute triangle ABC holds JHstindll | Llires il < 0

Mihaly Bencze

PP. 16338. If z € Rand a > b > 0, then
(tgz)®® + (ctgz)®® > (tgz)®® + (ctgz)™ .
Mihély Bencze

PP. 16339. Let ABC be a triangle

] then (1 —sin 4) (1 — sin B) (1 - sin C) < "2

1). If A,B,C € (%,3
%), then

2). If A,B,C € (
(1 =cosA)(1—cosB)(1l—cosC) <

s
6
0,

(s2—(2R+7)?)(2R-7)*

4R2(R+r)3
Mihaly Bencze
PP. 16340. Let ABC be a triangle
2
T T sin A+sin B 2sr
1)- If A,B,C € (6’ 2] , then H (2—sinA—sinB> < (3R_5)3((2R+r)2+5(5_27~_4R))

(R+7)*(s2—(2R+7)?)
2R—7)%(352+5r2—12R2)

2
2). If A, B,C € (0,5) , then [T (5450, )" < .
Mihély Bencze

PP. 16341. If ay >0 (k=1,2,...,n), a > 0, then

o
a‘f‘+1 nlfa n
Z az+az+...+an 2 n—1 Z ak :

cyclic

Mihaly Bencze

PP. 16342. If z;, > 0 (k =1,2, ...,n), a;, bi,ci,di >0 (l = 1,2) , aidy > bieq;
a2d2 < bQCQ then

n i arazxi+(arba+azbi)x,+b1by < i a1z,+by i aszy+bo
=1 C1szi—ﬁ-(cldg-‘rCQCh)xk-‘rdldg - =1 c1xp+dy =1 coxp+do :

Mihaly Bencze
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PP. 16343. If a; >0 (i =1,2,...,n), fi : R} — (0,400) (i =1,2,...,n) such
n n p
that > aifi (a1,a2,...,an) = (E ai) , p,k € N*, then
i=1 i=1
k—p+1

n o n k
a4 > ,
Mihély Bencze

PP. 16344. [fa,b,c,A > 0, then Y o > § - CHIXg

cyclic

Mihaly Bencze

PP. 16345. Ifa; >0 (i=1,2,...,n), A > 0, k € N*, then
k+1 Za1a§+)\2a%a3a4...an

Z <L > % E+1
k/ k -
eyclic \/a2+)\a1a3a4...an k(z”“: ai)

i=1

Mihaly Bencze

PP. 16346. Let a random variable X € Poisson (\), A > 0, be. Let also a
random variable Y, be, having my = mx and oy = O‘_%{.

In a crop land, the production is the random variable Y. A selection of this
production in tons, from 9 agriculture surfices of the land, is given by:
N=y2=y3=5ys=ys =45 ys =yr = 06,5 ys =Yg = 4.

Find the parameter A > 0, so that the confidence interval fro my, at a

confidence level o = 0, 95, will be (1—(1)0, 10) .

Laurentiu Modan

PP. 16347. Prove that (—1)k (Z) (n—k)" =n!
k=0

Mihély Bencze

PP. 16348. Determine all n,k € N* such that [%] = [}] (mod k), where []
denote the integer part.

Mihély Bencze

PP. 16349. Prove that 3 ((2)) = 22+ 4 nil ((2) - (2 ))2-
k=0 k=0

Mihaly Bencze
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PP. 16350. If z > 0, then i V]kz] < 1/n21[1m] , where [-] denote the
= (n+1)

integer part.

Mihaly Bencze

I;P. 16351. Prove that

2 ([\/ﬂ—i—ﬂ + [\/M“‘%}) =n(n+2), where [-] denote

k=1
the integer part.

Mihaly Bencze

p—1 (p=1)
PP. 16352. Prove that [] (pgl) = (—1)p En (mod p), for all prime p > 3.
k=1

Mihaly Bencze

ety

PP. 16353. Ifw,y,z € R, then Zm S 1 S Ze%fﬁ

Mihaly Bencze

PP. 16354. In all triangle ABC holds:

A . 5(2R— 2
1). 2Esmjsm§§ 5QEF_r) 6RT) + ¢ (ﬁ)

A 5(4R+ 2
2). 2Ecos§cos§ < (6RT) + v/ (5%)

Mihaly Bencze

PP. 16355. In all triangle ABC holds:

1). 16r (4R + 1) < 4s® + 3¢/ (4sRr)?

2). 167 (4R 4 1) < 55% 4 3rV/rs2
3). 1652 < 5 (4R + 1) + 3sV/sr2

Mihaly Bencze

PP. 16356. If a,b,c,z,y,z > 0, then
2+ b2+ 2 b2+ 2+ 2 2+ 2+ b2
ra :%C ZC _"_ X yCCa za + xc yaai) Z Z 3 (x _"_ y + Z) .

Mihaly Bencze
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PP. 16357. Prove that:

. . 4 1)4
). Y g (2 +52) < gt
1<i<j<n

9. /. ) 4(n4+1)*(2n+1)*
2). Y22 (Z4+]4) < %
1<i<j<n

8
3). > BB (i + j6) < mntD)

1<i<j<n

Mihaly Bencze

PP. 16358. If x),13 = axpyo + bxpny1 + cxy, for allm € N* and 21 = 20 = 1,
x3 = 4, then determine all a,b,c € Z for which z,, is a perfect square for all

n € N.

Mihély Bencze

PP. 16359. If ABC is a triangle with positive integer sides, then the
equation x? — (2 (52 —r? - 4R7") + 1) x4 52 +r2 + 4Rr = 0 have integer

roots if and only if ABC is equilateral.

PP. 16360. If a; > 0(=1,2,..,n) and k € N, then

E al+ +a2+2 > 22“

ajaz
cyclic

PP. 16361. Determine all z, >0 (k=1,2, ...,

n
T (x1 — 22+ 23) < [] 2%
k=1

cyclic

. 1)(n+6
PP. 16362. Prove that ). 5ty > D010,
k=1

12(2n+3)

PP. 16363. In all triangle ABC holds > \/a >

n) such that

2(4R+r)\/T
No

Mihaly Bencze

Mihéaly Bencze

Mihély Bencze

Mihaly Bencze

Mihély Bencze
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PP. 16364. Solve in N the equation nz" +z = (n — 1) y"*! + 2y, where
n € N is given.

Mihély Bencze

PP. 16365. Determine all k € N for which n + k and n* +n + 1 are perfect
k + 1 powers, for all n € N.

Mihaly Bencze

PP. 16366. In all triangle ABC holds

1). 5125 Rr < 27 (s> 4+ r% 4 2Rr)”
2). 4r (4R +1)* < 275*R?
3). 512Rr2 (2R —1)> < 27 (2R — r) (s® + r* — 8Rr) — 2Rr?)’
2
4). 512Rs? (AR + 1) < ((4R 1)+ 82 (2R + 7«)>
Mihaly Bencze
n 2" —1

PP. 16367. Prove that [Z %‘Fk’ +1 3 4 = 1, where [-] denote the

k=1 k=1

integer part.

Mihaly Bencze

PP. 16368. For all n € N at least of n,n + 1,n+ 2, ..., kn*~1 is perfect k
power, where k € N, k > 2.

Mihély Bencze

PP. 16369. 1). Prove that the equation x? 4+ 3z + 3 = 3 have no solution
in Z.

2). Solve in N the equation ¥ + (k+ 1)n +k + 1 = y**1, where k € N is
given.

Mihaly Bencze

PP. 16370. Solve in N the equation (kz + 1)" — (kx — 1)" = ¢*, when
k,n € N are given.

Mihaly Bencze
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PP. 16371. Determine all a, € Z (k= 1,2,...,n) for which

n
ajas + azaz + ... + apa, =1 and [] (1 + ai) is perfect square.
k=1

Mihaly Bencze

PP. 16372. Determine all n,z,y € N such that 2"t! 4+ ¢? 4+ "1 4 ¢y7—2
and y" 1 + 2" +y" ! + 2772 are perfect squares.

Mihaly Bencze
PP. 16373. If z € R and A € [0, 1], then

(1 — sin® :1:) (1 + sin :1;)1_/\ + (1 — cos? :13) (1 + cos? :c)l_A <1.
Mihély Bencze
PP. 16374. If z, € R (k=1,2,...,n), then

n n 2 n 2 r
Z% S oot <9 ] sin?ay — [] cos? zy.
—1 cos? xp+ Z sin? x; k=1 sin®? xp+ Y cos? x; k=1 k=1
= =1

Mihély Bencze
PP. 16375. Determine all z,y € N for which x¥ + y* is perfect square.

Mihaly Bencze

PP. 16376. Determine all z,y, z,t € N such that (’y”) (f) = (f) (;)

Mihaly Bencze
. 1 1
PP. 16377. In all acute triangle ABC holds ) Ti—a? = TR

Mihaly Bencze

PP. 16378. In all triangle ABC holds
sin? 4 2
D Y ez Sl wm
COS2 A 2
2) Y s Sl

2

Mihaly Bencze
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PP. 16379. Let A1 As...A,, be a convex polygon inscribed in a circle, and
M € Int (A1As...Ay,) . The lines AyM (k=1,2,...,n), intersect the circle in
points By (k=1,2,...,n). Prove that Area[A;As...A,] < Area[B1Bs...B,].

Mihaly Bencze

PP. 16380. Denote G the centroid of triangle ABC'. Prove that
1). Ytg (LAGB) > 2UED)

2). S tg (3AGB) tg (3BGC) > 9

3). tg (AAGB) tg (3BGC) tg (5CGA) > 2

Mihaly Bencze
PP. 16381. If ay >0 (k=1,2,...,n) and x,y > 0, then
n z+y n
(kX—:1 ak) _kz—:l aiﬂ n®ty—1 2 Y
v n T ; Z nety—1_pny Z ag .
(Z ak) —-> af k=1
k=1

k=1

Mihaly Bencze

e —e ¥ =2In 2+\/1+z2>
PP. 16382. Solve the following system: ¢ €Y —e * =2In(z + V1 + x2>

ef—e *=2In(y+ \/1—|—y2)
Mihaly Bencze
PP. 16383. If z € R, then 2 (—5sh2x + v/5shx + 1) <5 (5sh2x + 1) chzx.

Mihaly Bencze

n
PP. 16384. Determine all p € N such that p > (pkl;l) = (P¥) for all

n

k=1 k=1
n e N*.
Mihaly Bencze
n 3 3 n(n?2-1)(b—a)
PP. 16385. 110 < a < b, then 3. ((b—F)* — (a— k)*) > n(?21)be)

k=1

Mihély Bencze
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PP. 16386. Determine all prime p for which 3P + p? is prime too.

Mihaly Bencze
PP. 16387. If x,y,z € R, then
max (sin? z, sin? (z + 1)) + max (sin? y, sin? (y + 1)) +
+ max (sin? z,sin? (z + 1)) > 1.

Mihaly Bencze
PP. 16388. In all triangle ABC holds ([]sin%54) (X cos §) = 5.

Mihaly Bencze
PP. 16389. If a,b,c > 0 and x € [0, 1] then

I3 a®® (b%c — be®)| < (abe)® Y |a —b|.
Mihaly Bencze

PP. 16390. If ¢t > n, then
1+ kzl (_1)k (n) (a+t+1)(a+t+2)...(a+t+k) (=1)"#!

K (@t @i (ath) = GeniatD)(ar2)(atm ot all

a € CT\ {-n,..,—2,—1}.
Mihaly Bencze

PP. 16391. If k,n € N,n > 3,k > 2, then [

: (1+ klz)} =1, where [/]

=1

denote the integer part.

Mihaly Bencze

PP. 16392. If the triangle ABC is inscribed in a circle with radius 1, then
AB+ BC+CA > AB - BC - CA.

Mihaly Bencze

n

PP. 16393. Prove that {}1 > Ugf)] =1 for all n € N*, when [-] denote the
k=1

integer part.

Mihély Bencze
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Mihély Bencze

Ccos

A-B\ ¢
PP. 16395. In all triangle ABC holds ) < —2 > > 4% for all o > 1.
Slni

Mihély Bencze

PP. 16396. If in triangle ABC we have my 1 m, then
1). 3a? +r? 4+ 4Rr = §?
2). b+c¢<av10

2
3). % +cos? A > 7827(2?;”)

Mihély Bencze

PP. 16397. If 0 < a1 < ag < ... < ap+1 is an arithmetical progression with
ratior,thenln“’;—fl>2r( T . )

a1+az az+as an+an41

Mihély Bencze

PP. 16398. Determine all p € N* for which
™) + (pn+1) + ..+ ((p+1)”) < ((pH)"H) for all n € N*.

n n n n+1
Mihaly Bencze

PP. 16399. Determine the general term of the sequence (z,),,>, defined in
following way: x, + 4x,_o = 2" sinnx, xg = 1, 1 = 2.

Mihély Bencze

PP. 16400. In all triangle ABC holds Y 325+ > 1+ £,

Mihély Bencze

PP. 16401. If x € (0, g) , a,b >0 and exist a > 1 such that

sin?e+2 ¢ cos2et2 g 1
a® b (a+b)

=, then the given relation is true for all o € R.

Mihaly Bencze
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PP. 16402. Solve in N the following equation

1 2 ntn _ 3n—1 .
ﬁ;ig + §§i3 +...+ % = 321 _[Inn], when [] denote the integer part.

Mihély Bencze

PP. 16403. In all triangle ABC holds Y (Czsf;g,i)a >3 (v6-+v2)", for
all o > 1.
Mihaly Bencze
PP. 16404. In all triangle ABC holds 3 (52 — (2R + r)2) <2r(R+r).
Mihély Bencze

PP. 16405. Solve the following system:
1 1 1
a® M4 aveE =gl 4oV = =a" 4+ avT =a+ 1, where a > 1.

Mihély Bencze

PP. 16406. Solve in Z the equation (x4 + y4) (y4 + z4) = g4t

Mihély Bencze

PP. 16407. In all triangle ABC we have ) \/}T‘; < 52”82 E}OR’".

Mihély Bencze

PP. 16408. In all triangle ABC holds [] (tg4)* < (28=r)*.

S

Mihaly Bencze

n
PP. 16409. Ifa;, > 0 (k=1,2,..,n), then 33 L > Y (artastas)®

a‘i’+a%+a§

Mihaly Bencze

PP. 16410. If a,b,c > 0 and A > 0, then
a’+2bc ? 3
0. S > ()

a®+3b%c+3ca?+2abe 2
( ?o o

2). 2. b+ Ac > 51 (2 a)’

Mihaly Bencze
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PP. 16411. Determine all function f : R — R such that
n
3 F(5) =1 (3) () forall ne N

Mihaly Bencze

PP. 16412. In all triangle ABC holds

. A 2(52—r2—Rr)
1)‘ Z S o < 52+r2—|52R2
A B +r<—2R
2) ZSln551n5 S w
3). s>+ 1%+ 2Rr < 8R?

Mihély Bencze

PP. 16413. If 2,y € [0,In (1 + v2)], then - +

1 s 2
chy = ViTshashs
Mihéaly Bencze

PP. 16414. Determine all n € N such that > k-107% < 0,123456789.
k=1

Mihély Bencze

PP. 16415. If z € R, then ( sinz + cos L Qx) sin? 2z < 2.

sin® x4-cos? cos? z4-sin
Mihaly Bencze

PP. 16416. If 2 > 0, then i < shr < shdz o shnz,

n

Mihaly Bencze

PP. 16417. If z,y,z,a > 0 such that > (x”*Q — 1) 23 = 2a, n € N then
> yfﬁ > 3a.

Mihaly Bencze

PP. 16418. If a,b,c > 0, then Y (a +b) (a + ¢) > 6 /abc(a + b+ c)

Mihély Bencze

n

PP. 16419. If n € N*, then {Z + > 1] = 1, where [-] denote the integer
k=1
part.

Mihaly Bencze
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PP. 16420. If a,b,c,d > 0, then
1 1 1 1 1 1 1 1
2 (E + b + c + E) +9 (a-l—b-‘rc + b+c+d + ct+d+a + d+a+b) 2

1 1 1 1 1 1
8(m+af+c+r+d+m+m+m)~

Mihaly Bencze

n
PP. 16421. If 2, >0 (k=1,2,...,n) and ) 2 =1, where a € R, then
k=1

Mihaly Bencze

a4+t b3 —c3— (a2+62)c—a2b—bc2+3bc

@=b)a=0 =3.

PP. 16422. If a # b # ¢, then )

Mihaly Bencze

PP. 16423. In all triangle ABC holds 2} e > 3+ 3 e

Mihély Bencze

n

PP. 16424. If o, > 1 and S, = Y k°, then

k=1
S2a S atB _atB\2
%Si(n 2 +n 2 ) )
(Sa+s)

Mihaly Bencze
vz’ ’
PP. 16425. If v # y # z > 0 then ) (W) —i—Z(xxfy) > 2.
Mihély Bencze

k3

n
PP. 16426. 1). Prove that [E 1] =1 for all n € N*, where [-] denote the
k=1

integer part.

n
2). Determine all p € N such that [Z 1] =1

Mihély Bencze
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PP. 16427. Prove that Z zarctg 1§2+8) =14+ L +7Tf%.

Mihéaly Bencze

PP. 16428. Determine all 3 € R* (k= 1,2,...,n) such that
> arctg1 ml =1

cyclic

Mihaly Bencze

PP. 16429. Solve in N the equation 512, { Z2L3, 4 4 Znll — 7

2?+z2 ' zl+al 2427 ~ 2

Mihaly Bencze

n
PP. 16430. Solve in N the equation nz? + . (z + k)* = ny?.
k=1

Mihaly Bencze

PP. 16431. If z1 = 1,290 = x3 = 2 and
95800%" 4 217519%n+1 4 414560%7+2 = 422481%~+3 for all n > 1, then the

sequence (zp),> is convergent and lim z, = 4. Compute hm n(zy, —4).
n—oo

Mihély Bencze

PP. 16432 Prove that

n(n+1)(2n+1) . n2(n+1)%(2n+1)
Z k+1 <mm{ 2(n+2)  °  4(3n2+7Tn12) }

n n2
(n+1)
) Z k2+1 — 2(n2+n+2)
Mihély Bencze

PP. 16433. If n € N* and k € {1,2,...,n}, then
k
K+ (k+1)‘ bt (nnlk) < (n(g:l))

Mihély Bencze

PP 16434. If F}, denote the k*" Fibonacci number, then

Z Bl (Frt2—1)(Frni3—2)
Fryo — Fria—3 :

Mihaly Bencze



880 Octogon Mathematical Magazine, Vol. 17, No.2, October 2009

PP. 16435. If a,b,c,x,y,z > 0, then
abe < (wa—l—yb—l—zc)(mb—l—yc—l—za)(mc—l—ya—i—zb) <
(@t+y+2)°

(et

Mihély Bencze

n n
PP. 16436. If ar >0 (k= 1,2,..., )andAn:%Zak, G, = ”‘/Hak,
H, =

2 2 2 (An+Gn—2Hy)"
ﬁji then A; + G, + H; — A,Gy,, — G, Hy, — H A, > A Gt oY
for all 7; N*.

Mihély Bencze
PP. 16437. If z, > 1 (k=1,2,...,n), then

AR )
n n n n+l
Yo xp—nnH Hmk2n<}12"+1xk—1) -1
k=1 k=1 k=1

Mihaly Bencze
PP. 16438 Prove that

) ng2 l_%
3(24+v3)w
) 2_3144/%2 1—%_%

Mihaly Bencze

PP. 16439. 1). If z;, € [1,2] (k

n > zp—n
[T (#7 —ap +1) > er=1 *
k=1

1,2,...,n), then

n f: zr—(2—1In2)n
2). Ifxp, >2 (k=1,2,...,n), then [] (:L‘z — T+ 1) < ek=1
k=1

Mihaly Bencze
PP. 16440. If A\, ax > 0 (]{7 =1,2,..., ) then

n
cyzlw (Arai+Aza2+.. +>\nan)(>\1a2+>\2a3+ AAna1) =

Mihaly Bencze
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PP. 16441. If z1 = 1,29 = 2,23 = 3 and
2682440 4 15365639%7+1 + 18796760%+2 = 20615673%~+3 for all n > 1, then

the sequence (xy,),,~; is convergent and lim xz, = 4. Compute
- n—oo

lim n(z, —4).
n—oo
Mihaly Bencze

PP. 16442. Solve in N the equation 22 + ny? = (n + 1) 22, where n € N is
given.

Mihély Bencze

PP. 16443. In all triangle ABC hold

4

max { 252452 (4R=r) | (AR4r) s> @Rr) | (SS412—8Rr)RR=r)=8Rr? (s+(R+r)?) (4R4r)—8Rs?
s2 2

7
< 57

Mihély Bencze

r i a+2
PP. 16444. If a > 0 then 1f(lnyc)a dr <e— &3

Mihély Bencze

PP. 16445. If 2, € [0,5] (k=1,2,...,n), then
n n

n n
2L > [T (1 +sinag) + [] (1 +cosay) + [] sinay + ] cos k.
k=1 k=1 k=1 k=1
Mihaly Bencze

A
PP. 16446. In all triangle ABC holds (%} cos %) <3 (\/%))‘ for
all A > 1.

N

Mihély Bencze
PP. 16447. If k,n € N*, k < n, then
k4+n 2n
[ T(z)de— [ T'(z)dr < (n—k)((2n)! — (n+k)!), where ' denote the
2k

k+n
Euler's Gamma function.

Mihély Bencze

s2 (4R+7)3 ’ 4(2R—7)3 ’ 4(4R+7)3

|
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PP. 16448. If b>a >0 then (b—a+4)e s < (b—a+2)e? + 2¢°.

Mihély Bencze

PP. 16449. If0 <z <y < T, then

295" < tgw +tgy + Y5 (1 - 1+) :

Mihély Bencze

PP. 16450. If 0 < 21 < x9 < z3 < ... < xp, is an arithmetical progression

r
14+x2x3

Tn

+ ... —I—arctgm <lIn,/%=.

with ratio r, then arctgm + arctg =

Mihély Bencze

PP. 16451. If ABCD is a concyclic quadrilateral then

:2 A+B .2 B4+C ac+bd
>_sin® £52 sin® S5= > 492

Mihély Bencze

PP. 16452. If Fy =0,F1 =1, F, 190 = F11 + F), for all n € N, then
determine all £ € IV such that F]f_l + /~cF]§C + F:f_H — (k4 1) is divisible by p
for all n € N, where p is a prime number.

Mihély Bencze
S
PP. 16453. In all triangle ABC holds [] (va)* * < <31 /’3) :

Mihély Bencze

PP. 16454. If z >y >0and ap >0 (k=1,2,...,n), then

n nn ﬁ ay n n n
nag nag k=1 1221 o kzl *
[T (" —ymor) > 3 TR=T = yhs :
k=1 ag

Mihaly Bencze
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n
PP. 16455. If t > 1,ax,p >0 (k=1,2,....,n) and > pik =1, then
k=1

n

L n
IT (prax)Pr
(tPrak — 1)7% > = (tgl " 1) .
1 Z ag

k=1

s

k

Mihély Bencze

PP. 16456. In all triangle ABC holds

(32 —r?— 10Rr) (82 +7r2 4 2Rr)
s+ 72— 14R7“)

—~ »

Mihaly Bencze

PP. 16457. If a,b,c > 0 and abe = 1, then Y 87415 > 34 31,

Mihaly Bencze

PP. 16458. In all triangle ABC holds R — 2r > &=3012fr,

Mihaly Bencze

(£ e,
PP. 16459. Prove that =L S <> 4k forall a € N*
n > ag k=1 %
(Z ak)kzl
k=1
(k=1,2,..,n).
Mihaly Bencze
27171 ﬁ xy .
- z k=1 +
PP. 16460. If z;, >0 (k =1,2,...,n), then Cy%c i T T oam 25
cyclic

Mihaly Bencze

2X
PP. 16461. In all triangle ABC holds <§§SS‘3> > 3172 forall A > 1.

Mihaly Bencze
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PP. 16462. If a >0 (k=1,2,...,n), then

(1+an)™ 7 > (n+ 1" [T af.
1 k=1

s

k

Mihaly Bencze

PP. 16463. If a;, > 0 (k= 1,2,...,n), then [

cyclic

—-n

a1
+1)vai+az —
Mihély Bencze

PP. 16464. If a; € (0,1) (k=1,2,...,n) and Y a} = 1, then
k=1

n 1 > 5%(71—&-1).

kgl ak(lfai) - 4

Mihaly Bencze

n

PP. 16465. If a; € (0,1) (k=1,2,...,n) and ) ap = 1, then
k=1

i 1 5/5(n—1)

=y ax(ltar) (1+a) — 4

Mihaly Bencze

PP. 16466. Let ABC be a triangle:

1). Prove that \/a (s —a), \/b(s —b), \/c(s — c) are the sides of a triangle.

2). Determine all z,y, z € R for which \/za2 + yab + zac, \/xb% + ybc + zba,
\/xc2 + yca + zcb are the sides of a triangle.

Mihaly Bencze

n n
PP. 16467. If a; € [0,1] (k=1,2,...,n), then [] (2 —ax +a}) >2" [T as.
k=1 k=1

Mihaly Bencze
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PP. 16468. If a; € [0,1] (i =1,2,...,n) and k € {1,2,...,n}, then

n
(1 —aras...a;) (1 — asas...aps1) ... (1 — apa...ag—1) > [[ (1 —af).

PP. 16469. If z;, > 0 (k = 2, ...,n), then
:p?(4ml+x2+x3 7 e

3 2, .2 n
2) Z xl(16:1:1+x2+1’3+4x1x2+21’2x3+4x1x3) > %kzl xz

2 =
r{t+x2T3

PP. 16470. If a,b,c > 0, then

=1

Mihaly Bencze

% > r1x2 (21 + 22) -

Mihély Bencze

1). > (2a*+ 0>+ ) (b+c¢) >3(a+b)(b+c)(c+a)

(3a3+2b3 +03) (b+c)

2). 3o B2 ) > 9 (a4 b) (b 4+ 0) (e + )

PP. 16471. If z;, > 0 (k=1,2,...,n), then
T 2 1

N

— — n—1 itz
cyclic " {/(w%—&—x%)(m%—l—x%) 1<i<j<n v

PP. 16472. If a >0 (k=1,2,...,n), then

3 n
a3 (2a1+a2) 2
1). Z (Z%+a1a2+ag Z kz:l ak

cyclic
3( 402 2 n
ay (4a1+2a1a2+a2) 7 3
2). Z af+aiaz+aZ 23 Z g
cyclic k=1

PP. 16473. If a;, > 0 (k: =1,2,...,n), then
1), o dleirad) 5 Z al

a1+az

ai+az

n
2) Z a1(25a1+5a1a2+a2) > 37 Z a6

Mihaly Bencze

Mihaly Bencze

Mihély Bencze

Mihély Bencze
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PP. 16474. If 2,5, 2 > 0, then Y, —L <> %
cyclic xy( xy+2z) cyclic

1
(:t:erx\/aTy«#z\/yiz)y ’
Mihaly Bencze

PP. 16475. If z,y,z > 0, then 1 + —22u2 > SVI¥2
> (zy)2 S x2

Mihaly Bencze

PP. 16476. If z; >0 (i =1,2,...,n) and k € N*, then

i k=1 2
=1 > L ( > :U’f\/x2+:p3+...+:cn>

n 2%-2 = (p—1)n2k1
( Q’;,L) cyclic
i=1

Mihéaly Bencze

PP. 16477. If a,b,c > 0 and a® + b*> + ¢? = 3, then

1 3
L @R S rvir

Mihaly Bencze
PP. 16478. If a, >0 (k=1,2,...,n) and o > 1, then
Il (af +n—1)>n""“ (E ak) :

k=1
Mihaly Bencze

PP. 16479. If x, >0 (k= 1,2,...,n) then
1.

n
> = <
= (n—1)zk+ "—YT1 Tp_1%kt1---Tn —

Mihaly Bencze

a+3
PP. 16480. If « > 1 and z,y,z > 0, then > ($E/é@ﬂ)za > 3,/§:yZ.

Mihély Bencze

PP. 16481. If a > 1and ap >0 (k=1,2,....,n), S= ) ap, then

p=1
nooo n 1
k n a—
Z S—ay, 2 n—1 " H Qg -
k=1 k=1

Mihaly Bencze
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n
PP. 16482. If 2, <1 (k=1,2,..,n) and Y 27 =1, then
k=1

"oz, _ 27(4n—1)
Z 142 < 50 .
k=1 k
Mihaly Bencze

n
PP. 16483. If 2, <1 (k=1,2,..,n) and Y 23 =1, then
k=1

z”: 4+2xk42rx§ < 27(8576—1)
i < .

=1 T
Mihaly Bencze

PP. 16484. If x4, € (0,1) (k=1,2,...,n) then

n
k¥1xk+ Yoo P <n+ 3 2

cyclic cyclic
Mihaly Bencze

PP. 16485. If 2,4,z > 0, then S Sfyﬁ;‘;ﬁm > 1.

Mihaly Bencze

PP. 16486. If z; > 0 (k=1,2,...,n) then

X1 <
n—1 —=
21+ "7/ (z1+a2) (21 +as)...(z1+Tn)

n
: 3
cyclic

Mihély Bencze

n
PP. 16487. If z, <1 (k=1,2,....,n) and ) z} = 1, then
k=1

Mihély Bencze

PP. 16488. If a; € [0,1] (k=1,2,...,n), then \/H ar + \/H (1 —ag) <1
k=1 k=1

Mihély Bencze
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PP. 16489. If a;, > 0 (k=1,2,...,n) then > —% > "2n , where
N pog

n
=2 a
p=1
Mihély Bencze

PP. 16490. If a; > 0 (k=1,2,..,n) and p € N then

2p+1

E a12P > Z 2p 1-

cyclic cyclic %2

Mihély Bencze
PP. 16491. If a, >0 (k=1,2,...,n) then

. 2a2+a3+a? . 2a2+a2+a3 w
min g O e D Tty (2220 0
cyclic cyclic k=1

Mihéaly Bencze
PP. 16492. If a; > 0 (k=1,2,...,n) then

mln{ Z 3a{’+2ag+a§; Z (3a1+2a2+a3

M\w

n
2 P
cyclic (a1+a2) cyclic a1+az)(a1-+as) k=1

Mihaly Bencze

PP. 16493. If a,a;, > 0 (k= 1,2,..,n) then Y (/a2 + (o — ag)? > "2,

cyclic
Mihaly Bencze

PP. 16494. If z,y,z > 0, then [] (22 + 2) (32% 4 2y? + 2?) > 58322323
Mihély Bencze

PP. 16495. If a,b,c > 0, then >_ 22 > 45 ¢ a2+bc

Mihaly Bencze

n
PP. 16496. If 0 <z, <1 (k=1,2,...,n), then [[ oy (1 —22) < (2\7)
k=1

Mihaly Bencze
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PP. 16497. If z,y, 2 > 0, then 25 = (*” “’) >3t + 3 2%y

Mihaly Bencze

PP. 16498. If a; > 0 (k =

6

, 2
n
ay > V2-—1
Z (a1+a1a2+a2)(fa1+a2) - 3 kgl @

cyclic

n) then

Mihaly Bencze
PP. 16499. If z,y,z > 0, then (> x) (E m2+yz> > 1y 2?4+ ay.

Mihaly Bencze

PP. 16500. If Si (n) = 1% + 2% + ... + n*, then

55 kS (n—k+1)% <3S (n)+ 2515 (n).
k=1

Mihaly Bencze

PP. 16501. If ak >0 ( ,m), then

oa\w ||

k=1,2,.
L S a1
it 2 as(a 2+a1a2+a2) 2 Zl

cyclw
Mihély Bencze
PP. 16502. If 2, > 0 (k= 1,2,...,n), then

23 VB—1 n
(331+m)(\/5x1+x2)2 8 kglxk'

cyclic
Mihély Bencze

PP. 16503. If x,y,z > 0, thenzmgxlﬁ_

Mihély Bencze

PP. 16504. If z € [0,Z], then
1). 2(1+sin®z + cos®z) <

< (14 sin2z) (2 —sin2z) + (2 — sin? 2z) /1 + sin 2z
1—cos 2z 14cos 2z 3 a2 2
)' 1+4-cos 2z+sin? 2z + 1—cos 2z+sin® z = 2 S & Cos™ T

Mihaly Bencze
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PP. 16505. If ay,bg,cp >0 (k=1,2) and a? +b? +cF = ag + by +co = 1,
1—a? a2+b32 95" a2
then (X = ) (L 242) > &2,

Mihaly Bencze

PP. 16506. Let ABC be a triangle, and AFE, BF,CD the interior bisectors
of angles BAC, CBA, ACB, where F € BC, F € AC, D € AB. Prove that
(a+b)(b+c)(AD+EC—=b)+ (b+c)(c+a)(BE+FA—c)+
(c+a)(a+b) (CF+ DB —a) =4sRr (% —1).

Mihély Bencze

m
PP. 16507. Solve in N the following equation Y xp! = (m +1)" - nl.
k=1

Mihaly Bencze

A
PP. 16508. In all triangle ABC holds 3> — 22— > 2.
COSs 5 COS 5

Mihaly Bencze

PP. 16509. If x € R, then
1). 3v/2 4+ [sinz| + |cos x| < 2 <\/ 1+ 2sin?z 4+ V1 + 2 cos? m)

2). 1+ 3v2chx + |shx| <2 (\/2 + ch?z + V1 + 3sh2x)

Mihély Bencze

PP. 16510. Let ABC be rectangle triangle with catetes ¢ and b and
ipotenuse ¢. Prove that a + b+ 3v/2¢ < 2 (\/02 +2a2+ Ve + 2b2> )

Mihély Bencze

PP. 16511. If a,b > 0, then
V13a2 — b2 + /1302 — a2] + 6Va% + b2 < 42 (a +b) .

Mihély Bencze

PP. 16512. If a > b>c>d > 0 and a® + b* + c* + d* = 1, then determine
all « € R which impliesa+b>1>c+d.

Mihaly Bencze
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PP. 16513. If 2y € R (k=1,2,...,n), then

n
—n < Y sinzp+ ), sin(x; — ;) <n.
k=1 1<i<j<n

Mihaly Bencze

akb—1)n
PP. 16514. Determine all a € N* for which > n—}rp > k for all
p=1
n, ke N*.
Mihaly Bencze
PP. 16515. If 2, € R (k=1,2,...,n), then
n
10 S ch?xy, <4 Y chtzichtzy+ Y (chxy + chay)?.
k=1 cyclic cyclic
Mihaly Bencze

PP. 16516. In all triangle ABC holds
12 (52 —r2— Rr) (52 —r2— 4Rr) > (32 +r2 4+ 2R7“) (1152 — 1572 — GORT) .

Mihaly Bencze

PP. 16517. Let ABCD be a convex quadrilateral with sides a, b, ¢, d. Prove
that (s+a) (s+0b)(s+c¢)(s+d) >
> 81 (Area (ABCD))? + 8Labed (cos® A%C + cos? #) .

Mihaly Bencze

PP. 16518. If o > 0 and xpxnt1 > Tnt1 + 2 > Tpp12nse foralln € N,
then compute lim n (z, —2).
n—oo
Mihaly Bencze

PP. 16519. If n,k € N, then for all z; >0 (i = 1,2,...,n), then we have
n

> gkt (9%4_%) 222,@5.
1=

cyclic

Mihaly Bencze
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PP. 16520. If b> 1, a1 € (0,7) and ay41 = a, — ba2 for all n € N*, then

compute lim n (nan — %) .
n—oo

Mihaly Bencze

PP. 16521. Determine all functions f : R — R such that
f@f@)+ 1 (@)= fW)=yf(@)+f(f()—ff(2)foralzyecR.

Mihaly Bencze

PP. 16522. Determine all m,n € N such that m"~! — n™~1 is divisible by
m + n.

Mihély Bencze

PP. 16523. Determine all x,y € Z such that (z + y)4 = 23y + 2%y% + zy°.

Mihaly Bencze

PP. 16524. If from the equations 22 + axz + b, =0 (k= 1,2,...,n), all
n — 1 equations have a common root, then determine the min and the max of

n
the expression Y (af + b}), where a;, by € R (k=1,2,...,n).
k=1

Mihaly Bencze

PP. 16525. In all triangle ABC holds
1 1
s (Z matmy 2(52—r2—4Rr)) = Z maimb'

Mihély Bencze

PP. 16526. If Py(z) =1, Qo (z) = —1, Poy1 (2) + (n + 1) P, (z) = 2”1,

Qnt1 () + (n+1)Qp (z) = —2"F for all n € N and = € R, then compute

: Py (z)
min and max of REE

Mihély Bencze

PP. 16527. Let ABC be a triangle, M a random point in the plane of the
given triangle. Denote D and F the midpoints of AC' and BM. The line DE
cut AB and CM in P and Q. Deterine all M such that APQL = MQP4.

Mihaly Bencze
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PP. 16528. If0<m <ap <M (k=1,2,...,n), then compute

M/ n
J (Z x_:ak> In zdz.

m

Mihaly Bencze

PP. 16529. If a,b € [~1,1], then compute [ (¢=tlcose—(atblsing ;.

eT+asin z+b cos x

Mihély Bencze

PP. 16530. If 2, > 0 (k=1,2,...,n), then
2

etz (Sa) +1[ e
k=1 k=1 Z;;:Jl
Mihaly Bencze

PP. 16531. In all triangle ABC holds
2R (4R +1)2 < (2R — 1) (52 + (4R + 1")2> .
Mihély Bencze

PP. 16532. If a,b,c,d > 1, then []log, % log,, %i log, % > 1.

Mihély Bencze

PP. 16533. If z € C, then
2(|1—|—z|+\1—2])+’1+z+22—|—z3+z4|—|—‘1—z—|—22—z3—|—z4‘22.

Mihély Bencze

n
PP. 16534. If a; = %—i—l + %—i—? + ...+ 7, then compute Y [ay], where []
k=2
denote the integer part.

Mihaly Bencze
3
PP. 16535. In all triangle ABC holds AB + BC + CA > 1 (15/3) ",

Mihély Bencze

PP. 16536. In all triangle ABC holds > ((;::)b_)i > B

Mihaly Bencze
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(2n—3k+1)2k (")
k+1

PP. 16537. Prove that {; >

] = 2" — 1, where [-] denote
k=0

the integer part.

Mihaly Bencze

n
PP. 16538. If z > 1, then exp (ﬁ&%) > 1] (1 + w}m) .
k=0

Mihély Bencze
PP. 16539. If z € [0, 7], then

sinx cosx - 1.
/it T i reors = 10 (1+V2cos (z - F) + gsin2z).

Mihély Bencze

PP. 16540. If z,y,z > 0, then
((L’ + y)“/’yZ (Z/ + Z)yz2 (Z + x)zxZ Z 8myzxzx2yxy22y22.

Mihaly Bencze

1 n
PP. 16541 Prove that [ (1+4” + st ) entdy > S,

Mihaly Bencze
PP. 16542. If z,y,z > 0 and zyz = 1, then
Yo (et E) il 23

Mihaly Bencze

VE VE
PP. 16543. 1f z € [0,1], then /2~ > 1n (1+ Tﬂ”)

Mihaly Bencze

PP. 16544. If a,b,x;, >0 (k=1,2,...,n), then

2 2 2 2 n

. 7 +T1T2+2T] T +T122+25 3

min Z axi1+bre Z azrg+bry > a+b Z L
cyclic cyclic k=1

Mihaly Bencze

: : 42009 n1+2009 __
PP. 16545. Solve in N the equation 2+2009 + ...+ §1+2009 =n.

Mihaly Bencze
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PP. 16546. Denote T the Toricelli‘s point in triangle ABC. Prove that
(3> AT) (3" AT - BT) > 4v/3sRr.

Mihaly Bencze

PP. 16547. If a,b,z;, > 0 (k =1,2,...,n), then

Z (az1+bz2)(aza+bx1) < n(a+b)?
2 +z122+T3 3 -

cyclic

Mihaly Bencze

n
PP. 16548. If z; > 0 (k = 1,2, ,n) and Y zp = 1, then
k=1

Z r1+332 +nz$1x2 2 1+

cyclic
Mihaly Bencze

PP. 16549. Let ABC be a triangle. An exterior tangent circle to the
circumcircle and to the sides AB and AC have the tangent points M and N
with sides AB and AC. In same way we define the points P,Q and L, K.

2
Prove that ABAC’+BCBA+CAC’B—3<Z sin & >

Mihaly Bencze

PP. 16550. If x4 >0 (k=1,2,....,n) and m € N*, then

n
> m <=3 ﬁ (A generalization of problem 26123, Gazeta

cyclic k=
Matematica, Bucuresti).

—_

Mihaly Bencze
PP. 16551. If a,b,c > 0, then 3[] (a®c® + ab’c + b*) > (3 (I2b)2 > a20)2.

Mihaly Bencze
PP. 16552. In all convex quadrilateral ABC D holds

2
L (e ek Jes ) 2.

Mihaly Bencze
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PP. 16553. If n € N*, then
1,1 1 @n+1)! _ 1,1 1 4n(nl)? 1,1 1

Mihély Bencze

PP. 16554. If a,b,c > 0, then (Y a®> + Y ab) 3 (2 +2) > 4(Fa)*.
Mihély Bencze

a)2

(Ca)?

PP. 16555. If a,b,c € [0,1], then abe + o250 < 3.

Mihaly Bencze

PP. 16556. In all triangle ABC holds:
2

2 >4/ 2bc(b2+c2)—a2bc
1) 22 1+T£LOSA = < >a >

2
2). 2 1+T§sA > % (52 +r? 4Rr)

Mihaly Bencze

sin? nz—sin?(n—1)z ) (e*4+e~*
( (sim) ) )d:v, where n € N*.

PP. 16557. Compute

AR o

Mihély Bencze

PP. 16558. If 2,9,z > 0, then (Y 2)* (L ay)® < (23 2% + Zmy)3.
Mihaly Bencze

[] {y} = z|t|
. : yl{z} =t|z|
PP. 16559. Solve in R the following system: [ , where [-
2 {1} = x|y :
[t]{z} =ylz|
and {-} denote the integer part, respective the fractional part.
Mihaly Bencze

PP. 16560. If z € R\ {km; (2k + 1) F|k € Z}, then

logg,2 ., 2 cos? x + 1og 2 28in® x > 0.
Mihaly Bencze
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n n 112_,’_1.4_;'_1
PP. 16561. If z; € R (k=1,2,..,n) and ) xy =mn, then ) - t— >n
k=1 k=1 k

Mihaly Bencze

PP. 16562. If 2 € R (k=1,2,...,n) then

BZxk+n>22xk+2 > xixe.
k=1 k=1 cyclic

Mihély Bencze

_ 1\* 1 3
PP. 16563. If ¢ (z) = (1+2)", then Cy%ic Tog. 2 (W) Te(2)) > 5 for all
z,y,z > 0.
Mihély Bencze
PP. 16564. Prove that by, bo, ..., by, bn42 > 0 is a geometrical

n+2 3
progression if and only if < ) < > (Z b3> = <Z bkbk+1bk+2> .
k=1

Mihély Bencze

PP. 16565. If x € R, then
l—s—sin8 m+sin24 T 1+4-cos® z+cos?4 z
1) 1+sinl6 z + 14coslb x >1

2). 4 (sin*z + cos?z) +3 > 3 (sinx + cosz)

Mihély Bencze

PP. 16566. If n € N*, then determine the integer part of the following
expressions:

. (1- 175 4 (14 1)
1

n

2). (1- 1) 4 (141"

Mihaly Bencze

PP. 16567. If z,y,z > 0, then 1 + %/227222 > % ( %;Z + YTz (Z ))

Mihély Bencze

PP. 16568. If a,b,c > 0, then > %erc < 2%;;.

Mihaly Bencze
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PP. 16569. In all acute triangle ABC' holds:
4 9R($2—T2—4RT)2

D). Y eea 2 —1urm

m2 81Rr2
2)‘ Z 1+c§sA > 4R+r

Mihaly Bencze

PP. 16570. If x,y,z > 0 and x + y + z = xyz, then

>+ 2 <L
14z (1+3 x2y222>

NI

Mihaly Bencze

PP. 16571. If z,y,z > 0 and > zy = 1, then

TYZ 9
? (1 T e ) © e
Mihaly Bencze

PP. 16572. If a,b € N*, then determine all x,y € N for which

1). al®¥l 4+ p(=Y) ig a perfect square

2). a[g] + bl#] is a perfect square, where [-| denote the integer part
3). a® + b¥° is a perfect square

Mihaly Bencze

(1+a-+b)° 3(a*+ab+b?)
PP. 16573. If a,b > 0, then Fata®) (1575 = (atabin)® -

Mihaly Bencze

PP. 16574. If x,y,z > 0, then in all triangle ABC holds
x" cos % +y"cos & + 2" cos % > (y;—z)n sin A + (23%)"sin B + (%ﬂ)n sin C.

Mihaly Bencze and Nicusor Minculete

PP. 16575. If z € (0, g) , then sinx + cosx + Sirlm + Colsm >
18 + Smlfh (1 —sin2z) (sin 2z + min (sin® z, cos® z)) .

Mihaly Bencze
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PP. 16576. If z € (0,5) U (5, g then
in2z < 2 tunis 1, forallne N, n>2.
sin 2x < < (m—m <l,forallne /N, n >

Mihély Bencze

2v3shs o Vshs o sha(licha)
PP. 16577. If 2 > 0, then 8 < JY25H < V22 < P < cha + o

Mihély Bencze

PP. 16578. In all triangle ABC holds:

1). 24+ 72+ 4Rr < 13" Vat +14a2? + b1 < 2 (s —r2 — 4Rr)

2 <L\ a1 ) < (AR + 1) — 5
. r(4R+T)Siz\/(s—a)4+14(3—@)2(s—b)2+(s—b)4

s2—2r2 — 8Rr
24 r2 4 aRr )2 —1652R
28’”<4Z\/h4+14h2h2+h4 < (Fortrdfin) 162 R

s?4r2—8Rr 8 A 8 B 8R24+r’—s
). §4Z\/sm £+ 14sin? 2s1n 5 4sin® L ST

~—

[N}
~—

3

~—

| /\

4).

ot

T 16R?
$24(4R+r) 8§ A 4A .. 4B 8 B — (4R41)’—s?
7_42\/COS 54—14005 3 COs™ 5 + cos 7§7

(=2}

16 R2 8R2

Mihély Bencze

(sinx+cosx)<m+m> ’
PP. 16579. If z € [0, %], then - <

. 3/ o 3 5 ) ( 3/ 4 3 a1 )
(sin z+-cos x) ( Vsin? 24 Vcos? ) ( Vsin? 24 Vcos? sin® z-cos? o
16 — 4 :

Mihaly Bencze

PP. 16580. Let ABC be a triangle, and M € Int (ABC),
AA N BB NCCy ={M}, where A; € BC; By € CA; C; € AB. Determine
all points M such that

. [ MA MB MC MA MB MC
mln{MA17MBl7M01}SQSmaX{MAl’MBNMC’l}’

Mihaly Bencze
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. 32——(21{4—r)2 r
PP. 16581. In all trlangle ABC hold W S 3R"

Mihély Bencze

PP. 16582. Let ABC be a triangle. Determine all £ > 1 such that

A-B\ 7T
Z<C°S. E ) > 327,

Mihaly Bencze

PP. 16583. 1). If # € R, then max {sin (sh?z) ;sin (ch?z)} > 3
2). Deterine max {cos (sh®z) ; cos (ch?z) }

Mihély Bencze

Ina Inb

PP. 16584. If £ € R then aS"%pcosT 4 ¢CoSTHSINT < 94 V2 atin2b hv/n a+in?b

Mihély Bencze

n

k k\k 1
PP. 16585. If z € [0, 1] N then kl;[l.flf (1 — X ) < W
Mihaly Bencze
L n(n n
PP. 16586. If a > 2, then [[ k! <a™"" 15,
k=1
Mihély Bencze
PP. 16587. Determine all z,y € [0, 1] such that
(arcsinz)¥ + (arccosy)” = (arctgz)? + (arcctgy)” .
Mihaly Bencze
L n—k+1 —n(nt1) 1
PP. 16588. If n € N*, then [| (k)" * <275 [] (k+1).
k=1 k=1

Mihély Bencze

PP. 16589. If a,b,c >0 and a+b+c =1, then ) 4 > .

Mihaly Bencze
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PP. 16590. If a,b,c € (0,1) and a + b+ ¢ > 2, then ) 7% > 6.

Mihaly Bencze

PP. 16591. Solve in Z the equation 22 + 32 + 22 = 2 (12752 + 1) .

Mihaly Bencze

PP. 16592. If z,y,z € R, then [] (sin2 x cos® y + cos? z sin? y) < %.

Mihaly Bencze

PP 16593. If ap, € N* (k=1,2,...,n) and d = (a1, ag, ..., an) , then
5 o ) 2 g (@)  [] k)
k=1 k=1

Mihély Bencze

n
PP. 16594. Solve in N the following equation > (k+1)" = y%.
k=1

Mihaly Bencze

PP. 16595. If a,b,c > 0, then > % > 3.

Mihaly Bencze

PP. 16596 Prove that:

1). 1;1 (k)" > 2(%—11)

n

2). > (E+1)(kH™

k=1

EI5Y

4
Z a1
Mihaly Bencze

PP. 16597. Prove that:

n . .
1). kzl (3k2 + 3k — 1) (k1) % > %ﬂn

2). 3 (h+1) (2k% + 2k — 1) (k)& > 122
k=1

Mihaly Bencze
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4ab

b
PP. 16598. If a,b > 0, then a@ s T b(3a2+‘iab+b2)] > oo

Mihaly Bencze

PP. 16599. If z € [0, 7], then

1)‘ _ sin x + cos T (1+51n2x)

sin z-cos ecx cosztsecr = 3

2). Vsin?z 4 Veos?x < \f

Mihaly Bencze

2
PP. 16600. If a,b,c > 0 and A > 0, then Y. &5 > 1+ (347

Mihaly Bencze

PP. 16601. If a € R, b € (—3,+0c) and f : [0,1] — (0,+00) is continuous,

1 1 2 4
then [ f?(z)dzx (f 2 f () da:) (4b+1 (f 22 f (z )
0 0
Mihaly Bencze
PP. 16602. If b > a > 0, then

b . -1 b -1 1
x
> _ 1
{ x(m+Sin2tCOS2 t)+Sin4t { T a:+sm tcos2 t)+cos4t = Inb—Ina for all
te R.

Mihély Bencze

PP. 16603. If a,b,c > 0, thenz aTbrE > 1.

Mihaly Bencze

PP. 16604. If a,b > 0, then
b

a(a2n72+021na2n73b+._.+cgn_lanflbnfl_i_%cgnaanbn) +

a 4ab
b(%Célnanbn72+cg’:'1anflbnfl+.__+022:_1ab2n73+b2n72) — ( + )
n > 2.

- for all n € N*,

Mihaly Bencze
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PP. 16605. If a,b > 0, then

b a >
a(a2n=14+C4, 16?26+ +CF,  an—1bm) t b(Co L anbr =14 +C30,  ab2n—24p2n—1) =

2n+
ﬁ, fOI' all n € N*.

Mihély Bencze

PP. 16606. If 29 € (—1,1) and 2,41 = 2% — 25 + 1 for all n € N, then
determine all k,p € N for which lim zxs...z,, = 0.
n—oo

Mihély Bencze

PP. 16607. In all triangle ABC holds:

—

3
Z b+1 > 1+4sRr

[\

)-
) Z Ta rb+1) = 1+352r

R
) Z ha(hb+1) = R+32527"2
)-
)-

w

W

1 48R?
Z sin 7(1+sm2 %) = 16R2+r2

1 48 R?
5 Z cos2 4 (1+Cos2 g) = 16R2+s2

Mihaly Bencze

PP. 16608. In all triangle ABC holds:

1). V25652 > 243/2Rr + /9 (s> — 3r2 — 6Rr)
2). 9V/s2 > 24V/r2 + /9 (s2 — 12Rr)

3). 9(4R + 1) > 2452 + §/9 ((4R ) - 1232R>

3/9((2R—7)((4R+r)?—3s2)+6Rr2
1. 9(1— ) > 12855 4 2EA(ARE ) 16R)

N s/ s 3/9((4R+r)3—3s2(2R+r)
5)‘9(2+ﬁ)2123%+\/( 2R )

Mihaly Bencze

PP. 16609. In all triangle ABC holds:
1). 9 (s> + 7%+ 2Rr) > 16sV6Rr
2). 3v/3R > 2s

3). 9s (s + 12+ 2Rr) > 4V3 (s +r? + 4Rr)%
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4). 9sR > 2(4R + 1) \/3r

Mihély Bencze

a b 2
+ < .
\/$b2+y \/:ca2+y - Vzty

PP. 16610. If z,y > 0 and a,b € [0, 1], then

Mihély Bencze

PP. 16611. If z € [0,1], n,k,p € N, k > 1, n > 2, then
. 1 " . 1 "

Mihély Bencze
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Solutions

PP. 12741. If x = h—’;,m = hLb’Z = hLC’t = h—rd, then

hahy + hyhe + hehg a:yz x—l—y+z) 1
_ <
R e MER D M TT

_r . T
Ifac—ra,:c—rb z=t=1 then

TaTh +Tpre +Terq 1 (auyz)2 (x+y+2) 1
Z 3. 31 .3 :*Z 3 3 <3 Z(z—l—y+z)
Ta 1y e T (ay)’ + (y2)® + (z2)® T 31

Traian Ianculescu

PP. 12824. In Inegalitati from C. Panaitopol, V. Bandila, M. Lascu is
proved

(k+1) *Y(k+ D) —kVE <k+1
for all £ > 2. For k = 1 we get 2V/2 < 3, then
11 ((k+1) kﬂ/(kﬂ).-k{“/ﬁ) <l (k+1)=(n+1).
k=1

Traian Ianculescu

PP. 12932. From the previous problems we get

Z hahb + hbhc + hcha @ + Z TaTh + ToTe + Tela A < 1 ¢ + 2 p
h3 + h3 + h} 3+l +rd —\r r

for all o, 8 > 0.

Remark. If o, € [0,1] then

Z hahy + hphe + hehg “ + Z TaTh + ToVc + Tela A
h3 + hy + b} 3 +rp 4 -

<((3)+())

Traian Ianculescu
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PP. 12974. We have

therefore

i)« (e (-3) - (FE )

k=1

Traian Ianculescu

4T (n+4)

)l <1,78

PP. 12977. Because 1,77 < /7 < 1,78 we get 1,77 <

because

Traian Ianculescu

PP. 12997. In inequalities In (x +V1+ x2> <z<ln <gf—i> we take

r = 2= (k=1,2,...,n) therefore

n 2 n
kz 1+/k2(k+1)2+1 <; 1 o

k(k+1) - :k:(k+1)_n+1§

+1)+1
< 1
z 2 (G o1
Traian Ianculescu

PP. 13014. We use the Corollary 1.2. from the paper: ” About Exponencial
Functions”, author M. Bencze and Gy. Szollosy namely:

If ap € (0,1) U (1,400) (k=1,2,...,mn), then




Solutions 907
(see Octogon Mathematical Magazine, Vol. 15, Nr. 2A, October 2007)

Ifn=2 a1 = Fy,az = Fyy1, then we get

(Frp—1D)InFryiInFipo+ (Frp1 — 1) In Filn Fiyo > (Fgyo — 1) In Fi ln Fi g

Traian Ianculescu

PP. 13015. If in previous problem we take n =2 and ay = Ly, a2 = Lg41
then

Ly -1 Likpi—1 Lipo—1
In Ly, InLgy1 = InLgyo

Traian Ianculescu

PP. 13017. We have

" 1 n

k(k+1) n+1

2+ k+1 "
n P =1n H k(k+1) Zl < k:+1)><

k=1
Traian Ianculescu

PP. 13018. In the paper ”"New Inequalities in Triangle” authors M. Bencze
and S. Arslanagic (Octogon Mathematical Magazine, Vol. 14, Nr. 1, April
2006) is proved that if z,y, z € [0, 1], then

x Y z
+ + <2
yz+1 zzx+1 zy+1

Fn — Lk — Py
Fn+1’y T Lp+r? Z= Pt

In this we take x = € [0, 1] so we obtain

FnLk+1Pm+1 Lan+1Fm+1

+
Fn-‘rl (LkPm + Lk+1Pm+1) Lk+1 (Fan + Fn+1Pm+l)

. P Fr1Lg41 <9
Ppi1 (FnLik + Fy1Liy1)

Traian Ianculescu
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PP. 13022. In blnb<bforalla be( ] a <bwe take a =
(k=1,2,. )and we get

s _r
k+1’b_k

.om T < k+1
sin — cos 0
TRy e
n n
3
stin%coseckj_l < Z(k:—l) = n(nQ+)
k=1 k=1
Traian Ianculescu
PP. 13023. Ifin :11;‘2 § we take b = k(k’iH), a= m (k=1,2,..,n)
then
n n
: 7r ~n(n+2)
;Slnk(k+1)coseck2+k+ ;( )>_ n+ 1

Traian Ianculescu

1 .
PP. 13043. From \/T < arctgx <z we have for z = N the following

1 1
\/mgarctgf<fork§ (arctg ) > <k+1(k=12,..n), therefore
f
n(n+1) = = n(n+3)
— 7 = < <
5 k< E (k+1) 5

k=1 k=1 (arctgﬁ
Traian Ianculescu

PP. 13088. We have

z x 9 3
<N T 3 <3_2_-7°

Traian Ianculescu
PP. 13106. In (1 +a)f>1
after then t = uk SO U % <1
1
(abk_l) < b4 “T_b and (bak )’“ <a+b=a , therefore

i(abk 1) <nb+a—band Z(bak’ 1) <na+b—a

k=1

+kxwetakex:t—lSotk21+k(t—1),
+ =1 and ﬁnally setting t = ¢ we get
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after addition we get:
n

3 ((abk—l)’l“ + (bak_lﬁ) <n(a+b)

k=1

Traian Ianculescu

5 n
PP. 13166. If z; € R (i =1,2,3,4,5) and )_ x; =0, then > |cosz;| > 1.
i=1 i=1

In this we take x1 = F,, 20 = Fpq1,23 = Fpy3,24 = Fys, 25 = —Fp46 and
after then x1 = Ly, 22 = Lpt1,23 = Lpys, x4 = Lypys, 25 = —Lpy6 SO we
obtain:

|cos F,| + |cos Fy 41| + |cos Fp 43| + |cos Frt5] + |cos Frp6| > 1

and

|cos Ly | + [cos Lyy1| + |cos Ly43| + |cos Ly45| + |cos L6 > 1

for all n € N.

Traian Ianculescu

PP. 13200. We have ) e < 31 (see P.S.L 7/Revista de Matematica din
Timisoara), therefore

Traian Ianculescu

PP. 13201. Because > a- AG > 4sr (P.S.G 7/Revista de Matematica din
Timisoara), then we have

> (a-AG) =3 (; > a AG>a > 317 (4s1)"

Traian Ianculescu
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PP. 13202. Because R; + Ry + R3 > 3R (see P.S.LL 9, Revista de
Matematica din Timisoara), then we have

o 1 “ o
Traian Ianculescu

PP. 13215. If P € [OH], then 6r < PA+ PB + PC < 3R (see P.S.L.I -
Revista de Matematica din Timisoara), therefore

Z(MA)“§3<;ZMA>$§3RI and
Z(MA?U>3< ZMA) > 3(2r)"

after addition we get

3(2r) + 3 (MA)" <3R™+ Y (MA)

forall 0 <z <1<y.

Traian Ianculescu

PP. 13224. We have
1\* 11\ N
- < Z - < y-
Z<a> _3<32a> _3<6T> and
1\Y 11\ Vv3\’
- > - - > i
Z(a) _3<3Za> _3<3R>
After addition we obtain:

(33) +2 () =2 () - (2
forall0<ax <1<y.

Traian Ianculescu



Solutions 911

PP. 13225. We have

and after addition we get
25\ %Y : 252\ " :
foral0 <z <1<y.

Traian Ianculescu

PP. 13226. We multiply the inequalities Y w, <>, < > 7, and
[Twa < T[7ra < []ma and we obtain:

(Z wa> Wwawywe < (Z ma) TaTpre < (Z Ta) MampMme

Traian Ianculescu

PP. 13227. We starting from

Z wZ <2< Z 7“2, therefore

forall 0 <z <1<y.

Traian Ianculescu
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PP. 13236. Using the problem O.X. 57-Revista de Matematica din
Timisoara we have

1 OA 3v2
- < < \[s
2 AB+ AC 4

O

OA \° 1 OA \°* v2\" 0
= ——— < — - < —_— =3-2 2
Z(AB+AC> _3<3ZAB+AC’> —3<4> 3-2% and

OA Y 1 OA Y
77 ) >3(=N" 2 ) >3.6¥
Y (anrac) 2 GXaprac) 20
and after addition we get:
.6V _ YA ) «3.97% _a
30 +Z<AB+AC> S8z +Z<AB+AC>
forall 0 <z <1<y.

Traian Ianculescu

PP. 13238. We have

| (2+9) (y+2) (= +2)
(Zw) <Z 1:) =1+ Y yxyz and

(Zx) <Zl) :1+(ﬂ:+y)(y+z)(z+x) - (z+y) (y+2)(z+2) _

T nryz nryz
n—time
> na1) H+V<<w+y><y+z> <z+x>>”
nTYyz

this is a generalization of problem O.IX. 43-Revista de Matematica din
Timisoara of author Robert Csetnek (for n = 8 we obtain this problem).

Traian Ianculescu
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PP. 13239. We have

zp+ (1+...+1) >m Yz, or
—_———

(m—1)— time

1 m
> (k=1,2,...,n), therefore
wrr — T +m—1

i 1 i 1 mn
PPREESD'S > :
Pt T P T +m—1 m

If n =m =3, then
1 n 1 N 1 S 27
Ve Yy Yz x+y+z+6
for all x,y, z > 0, which is generalized by
n

1 mn?
do=2
Vi :

k=1

Traian Ianculescu

PP. 13240. We have
2 @ 2 o
Z logy. @ > 3 1 Z logy, @ but
14 2log y 3 14 2log y

s lelr | Clmw? | sty | @
1+2log,y — 3+2> logpy 3+2log, (zyz) 3+ 2a —

2

because a = logy, (vyz) > log;, k* = 3, therefore

Z Ing x “ 2 31—04
1+ 2log y
for all o > 1.

Traian Ianculescu
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PP. 13247. In IX. 126-Revista de Matematica din Timisoara is proved that

when a,b, ¢ > —1, therefore

a \¢ 1 a \°¢ a+b+c \¢
>3 - >3 ——mM8M8M8M—
Z(b—i—l) - <3Zb+1> - <a—|—b—|—c+3>

for all o > 1.

Traian Ianculescu

PP. 13248. We have

X=X (5) 226 2%) 2 (m5s)

because from PP. 13239 we have | 3%/5 > #JZZ%, therefore

S o =5 (Y0)

—

for all o > 1.

Traian Ianculescu

PP. 13260. We have [2] + [z + 3] = [22] and

PO -]

from [z] + [z + 5] + [z + 2] = [3a] so

O sl [l

and finally we get

) e - [ 5
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) () ()
o3[ [ ) o (e )

for all o € [0,1].

and

Traian Ianculescu

PP. 13293. If Hk = ﬁ = ﬁ, Hk-,]_ = %, then
al af

2

&2 (k=) & ((k—1)y —x)? > 0, therefore

r+y x

<1
- Y

kHy — (k—1) Hy_1 < aj and

n

- 1 "1 n
ZkH—(k—l)H EZIZF
st k k=1 ] Ok

Traian Ianculescu

PP. 13300. If f : [0,1] — R, where

f@)=V1+z+ {71—x+("_n;)$2
then
f@) = = et 2 DT )2

b3 (e

therefore f” is decreasing and f” (z) < f”(0) =0, f’ is decreasing and
/() < f7(0) =0, fis decreasing and f (z) < f(0) = 2, therefore
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— 1) 22
Vi+z+ {71—$§2—u0r
n

(n—1)sinx

2

S = VY1+sinz+ V1l—sinz<2-— an

n

(n —1)cos®x

So=VY1+cosx+ V1 —cosx <2— and

n2

n—1
2

V1+sinz+ V1 —cosx < S;+ Sy <4—
n

for all x € [0, g] .

Traian Ianculescu

PP. 13305. Using the inequality

(n—1)22

Vite+Vl-z<2- s

n
for all z € [0,1] we get

A A n—1 A
_ n 2 n -4 _
Sl—g (\/1+S1n 2+\/00822>§6— 2 E smE_

(n—1) (8R* + 1% — s?)
8n2R?

S2:2<\/1+00322+ \/sm 2) <6— 2 cos 5:

(n—=1) (AR +7)” - &)
Sn2R2

:6—

Traian Ianculescu

PP. 13306. We have

'\1/1+1+'\L/1 Loy -1
- - = — —5 SO
k E 0T 2k

nlk+1 nlk—1 n—1
— — >
2 \/ r \/ 2 e and
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o0
Wk +1 ,{/k—l n—l _(n—Dn
Z<2_\/ kooV ok ) Z/@‘ 6n2

k=1

Traian Ianculescu
PP. 13330. In inequality

(n—1)22
n2

Vit +Yl—z<2-—

we take x = N and we get

- 1 1
,€_1<\/1+ k(k+1) it «/k(k‘%—l)) =

< n—1 >_2n3—|—2n2—n—|—1
)T )

Traian Ianculescu

PP. 13347. In Revista de Matematica din Timisoara, G. Buth and L.
Vlaicu proved that:

1). if a = b then sy =} -t < oy

2)‘ if a < b then 52 = Z aw-l—bzy-‘rbz b a-i:-),Qb
after addition we get

<
c—|—2b+sl_ a—{—ijL 2

Traian Ianculescu

PP. 13467. From (a — b) (a® — b%) > 0 we get ¢ +b > a? + b%, therefore

44 pt 2
S () 2 25

for all a, b, ¢ > 0, therefore

Fi+F}, Fr +FLs Fls+Fr 2 9
+ + > —(F, 4+ Fhy1 + F =
FoFp ForiFoys | FapaBy =3 0n Tt Fuss)
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2 2
=3 (Fnt2 + Foys)® = §F5+4

Traian Ianculescu

PP. 13474. From

> () ()= ()

we get
i‘: om —1\ /2n+1 any
= n
k 2n —k 2n &
k=0
b on —1\ /2n +1 4an
500 =3 (") () = (an) -2
k=1
therefore
4n ) A
lim M:—Q—i— lim L)z >-—-2+ lim — > -2+ lim n =400

Laurentiu Modan

2
1
1

PP. 13497. We have

PR 0 B ¢

> 2 5 ==
k:lak+bk+ck Z(ak—i-bk—i-ck) BZak
k=1 k=

=3

Traian Ianculescu

PP. 13514, We have k! > (£5)" > 2 or (k)i > 521 > (27
(k=1,2,...,n) and

1
- 1o nn+3) | o kI O\®
N%& N 7/
g(k) Z T2 7 (k:—i—l)

k=1 k=1

Traian Ianculescu
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PP. 13717. Using the Chebyshev‘s inequality we get

Zacos?% < % (Z a) <Z cos? 1;) but

A A T 9 A 259 3s
E cos2 2<1+||s1n2> 2<1+4R)_4:>E acos2_34 5
[raian Ianculescu

PP. 13718. In all triangle ABC holds

2<Z“T+b—z—a3 <3 & 8abe < (Y a) (2> ab— Y a?) < 9abe but

abc

Sab=s?+1r2+4Rr, Y a® = 25> — 2r? — 8Rr, abc = 4sRr so we obtain

32sRr < 4sr(r +4R) < 36sRr or 8R < 8R + 2r < 9R which is true.
If a — mg, b — my, c — me, then we obtain

3

Mg + My § my,
2< E — <3
me MagMpMe

Traian Ianculescu

PP. 13731. We have

Z (acos A)* < gl-« (Zacos A)a =3l <2;9>04 < gl-ag

for all o € [0,1].

Traian Ianculescu

PP. 13732. Using the P. Vasic's inequality we get

Z (zsin A)* < 31« (stinA)a < 3l-a <\2§ Z xj) —9—agl-% (Z %
for all a € [0,1].

Traian Ianculescu
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PP. 13733. Using the D.F. Barrow's inequality we get

Z (zcos A)* < 31« (Zxcos A)a < gl-« <; Z xzy>o‘ _ gl-ag—a (Z %)a
for all a € [0,1].

Traian Ianculescu
PP. 13736. We have

4bc
w2: s(s—a)<s(s—a) so
e CRUEECRD)

(Zwa)2 < 32102 < 3s% and Zwa < V3

therefore
Sowg <3 (Pw,) <3 Ese
for all o € [0,1].

Traian Ianculescu

PP. 13740. Starting from

D rawa <57 <D mawa

we get

X X
(Z rawa> g (Z Tawa> < 317%6%% and
Yo ql- Yo al-y.2
(Z mawa> >3 7Y (Z mawa> >3 VsV

and after addition we get
x Yy
v 4 <Z rawa> < 3l-zglr 4 <Z mawa)
forall0<ax<1<y.

Traian Ianculescu
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PP. 13746. From L. Bankhoff‘s inequality we have

Zha§2R+5r

therefore

Y hg<3ie (Z ha>a < 317 (2R 4 5r)°

for all o € [0,1].

Remark. Using the L. Panaitopol‘s inequality > a® < 8R? + 4r? and

> a® = 25 — 2r2 — 8Rr we get s> < 4R? + 4Rr + 3r? but

AR? + ARr + 3r2 < 4R? + 6Rr — 12 therefore s> + 12 + 4Rr < 4R% + 10Rr or

2sr s+ 712+ 4Rr
hg = — b= —n— <2
Z abcza 5T < 2R+ 5r

Traian Ianculescu

PP. 13750. Starting from L. Bankhoff’s inequality
AN? 2
(Z sin 2) > (Y sina)
and using that
ZaQ =2 (52 —r?— 4R7‘) , a = 2Rsin A etc.

we get,

. A> s2 —4Rr —r2
g sin = -
2 = 2R?

Traian Ianculescu

PP. 13753. J.F. Darling proved that

36 abc
2 90 2 abcC
2.a —35<S * s>

therefore

. 1 . 12 .
S 23<32a2> 23(35(324—4}%1"))
for all o > 1.

Traian Ianculescu
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PP. 13754. C.T. Nedelcu proved that

(see problem 18899/GM), therefore

Z (cos A)® < 3l- (Z cosA)a < gl-a <Z

for all o € [0,1].

PP. 13757. C.T. Nedelcu proved that

Za—b—l—c>z
aA 4

(see Gazeta Matematica, 4/1980), therefore

a—b+c\ o a—b+c
Z( aA >231 <Z aA

PP. 13758. We have

for all o > 1.

PP. 13775. We have

Traian Ianculescu

) =9 (5)

Traian Ianculescu

Traian Ianculescu

Traian Ianculescu



Solutions 923
PP. 13777. We have
hara \ & 1 hara \ & 2 Ta @
>3 = =3 - >3
S () 2 () (3255 2

because } | -t > 3.
(&

Traian Ianculescu

PP. 13779. We have

N 1 “ 2R+ 5R\“ a
s (1rn) <3 (Y conin
Traian Ianculescu

PP. 13829. We have

v

ZLG _ srz 1 > 9sr _ 9s > s 3v/3r
a a(s—a) ~ Y a(s—a) 8R+2r — R R

If a <b<cthenr, <7, <r.and é > % > % and from Chebyshev‘s

inequality we get

(AR+7)V3 _ 3V3R
6r - 4r

]
e |
IA
W=
~—
]
5
N—
N
]
IS
——
IA

Traian Ianculescu
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PP. 13840. We have

T 1 1 s2+ (4R +7)? 9 9
—_— = — — > = —
a T(Za+zs—a> 4sR T 23 tgd

B 9s
- 2(4R +7)
SO
s+ (4R +r)? 9s 2 5 _ 185°R
> 4R >
SR Z 2[R+ &S TUREY 2 e

Traian Ianculescu

PP. 13918. We have

S5 () cosk =)
n . v) coskx \ = .
H (cos kx)(k) < | = n = (COS— (cos g) )
5
k=0
n > (2)
n Z " sinkx | *=* o . -
H (Sink‘x)(Z) < L _ <2 sin &~ (COS 5) )
B 4 n 2n _ 1
= > (v)
k=1
for all z € (()7 %) )
Traian Ianculescu
PP. 13923. We have
ey

Traian Ianculescu
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PP. 14099. We have

= >
Zag—l—...—f—an—al Zal(a2+...+an)—a§—

cyclic
n 2
>k
k=1 n

= n
doay(ag + ...+ an) — kz a2

I
—

n 2 n
because (Z ak> <n) ai.

Traian Ianculescu

PP. 14103. We have

Z af S <kzi:1ak>2 <kzi:1ak>2 R

= = a
ag+ ... +ap, — Y (a2 + ... +ay) n & n—lz F

Traian Ianculescu

PP. 14196. Because /cosz < Si”, then we obtain Sin’e > z in which we

T cosx
take x = Vﬁ (k=1,2,...,n) therefore
Zn: (sin ! > sec ! > ; L -
Pt Sk (k+1) Vk(k+1) = k(k+1) n+l
Traian Tanculescu
PP. 14269.

1). We have ctg% + % (ctgB + ctgC) =

n
_ ctgé + n(n+1)6(2n+1) . 2(cthn+cth) _ ctgé +n Z kQW >
k=1
2 2
> Ctg% +n (n4+1) . 2(Ct95;;6t90) but

ctg% (ctgB + ctgC) = 2(5—5)2(5—@ = és(s__b;r)s(s__c); > 2, therefore
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1
ctgg N (n+ )?()2n+1)

(ctgB + ctgC) > 2(n+1)

(Er)Ee)

s n(n+1)(2n+1)  2s2-8Rr—2r2 _ s
2)' r + 6 nsr or + nsr

n 2
=2+ <” > k2> ;L;GQ > 54 (nt1)7 362 4} erefore
k=1

sr — r 4 sr

2_4 2
§+(n+1)(2n+1)(3 Rr T)26(n+1)
r 3sr

3). We have > a? > 3672 so s2 + 223" a? > 52 + 360272 > 12)\sr but
> a? = 252 — 8Rr — 2r?, therefore s2 + \? (232 — 8Rr — 27"2) > 12Xsr and
finally

(1+2X%) s > 2)\r (Ar + 4AR + 6s)

for all n € N.

Traian Ianculescu

PP. 14566. We have

ﬁ <7’L> Wl(k-t,-z) kzo (k+1)(k+2) ont2 _ 3 2712
< | = S
k T ¢ 1 ( n+1)2 >
k=0 Y. FEOGTD ( )
k=1
Traian Ianculescu
PP. 14571. We have
W n kznzlk
]{j - n(n+1)
ﬁ<n>k< P :< 2 >;
— n
Pt k Sk n+1

Traian Ianculescu
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PP. 14572. We have

‘H
1=
‘
> 3
N—"
B
I 3
it
ES
-
i
=
Il
i
eI

—]=
VRN
> 3
N———
el
+
IA
ol
NgEIN
o
ol ol
-1z
Il
s
+ |8
= | £
M|
e
=

i
o
i
I

Traian Ianculescu

PP. 14592. We have

"k ok \
28tg2k g | F=0 nt1_
- e \2° < kz::o g _ (ctgz — 2" etg2n g 2 !
H (tg2 x) < 7271: ” = TS
k=0
k=0

for all z € (0, 557) -

Traian Ianculescu

PP. 17788. We have

ha \© ha\# 2r\ 3
— ] >3 — >3 =
Z <wa> B <H wa> B <R>
because [[ hy = % and [Jw, < s%r (because w, < /s (s — a)).

Traian Ianculescu
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Open questions

0Q. 3356. 1). Determine all functions f,g: R — R for which

T

b
f($)+g($):C>0,andI(W-FM)dx:dWQ,whendeRisa

constant.
A solution is f(z) =1+z,9(z)=1-z,c=2,d=-%,a=0,b=1

2). Determine all functions f,g: R — R for which f (x) 4+ ¢ (x) = ¢ > 0, and
b
f (d5 + 1) o = an®

A solution is f(z) =z + 1,9(x) =1—z,c=2,d = %,azo,b: 1.

Mihaly Bencze
0Q. 3357. 1). Determine all functions f,g: R — R for which
1

[Inf(z)dr = [Ing(z)dz = %2. A solution is f (z) = £ and g (z) = e+l
0 0

2). Solve the equation f (z) = g (z)
3). Compute [ f(Inz)g(Inz)dz.

Mihély Bencze

n

OQ. 3358. Let be the equation . a3 -3 > ajajap = b™
i=1 1<i<j<k<n

1). Solve in N

2). Solve in Z

3). Solve in @

n

4). If p is a given prime, then the equation Y. a? —3 > aaja=p

i=1 1<i<j<k<n
have infinitely many solutions in Z.
n
. . 1 1 —
5). Solve in Z the equation } & —3 3 dagar = L
=1 " 1<i<j<k<n

Mihaly Bencze
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0Q. 3359. 1). Solve in Z the equation
(:1:3 + y3) (x4 + y4) = (u3 + 113) (u4 + v4)

2). Let be <Z x%) <Z y,ﬁ) = <Z x,ﬁ) (Z y,‘é) , where a,b € Z. Solve
k=1 k=1 k=1 k=1
a). in Z b). in N c). in Q
Mihaly Bencze
0Q. 3360. Let be A € M, (C) such that A2 = A+ I,, (n > 2). Determine
k
all k,p € Z such that det A = (1_—2‘/5> <1+2—\/5>p.

Mihély Bencze and Gheorghe Stoica
0Q. 3361. Solve in Z the equation
(m2+y3+z4) (y2+z3+:c4) (22+1:3—|—y4) —(rty+2).
Mihély Bencze

0Q. 3362. Let ABC be a triangle. Determine all x,y € R such that

% <> (Szzciy) < ﬁ. For x = 2 and y = 1 we have a solution.

Mihaly Bencze

0Q. 3363. Let ABC be a triangle. Determine all z,y € R such that

sin 4)”
goxling)

= < %. For x = y = 1 we obtain a solution.

Mihaly Bencze

o(n)=2m+3

0Q. 3364. Solve the following system: { o(m)=2n+3

Mihély Bencze
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i 1 _ 2

0Q. 3365. Solve in Z the equation =2z — (27"

when n € N.

1
z"+(n—2)y

Mihaly Bencze

0Q. 3366. Solve in Z the equation x%kﬂ + x%kH + ..+ 22F = 1, where
keZ.

The equation have infinitely many solutions in Z, because for n = 2p we
have 1 = 1,20 = 0,24 = —w3 € Z, ..., T2p = —T2p—1 € Z, and for
n=2p+1,x1=1,23=—22 € Z,...,v9p41 = —T2p € Z are solutions.

Mihély Bencze

0Q. 3367. Solve in Z the equation
(27 — o) (28 — 23) ... (27 — 1) = (21 + 22 + .. +2)" L

Mihéaly Bencze

0Q. 3368. Solve in Z the equation
(ap+ah 2l o) (a2 2l )
. (xg + x?il +otz2 o+ xn,l) = (21 + x20. +70)" .

Mihaly Bencze

0Q. 3369. 1). Solve in Z the equation 3% + 3Y + 3% + 3! = v3. In N this
equation have infinitely many solutions
r=3a,y=2a+b+1,z=a+2b+1,t=3b,u = 3%+ 3%, where a,b € N
2). Solve in Z the equation n® + n*2 4 ... + n®n 4 pPntl =y,

Mihély Bencze

n n
0Q. 3370. Solve in Z the equation Y z}¥ = > xp + (n+ 1) y*.
k=1 k=1

Mihaly Bencze

0Q. 3371. Solve in Z the equation z3 + y3 + 23 — 3zyz = t*, where k € Z.

Mihaly Bencze

0Q. 3372. Solve in Z the equation z3 + y3 + 23 = zyzt*, where k € Z.

Mihaly Bencze
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0Q. 3373. 1). Solve in Z the equation 22 + y? + 22 = xyz + 2

2). Solve this equation in Q.

n 7
3). Solve in Z the equation Y z7 = [] zx + y?
k=1 k=1
4). Solve this equation in Q.

Mihély Bencze

n n
0Q. 3374. 1). Solve in Z the equation Y. 22 +y [[ =1
k=1 k=1
2). Solve in @ the given equation.

Mihaly Bencze

0Q. 3375. Solve in N the equations
1). o(n)=3n—-1 2). ¥(n)=2n+5

Mihély Bencze

0Q. 3376. Solve in N the equations

o(m) | ¥(m) _ o(n)+d(m) | ¥(k)+d(p) _
D5 T o =2 2 Sewrdo) T a)ral) — 2
Mihély Bencze
0Q. 3377. 1). Solve in Z the equation - +k: + ==+ = n, when
keZ
2). Solve in Z the equation = +k + $3+k + ...+ $1+k =n, when k,p € Z

Mihaly Bencze
0Q. 3378. Let be A € My, (C) and || A||% = tr (ATA) , the Frobenius

norm.

Determine the min and the max of the expression || A, + [|A|l5 + ... + [|All; -

Mihaly Bencze
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0Q. 3379. Let be A € My, (R) and At = I, + At + A0 4 (07

1). Determine all Ay, € My, x,, (R) (k= 1,2,...,m) such that [] e =1,
k=

—_

det (e?) = etr(B)
2). Determine all A, B,C € M« (R) such that < det (eBt) = tr(©)
det (eCt) — etr(A)

Mihaly Bencze

0Q. 3380. The prime p is called k— pannonical if and only if
Pl=1 (mod pk)

1). Prove that are infinitely many k— pannonical primes. Determine all.
2). If k = 2, we obtain the Wieferich’s prime, by example 1093, 3511 etc.

3). Let Sy = % + % + .+ ]% + ..., where p1,p2, ..., Pn, ... are k— pannonical
primes, and o > 1. Compute S and prove that S} is irrational and
transcendential.

Mihély Bencze

0Q. 3381. 1). Determine all prime p; (k =1,2,...,n 4 1) such that
2Pnt1 — 1 = p1pa...pn

.., + 1) such that 2P1P2-Pn — 1 =p, 4
., + 1) such that 29+1 +1 = q142...qp
., n+ 1) such that 20929 + 1 = g, 1.

2). Determine all prime py (k =
3). Determine all prime g (k
4). Determine all prime g (k =

1,2,.
1,2,.
1,2,.

Mihély Bencze

n

0Q. 3382. Let z = [] (k? +1)
k=1

1). Determine all p € Z for which Re(z) > 0 and Im(z) > 0
2). Determine all p € R for which Re(z) > 0 and Im(z) < 0
3). Determine all p € @ for which Re(z) < 0 and Im(z) < 0

Mihaly Bencze
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0Q. 3383. Determine all Ay € My (R) (k=1,2,...,n) such that

Z (det (Al + Ag) + det (Al - Ag)) =8 Z det Ay,.
cyclic k=1

Mihaly Bencze

n
0Q. 3384. Solve in N the equation > kP =m'.
k=1

Mihaly Bencze
0Q. 3385. Determine all z; € C' (k= 1,2,...,n) such that

(Re <Z zk>) + <Im <E zk>> <n? If zp = 22% (k=1,2,...,n), where

k=1 k=1
|z| =1, then we obtain a solution.

Mihaly Bencze

n n
OQ. 3386. Let be > z2 =n [] .
k=1 k=1

1). Solve in N 2). Solve in Z 3). Solve in @
Mihaly Bencze

n
0Q. 3387. Let ar, € Q (k=1,2,...,n) such that [] ay = 1. Determine the
k=1

setM:{xeR\Q|ixak€Z}.

k=1

Mihaly Bencze

0Q. 3388. Let ap € Q (k=1,2,...,n) such that ki ar = 0. Determine the
=1
set K = {x € R\Qlkznjlxak € Z} )
Mihaly Bencze
0Q. 3389. Solve in Z the equation kﬁ1 (1:2 + 2302 — xi + 23:% + 1) =2 422

Mihaly Bencze
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0Q. 3390. Let 22 — 4zy + y? = 22. Solve the given equation

1). in N 2). in Z 3). in Q
Mihaly Bencze

0Q. 3391. Determine all a,b € N for which if [%ﬂ is a power of a, then b is

a power of a, when [-] denote the integer part. If a =2 and b > 4,b € N,
then we have a solution.

Mihély Bencze
0Q. 3392. Determine all n, k € N for which exist primes p and ¢ such that

It g+ gp+ot =+

Q=

Mihaly Bencze
0Q. 3393. Let be k,n € N* given. Determine all m € N such that

(m—1)n
> n%_l = k, when [-] denote the integer part.
i=1

Mihaly Bencze
0Q. 3394. 1). If ., >0 (k=1,2,...,n), then

(Enj fﬂk) (}nj mk) >n+(n—1) (’é )(Zx 1> > n?.

k=1 k=1 T
1

\T:]:

\

2). Determine the best constant ¢ > 0 such that

(L) (£ 2)zn+

n
k=1 k=1 IT 2
k=1

+c ((xl —x)? + (wo—3)* + o+ (g — x1)2> > n?.
Mihaly Bencze
0qQ. 3395 Determine all a € C (k= 1,2, ...,n) for which

al1—ag a1 —az =0.

ai1+asz . aitaz
cyclic cyclic

Mihaly Bencze
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0Q. 3396. Determine the best ¢ > 0 such that

n
[T (a1 +a2) >2" [[ar+c¢ 3 (a1 —ag)? forallap >0 (k=1,2,...,n).
cyclic k=1 cyclic

Mihaly Bencze
OQ' 3397. If ai, pi > 0 (Z = 1,2, ,n) and Fk (61,170,27 ,_.7an) = L7

then Fy (a1, a2, ...,an) > Fip_1 (a1,a2,...,a,) > ... > Fi (a1,a2,...,an) >
> Fy(a1,a2,...,an) .

Mihaly Bencze

0Q. 3398. Determine all m,n, k,p € N such that
(e + a5 + ...+ 27) (:1;5” +azP+.. + SCZL_,’_l) (x? +a"+ ..+ x?_l) >

pp 0 m=p m—p m—p m—p m—p m—p
> X1Ty...Tn (1’1 +xy, T+t ) (x2 + x5 +...—|—xk+1)

: (UE?*p +a2"P+ L+ :U;Cn:lp> forallz; >0 (i =1,2,...,n).

. . . 343 2
Remark. If m =3, k=2, p =2, then . STt & (x1 —x2)° >0
therefore [ ] witog [T (z1+a2) = [T (23 + 23) > a%23..22 [] (1 + 22) fo
T1T9 = 1 2 1 9) = X1T5...7, 1 9 T

allz; >0 (i=1,2,...,n).

Mihaly Bencze

0Q. 3399. 1). Prove that exist infinitely many z,y,z € R for which
PPy +22>r+y+2

2). Determine all x,y,z € R for which 22 + 32+ 22 > 2 +y + 2.

We have the following result. Using the weighted AM — GM inequality, we

22 b2 2 2 22 b2 2
gt i+ G+ &2t s =L (&) 2Lk



936 Octogon Mathematical Magazine, Vol. 17, No.2, October 2009

r=%y=,,2=%,then P+ >r+y+ oz
n n

3). Determine all 7y € R (k =1,2,...,n) for which > z7 > Y x4
k=1 k=1

4). Determine all zx € R (k=1,2,...,n) and all «, 5 € R for which

n n /8
doxE > D @y
k=1 k=1

Mihély Bencze
0Q. 3400. If a; >0 (: =1,2,...,n), then determine all k € {1,2,...,n} for

n k n
which (Z a1i> > aTmtTa | 2 <Zaz‘> >, arrartgar | For
i=1 cyclic i=1 cyclic 11720 Tk

k=1 we have equality. For k = 2 we start from the followings:

2 2 n
(1) S > 8a1za2 o 5~ G > $hdaa 1 gai and 4, < L =
1=

ai1taz — a1+az a%+a2

2 2
ay+as

k=2

n
(2) 3 5%5 < 33 L. Multiplying (1) and (2) we get the affirmation for
i=1 "

Mihaly Bencze

0Q. 3401. Ifa; >0 (i =1,2,....,n) and k € {2,3,...,n}, then

n
1 n? 2nk 1
Yoot > AR > —— .
=1 S a; () 1<i1<...<ig<n iy g o,
i=1

Mihaly Bencze

n

0Q. 3402. If z; € C (k=1,2,....,n) and ) 2z = 0. Determine all m € N
k=1

for which m } (%)™ < <Z ]zk]> .
k=1 k=1

Mihaly Bencze
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0Q. 3403. 1). If z, € C (k=1,2,...,n) and 2, # 2, (k # p), then

( > \21—22\) ( > z2> >n? 4 1.
cyclic cyclic

2). Determine all A > 1, ax € R (k=1,2,...,n) such that
(la1z1 + agze + ... + apzyp| + |a122 + agzs + ... + anz1| + ...
+ |a1zn, + a2z1 + ... + apzn_1l) -

1 1 1 >
la1z1+a2z2+...4an2n| + la1za+a2z3+...+anz1| ot |a1zn+a2Z1+---+anznf1\) =

n? + A.

Mihaly Bencze

0Q. 3404. If x;, >0 (k=1,2,...,n), then determine all & € R for which

n . «a Iczl Tk
% g :n .
kZ::l <1+11 R RERRE ) 14+ a2
k=1
Mihaly Bencze
0Q. 3405. If a, >0 (k=1,2,. , then determine all p € {1,2,...,n} for

which Y ar > (n—p) p Z%"‘P\/Hak
k=1

Mihaly Bencze

n
0Q. 3406. If a >0 (k=1,2,...,n) and [] ax = o”, then determine all
k=1

a>0f0rwh1chz forallz >0and p>2,p€ N.

n
x+ak)p 2 (z+a)?

Mihaly Bencze

0Q. 3407. Determine all ap > 0 (k= 1,2, ...,n) for which

n n n
1 2 1 n
a2tz Y ant o 1T a.
k=1 Zq k=1 k=1

Mihaly Bencze
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OQ. 3408. Let be A, = {n € N*|n =p[y/n]+1,p € N*}, where [-] denote
oo

the integer part. Compute Y > #
p=3n€Ai,

Mihély Bencze

0Q. 3409. Let S (n) be the sum of those positive divisors of n that are less
than n. A triple of integers (a,b,c) is a (x,y) — friendly triple if
l<a<b<candzs(a)+ys() =(x+y)c, zs(b)+ys(c)=(r+y)a,
xs(c) +ys(a) = (z +y)b, where z,y € N. Determine all (z,y) — friendly
triple. In same way (a1, ag, ..., a,) is (z1,22, ..., Tp—1) — friendly if

1<a; <ay<...<ay, and

x18(a1) + zas(a2) + ... + p_18 (ap—1) = (X1 + oo. + Tpe1) Any ooy 218 (an) +
x98 (a1) + ... + Tp—18 (an—2) = (1 + ... + ap—1) ap—1. Determine all
(x1,x2,...,;xn—1) — friendly numbers.

Mihaly Bencze

n
0Q. 3410. If ax, >0 (k=1,2,...,n) and [] ax = 1, then determine min
k=1
r+ay
y+taitaiaz+...+aiaz...ap’

where x,y > 0 and

and max of the expression
cyclic
pe{2,3,..,n—1}.
Mihaly Bencze

0Q. 3411. Determine all primes p1, po, ..., p, such that
p1| (2 +p3) s p2| (3 + 2pa) , - P| (P1 + p2) -

Mihély Bencze

0Q. 3412. If ap > 0 (k= 1,2,...,n), then determine all p; > 0

an kay, i ag
(k=1,2,...,n) for which ==— < nzl 4 =1
kglpk kzlpik

Mihaly Bencze

0OQ. 3413. The sequence (ay,),~, of positive integers is defind for n > 1 by
Unt1 = xay + ybp, when b, is obtained from a,, by reversing its digits, and
the number b,, may start with zeroes.

1). Determine all positive integers a1, ,y for which the sequence (ay,),~,
contain infinitely many prime. -
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2). Exist a1, z,y € N for which the sequence (ay),, contain only coposite
numbers?
3). Study the sequence if a1 € {d(k),o (k),¥ (k),® (k), F), Ly, Py, ...} and

k is given.
Mihély Bencze

0Q. 3414. A positive integer n is said to be k-type number if it has the
following two properties:

a). n is divisible by at least k distinct primes

b). there exist distinct positive divisors dy = 1,ds, ds, ..., dj of n such that
di+ds+ ... +di, =n.

1). Show that there exist infinitely many k—type numbers, for all n > 6

2). Denote S,, the set of k-type numbers. Compute > n, > %, > n%,
neSy nesSy neSn
when o > 1.

3). Compute niﬁ when 5 > 1.
né¢Sy

Mihaly Bencze

0Q. 3415. In convex polygon AjAs...As,_1As, the triangles

A1 AxAs, AgAsAg, ..., Asp_1 A3 Ay are similar. Determine all polygons
A1 As... A3, _1 A3y, for which the polygon A1 AsAs...As, 1 is regular if and
only if Ay AyAg...Asy, is regular.

Mihaly Bencze

n
0Q. 3416. Ifa; € R (i = 1,2, ...,n) are distinct, and by, = [] (1 + M) ,

a;—a
i=1 i
ik
n

> apby

k=1

then 1+ < II (1 + |ax|) -

k=1

n

Mihaly Bencze

0Q. 3417. For a positive integer a, let M, (¢,d) be the set of all primes p
for which there exists an odd integer b such that (2c)b(2d)a — 1 is divisible by
p, when ¢ and d are given positive integers. For any positive integer a, prove
that there exist infinitely many primes that are not in M, (¢, d). Denote

kn (c,d) the set of all prime p for which (2¢)"®?" — 1 is not divisible by p.
Prove that there exist infinitely many primes that are not in ky, (¢, d) .

Mihaly Bencze
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f (k) fE+1) f(k+2)
0Q. 3418. Ifdy, = | f(k+3) f(k+4) f(k+5) |, then compute:

f(k+6) f(k+7) f(k+38)

M=
Q.

1).

2).

k

b

3

1

1
dg
|

=
Il

o0
> 2, where o > 1.
k=1 "%

3)
)

W

. How many prime exist between dj and dy1?
). Solve the equation 2d,, = d, + dj,
6). Solve the equation d2 = d,dy.

We consider the following cases

J(R) € {d (k) o (k) , @ (k) , W (K), Ly, Fi, Py .}

t

Mihaly Bencze

0Q. 3419. Let A = (aij)lgijgk be a magic square matrix, and
d, = det (f (aij))lgi,jgk’ where f (k) € {d(k),(k),® (k),V (k), Fy, Lg, ...} .

Compute
n

n n
1). > dg 2). Y+ 3). Y. 2=, where a > 1.
k=1 k=1"" k=1 F
). How many prime exist between dj and dg41?
). Solve the equation 2d,, = d, + dj,
)

. Solve the equation d2 = d,dy,

S U

Mihaly Bencze

0Q. 3420. If p1,ps, ..., pr are distinct primes and ¢ a given positive integer,
there are infinitely many natural numbers n such that the decimal
representation of pi + p4 + ... + p} has a block of ¢ consecutive zeroes.
If k =1, then for p; ¢ {2,5} let r > ¢, r € Z and t = ® (10") = 2 - 10" and
p} =1 (mod 10™), hence has the desired property. If p; = 2, let r > 2¢,
n==®5")+r=4-5"14r 2°6") =1 (mod 57), therefore

2t = 2%(") . 2" = 2" (mod 10") . Since r > 2¢ > log; 10t and - = 5" > 10¢,
2™ contains a block of ¢ consecutive zeros to left of the rightmost 2" digits.
Ifpr=5letr>4t, n="=(2") +r=2"14r 522 =1 (mod 2), therefore
5t = 5%(275" = 5" (mod 107). Since r > 4t > log, 10 - t and 39~ = 2" > 107,
thus 5™ contain a block of ¢ consecutive zeroes to the left of the rightmost 5"
digits.

Mihaly Bencze
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n

0Q. 3421. Ifay, >0 (k=1,2,....,n) and S = >_ ag, then

k=1
S_
> % =D S—Zi‘

cyclic cyclic

Mihaly Bencze

0Q. 3422. A positive integer n is f-charming if there are positive integers
ai,az, ..., a, (not necessarily distinct) such that

flar) + f(a2) + ...+ f (an) = [ (a1) [ (a2) ...f (an) = n.
Determine all f-charming integers if f € {d,®,0,V, F,L,p,...}.
Mihaly Bencze

0Q. 3423. Let ABC be a triangle and M € Int (ABC). Prove that exist a
constant « (M) > 0 for which 2r < o (M) (AA; + BBy + CC1) < R, where
{A1} =AM NBC,{Bi}=BMnCA, {Ci}=CMnAB.

If M = H, then we have 9r§ha+hb+hc§%.IfMEG, then we have
9r§ma+mb+mcg%. IfMEI,then9r§wa+wb+wC§%.

Mihaly Bencze

0Q. 3424. Let ABC be a triangle, and M € Int (ABC),
{A1} =AM NBC, {B1} = BMNCA, {C,} =CMn AB.

Determine all M € Int (ABC) for which R+ r < max{AA,,BB;,CC}. If
M = H, then we reobtain a problem of Pal Erdés, namely
R+ r < max{hg, hp, hc} (Matematika V Skole, 1962, Nr. 6, 87-88).

Mihély Bencze

0Q. 3425. Let ABC be a triangle, and M € Int (ABC),
{A1} =AM NBC, {B1} =BMNCA, {C;} = CM N AB, then determine

the minimum and maximum of the expressions:

AA AA;-BB
1). ZZal 9). 2AALBB, L
@ o, B
3). > ;{i{y 4). %, where «, 3 € R.

Mihaly Bencze
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0Q. 3426. Let ABC be a triangle. Determine all function f : R* — R such
t
that % < e for all t € R. If f (a,b,c) = %+, then we reobtain

a

a result of R.Z. Djordjevic.

Sa'(f(abe)-a) } _

Determine min { S~ ai=2

Mihély Bencze

0Q. 3427. Let ABC be a triangle, My, € Int (ABC), {Ay} = AM N BC,

1). Determine all M7, Ms such that
AM; + BM; + CM; < AMs + BMs + C M,y

2). Determine all Mj, My such that ANM; - BM, - CMy < AMy - BMy - C M,

3). Determine all My, My such that
AM;-BMi+BM,-CM{+CM;-AM; < AMy-BMy+ BMs-CMo+CMsy- AMs

4). Determine all My, My such that Y AM; - BM; <> AMs - BM, if and
only if H AMl < H AMQ.

Mihaly Bencze

0Q. 3428. 1). Let ABC be a triangle. Determine the best constants
x,y > 0such that 2z +y)r <> hy<zR+yr.lffz =2 y=5o0orz=y =3,
then we obtain two solutions.

Mihaly Bencze

0Q. 3429. Let A1 As... A, be a convex polygon. Determine all xj > 0

n—1 n—1
(k=1,2,...,n — 1) such that if <Z l‘k> a; < ) Trags1, then
k=1 k=1

n—1 n—1
(Z .Tk) A1 < Z l‘kAk_H, where ap — AkAk—i-l (k‘ = 1,2, ,n) .
k=1 k=1

Mihaly Bencze
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0Q. 3430. Let ABC be a triangle, My, € Int (ABC), {Ax} = AMy, N BC,
{By} = BMNCA, {C,} =CM;NAB (k=1,2,3).

1). Determine all z,y > 0, My, Ma, M3 such that
(x+y) AM; = xBMy + yCMj;

2). Determine all z,y > 0, My, Ma, M3 such that (AM;)""Y = BMg - CMJ

3). Determine all x,y > 0, M;, My, M3 such that $+y = Bﬁb + 0%43

Mihély Bencze

0Q. 3431. Let ABC be a triangle, M, € Int (ABC), {Ax} = AM N BC,
{Bk} =BM,NCA, {Ck} =CM,NAB (k = 1,2) .

Determine all My, M> such that
AM? + BM? —I—C’M2 <s?< AMZ+ BM3 +CM3.If My =1, My = G, then
we obtain > w? < 52 < Y- m2.

Mihaly Bencze

0Q. 3432. Let ABC be a triangle, M € Int (ABC). Denote Rj, R, R3 the
radii of the circles inscribed in the sectors AM B, BMC,CM A.

Determine all points M such that z- + Rz + R3 > 3+12%\/§.

If M = O, then we obtain a solution (J.I. Gerasimov, Matematica v. Scole,
1967, Nr. 3).

Mihaly Bencze

0Q. 3433. Let A1A3A3A4 be a convex quadrilateral, and let M be an
arbitrary point in its plane. Determine all z,y > 0 such that

ZPA > xmin {PA;]i € {1,2,3,4}} + ymax {PA;|i € {1,2,3,4}} . If

A1A2A3A4 is square, then I.S. Gal and L. Bankoff (Problem E. 1308 AMM,
65(1958)) have obtained = 1 ++/2 and y = 1.

Mihaly Bencze
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0Q. 3434. Let ABC be a triangle and consider the points M, N, K in plane
of the given triangle.

. . area(MNK) R\2 _
Determine all points M, N, K such that 4 < “area(ABC). < (7) M =1,
N =1, K = I, then we obtain a result of M.S.Klamkin, Math. Teacher

60(1967), 323-328.

Mihaly Bencze

0Q. 3435. Let ABC be a triangle, M € Int (ABC) and denote z,y, z the
distances of point M to the sides of triangle. Determine minimum and
maximum of the expressions:

D 5 2). R ). S
4). Zzhzgla 5). Zz}:lt;lzua ). Zin;;ua
Do 8 F 0). T

10). &l 1), &t 12). Tame

If M =0 then % < 3 this is a result of F. Leuenberger (Problem E. 1579,
AMM 1963).

Mihély Bencze

0Q. 3436. If a; > 0 (k=1,2,...,n) and a € [0,n?), then
R I (COICREE
2o (L) (£2),

0Q. 3437. If a; >0 (i =1,2,....,n) and [] a; = 1, then determine all
i=1

Mihély Bencze

ke {2,..,n} such that [[ (a1 4+as+..+ax) > [[ (ai +k—1).

n
cyclic =1

Mihaly Bencze
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0Q. 3438. If a;; >0 (i =1,2,...,n;5 =1,2,..., k), then determine all

n k n
1<k<nsuchthatZHaw+“H<z ) <Zaij>-
i=1j=1 j=1 \i=1 ]1 =1

Mihély Bencze

0Q. 3439. Ifa; >0 (¢ =1,2,...,n) and > ajas...ar > n, then determine

cyclic

all 2 <k <mnsuchthat [[ (a1 +ax+..+ag) > ][] (a;+k—-1).

cyclic =1

Mihaly Bencze

n
0Q. 3440. If a; >0 (i =1,2,....,n) and ) af = n, then determine all
i=1

2 <k <nsuchthat > (a;1+az+..+ ak+1)k+1 <n.

cyclic
Mihaly Bencze

0Q. 3441. If a; > , then determine all & > 0 such that

(fio) (: (£ () o) <5 ()

0Q. 3442. 1). If a; >0 (i =1,2,...,n) such that >  ajas...ar =n, then

cyclic

. (1+a})(1+a3)...(1+a3)
determine all k € {1,2,...,n} such that Cyzcjlic (152 (152 (1a2) >n

Mihaly Bencze

2). If a; >0 (i =1,2,...,n) such that )  ajaz...ar = n, then determine all

cyclic

1+ap+1)(1+ap+1)...(1+ap+1)
k,p € N such that (14af ? S
! Cy%ic (1+a})(14a8)...(1+a?) =

Mihaly Bencze
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3 E ak+1
* k cyclic
OQ. 3443. Ifa,b,C> Oand k€ N 5 then Z ﬁ > 2?!27612
CyCllC cyclic
k n i: af“
2). Ifa; >0 (i=1,2,...,n) and k € N*, then Z a2+a3‘2._.+an > =l .
cyclic (n—1) z a?

3). Ifa; >0 (i=1,2,...,n) and k,p € N*, then

k ny ai‘c+1
ay > i=1
: : D p P n
cyclic axtaztFan (n—1) Z “f+1

Mihély Bencze

n
0Q. 3444. Ifa; >0 (i =1,2,...,n) and ) af = n, then determine all
i=1

n
k € N* such that ) ajag...ax > 1+ (n—1) ][] a;

cyclic =1
Mihaly Bencze

0Q. 3445. If x; > 0 ( 1,2,...,n) then determine all £ € N* such that
E:L'l_n— 1/]_[%—1—2”1%2{

0Q. 3446. Ifa; >0 (i =1,2,..

Mihaly Bencze

n
[ a; =1, then determine all
1

and
n n ]7;:

k € N* such that [] (1+ a}) (Z az)
i=1 i=1

Mihaly Bencze

n
0Q. 3447. If a; >0 (¢ =1,2,...,n) and > a; = 1, then determine all
=1

k,p € N* such that ) </a1+a2+ +ak2n</§'

cyclic

Mihaly Bencze
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0Q. 3448. If a; > 0 (i =1,2,...,n) then determine all £ € N* such that

n n
k <Z a? +n[] ai> >2 > a2a3...an</k:’“—1 (a’f +ak + ...+ aﬁ).
i=1 i=1

cyclic
Mihély Bencze
0Q. 3449. If x;, >0 (k=1,2,...,n), then determine the best constant
n k & n
A > 0 such that ) (H xl> <A wp.
k=1 \i=1 k=1
Mihély Bencze

0Q. 3450. If a;; >0 (i =1,2,...,n;j = 1,2,...,m), then determine all

o T B
m n n m n 1:[1 Aij
a, 3 > 0 such that [] ( aij) > > X ay > m
j=1 \i=1 i=1 \j=1 =1 3 aij
j=1

Mihaly Bencze

0Q. 3451. If x;, >0 (k= 1,2,...,n) and a > 0, then determine the best
n 7 @ n

constant A\, > 0 such that ) (1 > xk) < Aa )zl If @ =2, then A\ =4,
i=1 \ k=1 i=1

and if @ = 3, then A3 = %.

Mihaly Bencze

0Q. 3452. If A\, >0 (k=1,2,...,n) and >, A\t = 1, then determine all
k=1

n
A 1
zr >0 (k=1,2,...,n) such that kL = .
( ) 4y ) ) kzzjl 14+xg 14 H 272'“
k=1

Mihaly Bencze

0Q. 3453. 1). Let be M, N, K € Int (ABC), where ABC is a triangle.
AM intersect the side BC in M7, BM intersect the sides CA in My, CM
intersect the sides AB in M3, in same way define the points Ny, No, N3 and
Kl, KQ, K3. Denote:
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U={AM,BMy,CM3},V = {AN;, BNy,CN3} , W = {AK,, BKy,CK3}.
Prove that exist x € U,y € V, z € W for which x,y, z are the sides of a
triangle.

2). Extend in space
3). Extend for simplexes.

Mihaly Bencze

n 7 k
0Q. 3454. If a; >0 (1 =1,2,...,n) and > a; =n, F (k) =), akfiiﬂ, then
i=1 i=1 %

Fk)<F((k-1)<..<F(0).
Mihaly Bencze

0Q. 3455. Determine all x,y € @ for which is there an infinite sequence of
prime p1, p2, ps, ... such that |xp,+1 — ypn| = 1 for each n > 1.

Mihaly Bencze
ny (anfl)(a”’lfl)...(a””“rlfl)

0Q. 3456. If (k)a, = (aF—1)(a*=1-1).(a—1)
integers such that 0 < £ <n < m < p and all a > 1 integers such that (T]?)a
is divisible by (7)

n
/g’

, then determine all m,n, k,p

Mihély Bencze

0OQ. 3457. Prove that exist infinitely many xp,yx € R (k=1,2,....,2n+ 1)
such that

2
1). 3 (=DF (cosap)® ™ >0

3

=
Il
—

)
S

2). S (=D)F (cosyp)? ™ <0
k=1

2n+1

3). Determine all z; € R (k=1,2,...,2n + 1) such that
S (=1)% (cos z)*" T = 0.
k_

Mihaly Bencze
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0Q. 3458. If a1 < az < ... < ay, are integers, then denote F' (n) the number
for which a; —a; (1 <i < j < n) are of the form p™, where p is a positive
integer, and G (n) the number for which j —i (1 <14 < j < n) are of the form
q", where ¢ is a positive integer.

Determine all p, g, m,r for which F'(n) < G (n) for all n € N*.

Mihély Bencze

0Q. 3459. 1). Determine all (;:) (k=1,2,...,m) such that

()3 () () = 1. A solution is ((1): ("f1): i ("fF)) =1
2). Determine all (Z:) (k=1,2,...,m) such that
(G: G2 (o)) = Gap o).
Mihaly Bencze

0Q. 3460. 1). Determine all solutions of the equation 2 + 22 + ... + 22 = y?
for which x1, 29, ..., x,, y are in arithmetical progression

2). Determine all solutions of the equation 27 + 23 + ... + 22 = y? for which
1, T2,...,Tn,Yy are in geometrical progression.

Mihaly Bencze

0Q. 3461. 1). Determine all n composite numbers for which k™ — k is

divisible by n for all k > 2, ke N.If k=2, n = % when p > 3 is a prime,

then 2™ — 2 is divisible by n.
2). Determine all n, k positive integers for which k™ + k is divisible by n.

Mihaly Bencze

0Q. 3462. Prove that in all triangle ABC exist a choise of the median,
bisector and altitude (for example mg, wp, he) where are the sides of a
triangle.

Nica Nicolae and Nica Cristina-Paula
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0Q. 3463. Solve the equations:

n

1. 30 @ (k) = 25 ee ()

2). > U (k) = @\Pa (n), where o € N.

Mihély Bencze

0Q. 3464. Let ABC be a triangle, and denote M) the set of cevians of
rank k. Prove that exist a choise x € My, y € My,1, 2 € My4o such that
x,y, z are the sides of a triangle.

Mihaly Bencze and Nica Nicolae

0Q. 3465. Determine all a < b, ¢ < d rational numbers for which the
equation (1 —2¢)" = (1 — a:d)b have rational roots, different from 0 and 1.

Mihély Bencze

0Q. 3466. If > A\, =1, where \y >0 (k=1,2,...,n) and ux >0
k=1
(k=1,2,..,n) then (1 = M")" + (1 =N 4+ .+ (1 -\ >n—1.

Mihaly Bencze

n

0Q. 3467. If ap, >0 (k=1,2,...,n) and [] ax = 1, then

k=1

k; ltag+ai+..4ap 1 = 7

Mihély Bencze

. 1 27
OQ. 3468. 10. Determine all k € N such that }_ > > D a1 for
all a,b,¢ >0
. 1 nk+1

2). Determine all £ € N such that kaFtazas apst > (et 1) (ar-tanttan)F for

alla; >0 (i =1,2,....,m).

Mihaly Bencze
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Open Questions

n
kZ xi 1 n 3 1 n
=1
.,n) then 55— > 3/ Y7 a9 > & 37y,
> Tk k=1 k=1
k=1

0Q. 3469. 1). Tty >0 (k= 1,2,
,n)and p € N* (p > 2), then

) Ifﬂ?k>0(k‘: 1,2,...
kglxi >p+1l£: >l§:
S et " k=1 It
k=1
Mihély Bencze

0Q. 3470. 1). If z,y,z > 0 then determine all a,b > 0 such that
Va+b(x+y+2) > ax? + byz + ay? + bzx + \/az? + bry (A solution is

a=1,b=2).
). If z,y,2z > 0, then determine all a,b, c,d > 0 such that
2 2

9). 1f ,
Va+b+ct+d(z+y+2)> {/axd +bry? + czy? + doyz+
Yay3 + byz2 + cx2? + dryz + 3/az3 + bza? + cyx? + dxyz (A solution is

a=1,b=c=3,d=2)
Mihaly Bencze

n
xl a:2+1:3

23 ras Z xy, for all
cyclic k=1

0Q. 3471. Determine all a > 0 such that >
Mihaly Bencze

e >0(k=1,2,....,n).
0Q. 3472. Determine all k € N* such that
Sak(x—y) (@ —2y)...(x — ky) >0 for all 2, y,2 > 0
Mihély Bencze

,n) then determine all z,y, z > 0 such that

k=1

0Q. 3473. If a;, > 0 (k_l 2,.
z+y H ax+z H aj n
;1:+y+z 1;[ a

n
Mihély Bencze

IT(1-ay+a}) =

=1
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0Q. 3474. If a,b,c > 0 then determine all x,y > 0 such that

9 (za + yb) (zb + ye) (xc+ ya) > (x4 y)* (a + b+ ¢) (ab+ be + ca) .

Mihaly Bencze

0Q. 3475. Determine all k € N such that 3 (z —y) ((k + 1)z + ky)* >0
for all x,y,z > 0.

Mihaly Bencze

0Q. 3476. Determine all o > 0 such that

k ok k(pk k
> Q\k/ % > % /200 + 1 for all a,b,c > 0, where k € N*.

Mihaly Bencze

OQ. 3477. Determine all k € N such that Yz (zF — y*) (z — ky) > 0 for
all z,y,2z > 0.

Mihaly Bencze

OQ. 3478. Determine all k € N such that ) (z — y) (ka* 1 + y¥+1) > 0 for
all z,y,2 > 0.

Mihaly Bencze

0Q. 3479. Ifa; >0 (i = 1,2,...,n),k € N*, then

(k+1)

s
=
.
o
_l_
=
v
)
3
A~
—_
+
—
i
_|._
I
S
=N
_|._
+
s
S
S
~
[\

i=1

Mihaly Bencze

0Q. 3480. Ifax > 0(k=1,2,...,n) and ] ax = 1, then

k=1
n

n—1_
Z l)nfl + 2(n2 n) Z 1

o=y (o IT (1+ax)
k=1

Mihély Bencze



Open Questions 953

0Q. 3481. Compute the following sums

D). St= Y (it ()

0<i1<..<ix<n

2. Rt= % (=) G i+ i) () () (D)

. . 11/ \ig i
0<i1<...<ip<n

n .
Starting from Zoxl (") = (1 + )" after derivation we get

7=

2

n .

Y (7)) =n(l+ )"t

i=0

If we take z = 1 and x = —1 we get S| = n2"! and R} = 0.

n .
From the identity - i’ (") = nx (1 + )" after derivation we get
i=0

i 21 (%) =n(1+ )" -1z (14+2)" 2.
i=0

If r=1and z = —1 then we get S? =n(n+1)2"2 and R? = 0.
We can continue iterativ with this method starting from:
n
2 Y gphti (Z) (Z) =(1+2)" = 2% (?)2 after derivation we obtain
0<i1<iz<n i=0
n
S (i)t () () = n (L 2) = Y ()”
0<ir1<..<ip<n i=0
If we take z = 1 and = = —1, then we obtain: S3 =n (27! — (2:)) and
R} = ”(27?—_11)‘
Multiplying by = and after then derivating, this offer an iterative method to
obtain new results.

Mihaly Bencze

0Q. 3482. If by, bo, ..., b, are a rearrengemant of positive real numbers
ai, a9, ..., ay, then determine all x,y € R such that

(@t +1) | =
k=1

> max {1}:[1 (af +al_; 1) ;1}:[1 (b + bvyz—kﬂ)} :

min{ ﬁ (af +b7);

ﬁ:]:

1

Mihaly Bencze
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0Q. 3483. 1). If p,q > 3 are two primes, then the sequences (pn + q),,~¢
and (gn + p),,~, contains infinitely many palindromes numbers. -

2). If p, > 3(k=1,2,...,r) are prime numbers then the sequence

(pln"’l +pon” 2 4+ 4 p_in+ p,,)n>0 contain infinitely many palindromes
numbers.

Mihaly Bencze

0Q. 3484. If ap > 0 (k=1,2,...,n) then

31\ a1
n (7% n
LS g < | B+ 1/%Zaiforaulla>1.
k=1 > agt! k=1
k=1
Mihaly Bencze
X L f®) & Flk) of®
0Q. 3485. If g (z) = Z pi and h(z)=> (- 1)/ (oo Where
k=1 k=1
& zf(k) & xf( > .
f: N — N, then determine Z iy @ Z (—=1)* in function of g and
h. =

Mihély Bencze
0Q. 3486. 1). Determine all x;, € Z (k = 1,2, ...,n) such that
n @ n -B
(Hwk) <Zxk> € Z,when o, € Z

k=1 k=1
2). Determine all z3, € Z (k= 1,2,...,n) such that (Z :cg) (Z x;ﬁ> SV

k=1 k=1
when o, 3 € Z.

Mihaly Bencze

0Q. 3487. Determine all functions f : R — (0, 400) for which

n n 3n Y f2(xy)
Zf(k> (52 )Zn3+kl2f0rall:pk€IgR

(é f(m))

—~
ol
I
“I—‘
no
S
~

Mihaly Bencze
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0Q. 3488. Determine all A > 0 and all n € N* for which

n n iffi 3 9%2
i(Zxk) <Z xlk>2n—)\+)\nmax el oy A=k b > for all
5T (5
k=1 k=1

zp >0 (/{?: 1,2,...,n).
Mihaly Bencze

0Q. 3489. Determine all £ € N* for which the set {[ ] In € N*} have
infinitely many elements divisible by p, infinitely many elements divisible by
¢, and infinitely many elements divisible by r, where [-] denote the integer
part, p < g < r are three giving prime.

Mihaly Bencze

0Q. 3490. 1). If z,y > 0 and a,b, ¢ > 0, then
zYat+yYa®h> L (Ta)

2). If x,y > 0 and a, b, ¢ > 0 then determine all n € N such that
> a"+yd> a" 1b> S (Y a)".

Mihaly Bencze

0Q. 3491. Let p1,ps, ..., pr prime numbers, and m,n € N* such that
= p" + py* + ... + p{*. Determine all m, p1, ..., py for which n is prime. It‘s
easy to prove, that if p,q are prime and n? = p? + ¢®> + 1, then n is prime.

Mihaly Bencze

0Q. 3492. If a; > 0 (z =1,2,..,n) and k € {2,3,...,n}, then
D (a1taz+...4ax)* nkk
af+azaz..api1 ’

cyclic

Mihaly Bencze

n
0Q. 3493. Ifa; >0 (: =1,2,...,n) and Y a; = n, then
=1

1
Y raaar < g forall k€ {2,3,...,n}.

cyclic

Mihaly Bencze
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0Q. 3494. Ifa; >0 (i =1,2,...,n) and k € N, then
n 1 k n b
1
<Z m> = Z af+af+..4al”

i=1 =1
Mihaly Bencze

0Q. 3495. If a; >0 (i =1,2,...,n) and k € N, then

Z al > k2
k k kE — n .
cyclic aytagtotan > a;
=1

Mihély Bencze

0Q. 3496. Ifa; >0 (:=1,2,...,n) and k € {2,3,...,n}, then

k a1a2...a k a2a3...ak41
\/)x1a’f+>\2a’2“+...+>\na’fl + Aak-+oak+. A naf +o

anay...agp—1 n ; —
k - =
+\/)\1a§ PV S < ;\C/" : , where \; > 0 (z 1,2, ,n)
4
i=1

Mihaly Bencze

n
0Q. 3497. If a; > 0, [] a; = 1, then determine all & > 1 such that

=1
al
Z n—1+a§ 2 L.

cyclic

Mihaly Bencze

0Q. 3498. Ifa; >0 (: =1,2,...,n) and k € {2,3,...,n}, then
2

. (k — (k+1 ag
Cydw( a1+az) (k+1) CyECl:iC(IIGZ ag

Mihély Bencze

0Q. 3499. Ifa; >0 (: =1,2,..,n), « > 1, k€ {2,3,...,n}, then
n-2% i af-&-a—l

ag o i=1
Z <a1 + a3a4...ak+1) Z

cyclic a

k—1
%

NgE

i=1

Mihaly Bencze
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0Q. 3500. Ifa; >0 (:=1,2,...,n), then
. n ((n=1)"-n) kl_ll ag
1 =
Z <a1+a2+...+an71) + IT (a1+az+...4an—1) > 1.

CyCliC cyclic

Mihaly Bencze

0Q. 3501. If a; > 0 (1= 1,27 ..., , then determine all k € {2,3,...,n}, for
which e (“/W Z W

cyclic
Mihaly Bencze

n
0Q. 3502. Ifa; >0 (i =1,2,....,m) and Y a; = n — 1, then determine all

=1
k
k€ {2.3,0n) such that 3 gzt < el

cyclic

Mihély Bencze

3=

M=
s
o
F

0Q. 3503. If A (ay,a9,....,an) = ag, G (a1, as,...,an) = 2

B
Il
—
b
Il
—

H (ay,a2,...,ap) = 2 - , then
2 o

1). Z G(al,ag,...,ak) < Z G(al,ag,...,akﬂ)

cyclic cyclic

2). II Al(ai,a2,...,ax) < [ Alai,a2,...,a5+1)
cyclic cyclic

3). Il H(ai,a2,...;ax) < [ H (a1,az,...;a541) for all
cyclic cyclic

ke{l,2,..,n—1}.

Mihaly Bencze

n
0Q. 3504. If x; >0 (i =1,2,...,n) and > x; = 1, then determine all

i=1

k/nk—1
n—1 "

k€{2,3,..,n} such that > {/z1+23+z3+..+aF>

cyclic

Mihaly Bencze
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0Q. 3505. Ifa; >0 (i =1,2,...,n) and > a; = n, then determine all
i=1

k€{2,3,..,n} such that Y. ——t % >1.

& =
. n—1+afaj...a
cyclic 1727k

Mihély Bencze
0Q. 3506. If a; >0 (: =1,2,...,n) then determine all k € {2,3,...,n} such

a? 1N~ &

1 kL

that > @Zn n§ a; .
cyclic =1

Mihaly Bencze
0Q. 3507. Determine the best constant « (k,n) > 0 such that

k
n n
S (@14 32+ ...+ 23)" > a(n) (Z xz) for all z; >0 (i =1,2,...,n) and
i=1 i=1

k,n € N.

Mihaly Bencze

n
0Q. 3508. If a; >0 (i = 1,2,...,n) such that Y a¥ = n, then determine all

%
=1
k€{2,3,..,n}, for which } M <.
cyclic

Mihély Bencze

0Q. 3509. Ifa; >0 (: =1,2,...,n) then determine all k € {2,3,...,n} such

n2

that 3 ——1 > — 15—
cyclic V a1 +a203...ak 41 %Zai
i=1

Mihély Bencze

0Q. 3510. Ifa; >0 (¢ =1,2,...,n) and > af = n, then determine all

=1
1
k (S {2,3, ...,n}, such that Z m S %
cyclic

Mihaly Bencze
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0Q. 3511. If a; > 0 (¢ =1,2,...,n) then determine all k € {2,3,...,n} such

k
a;

i=1

> aiag..ax”
cyclic

that > oL >n

cyclic
Mihaly Bencze

0Q. 3512. If a; > 0 (¢ =1,2,...,n) then determine all k € {2,3,...,n} such
k nk Z aias...ak
that > (Z—;) 4t > pk4np.
cyclic i;af

Mihaly Bencze

0Q. 3513. If \,a; >0 (i=1,2,...,n), k€ {2,3,....,n} and > x; = n, then
i=1

S 2
 Azixe..xp — A1
cyclic

Mihaly Bencze

n

0Q. 3514. Ifa; >0 (i =1,2,...,n) and ) a; = n, then determine all A > 0,
i=1

)\D‘+af‘

)\5+af =

a > [ >0 such that []
i=1
Mihaly Bencze

0Q. 3515. If a; >0 (i =1,2,...,n) then

I n
> o VaTaT T = k\j — Where ke{23,..,n}.

Mihély Bencze
n
0Q. 3516. If \,a; >0 (i=1,2,...,n) and ) a; = n, then

i=1
k] ai+A
Z \/ ajaz+A 2 n.

cyclic

Mihély Bencze
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0Q. 3517. Ifa; >0 (i =1,2,...,n) and > a; = 1, then determine all a > 0
i=1

and k € N* such that l\“/:c1+a(w2—:c3)2§ Vnk—1,

cyclic

Mihély Bencze

0Q. 3518. If a; > 0 (¢ =1,2,...,n) then determine all « > 0 and

n k
k (a+1)" <21 ai)

k€{2,3,...,n} such that ) (a + Z—;) > @ Zlial(lz —.

Cydic cyclic i

Mihély Bencze
0Q. 3519. Ifa; >0 (i =1,2,....,n) and k € {2,3,...,n} then

artapt..tag  ~ nk

. Ylatas...ap+ak V2
cyclic 142...Qp Tk 41

V)

Mihaly Bencze

n
0Q. 3520. If a; >0 (: =1,2,...,n) and > a; =n — 1, then

i=1
Z al > n(n—1) )
cyclic a3+ 4a2 T \/n3+(n—1)3

Mihaly Bencze

n
0Q. 3521. Ifa; >0 (¢ =1,2,...,n) and > a; = 1, then

i=1

cyclic \/ agy

Mihély Bencze

0Q. 3522. Ifa; >0 (: =1,2,...,n), k € {2,3,...,n} then
2
Z 4l 2 27}6,,1'

13
. ay+a2as3...a
cyclic 1 3Gkl

Mihaly Bencze
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0Q. 3523. Ifa; >0 (: =1,2,...,n), z,y,z > 0, then

n n
@t l[aity> BT (2t a).
1= 1=

n
1=

1

Mihaly Bencze

0Q. 3524. If a,b,c > 0, then > GQib2 + ZSaQ > 2§’ab.
Mihély Bencze

0Q. 3525. Ifa; >0 (i =1,2,...,n), k,p € {2,3,...,n}, k < p, then
n
II (a1+a2+...+ak)§(§ I (a1 +ax+...+ap).

cyclic cyclic

Mihaly Bencze

0Q. 3526. Ifa; >0 (: =1,2,...,n), k€ {2,3,...,n} and >  ajag...ar =1,

cyclic
then .
1 n¥/n
1). Z a1+az+...+ag Z 7
cyclic
1 1 n oy 1\ &k
2) Z aitaz+...+ag T = Z (k + n) \/ﬁ
cyclic > a;
i=1

Mihaly Bencze

0Q. 3527. If a; >0 (i =1,2,...,n), then

-, Where k € N*.

Z 1 > n3
k1 gk k -
cyclic aytay+...tay; 4 (n—l)( n ai)
=1

7

Mihaly Bencze

n

0Q. 3528. If x, € [-1,1] (k=1,2,...,n) and > z} =0, then

k=1
> V1t a+ 23> n.

cyclic

Mihély Bencze
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0Q. 3529. 1). Ifa; € R (i =1,2,...,n), then
n n
Z ‘ah +ai + .+ aik’ 2 (kﬁl) L

11,82, ip=1 i

|ail
1

2). What happen when a; € C (i =1,2,...,n) 7
Mihaly Bencze

n
0Q. 3530. Determine all a,b € N such that ) ({mTJrk})a = (”T_l)b, where
k=1
m € N*, and {-} denote the fractional part.

Mihély Bencze

0Q. 3531. Let ABC be a triangle, and M € Int (ABC). The lines

AM, BM,CM intersect the circumcircle in points Ay, By, C1. Determine all
points M € Int (ABC) such that

Sa-AA; > (max{a,b,c})* — (min{a,b,c})>.

Mihaly Bencze

0Q. 3532. 1). A positive integer is called carpathian prime if the number
of ones in its binary expansion and the number of zeros in its binary
expansion are twin primes. Determine all carpathian primes.

2). Determine all positive integers for which the number of ones in its binary
expansion is prime.

3). Determine all positive integers for which the number of zeros in its
binary expansion is prime.

4). Determine all positive integers for which the number of zeros and of ones
in its binary expansion are prime.
Mihaly Bencze

0Q. 3533. 1). Determine all perfect squares n € N for which n — 1 and
n + 1 are prime.
2). Determine all n,m,r € N for which n™ — r, n™ + r are prime.

Mihaly Bencze
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0Q. 3534. Let F, and L,, denote the n** Fibonacci respective Lucas nubers.
Determine all n,m € N such that F,, — L,, and F},, + L,, are prime numbers.

Mihély Bencze

0Q. 3535. If ; >0 (i = 1,2,...,n), then determine all £ € N* such that

D n N\ o \\E
o) 5 v () ()"
; T cyclic i=1 i=1

Mihély Bencze

0Q. 3536. Ifa;; >0 (i =1,2,...,n;5 =1,2,...,m), then
n m n f[l Aij m n
Z Z Qg T < H <Z aij) .
i=1 \j=1 i=1 Y ajj j=1 \i=1

0Q. 3537. Determine all f : [a,b] — R continuous and differentiable
functions such that

(jf(a—i—(b—a)x)dx) <Ofl\/1+(f’(:c))2dm) :ff(:c) \/1+(f’($))2d:c.

Mihaly Bencze

Mihély Bencze

0Q. 3538. Let D (x) denote the distance from the real number z to the
nearest integer, for example D (3,9) = D (4,1) = 0, 1. Compute
n
T 1 A
dy = Jim 5 [ (D (3))” de
We have the following

2n

n N n 1 % N 2k+1 A
SeM)=[(D(F) de=X 5| [ G-k det [ (k+1-3) do
1 k=1 % kil
If A =1 then we get S, (1) =1In 2(5(]27}:222), therefore d; = In %.
k=1

Mihaly Bencze
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0Q. 3539. Ifa,be R, a <b, fr:[a,b] = R (k=1,2,...,n) are integrable
n b " n "
functions, then (f T () daz) < ( SNk (x)daz) :
k=1 \a

k=1
0Q. 3540. If fr,g9x : R — (0 +00) (k: =1,2,...,n) are integrable and « > 0,

b n a+1

f(z fm)) i g ff"‘“
then =1 — <> /.
f(z gm)) i1 fg (2)de
a \k=1

Q=

Mihaly Bencze

Mihaly Bencze

0Q. 3541. Let AjA;... A, be a simplex and By € (A;...Ak_1Ak41...Ap)
(k=1,2,...,n). Determine all By, Bo, ..., B,, for which A;As...A,, and
B1Bs...B,, have the same centroid.

Mihaly Bencze

0Q. 3542. 1). If a >0 (k=1,2,...,n), then
1 1

& > n?—1 o " 1(1 < n)"

Zak_— [Tar) +5 152 a;

k= k=1 k=1
) Determine the best constants x,y > 0, x + y = 1 such that

Sasz(fia) c2(22a)

k=1 k=1

Mihaly Bencze

n
0Q.3543. Ifa>b> 1,2, >0 (k=1,2,...,n) and > xp =1, then

11 (- ove) = (22)

k=1

Mihaly Bencze
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An application of the Catalan equation
(0Q. 3090)

Jozsef Sandor3?

ABSTRACT. We infirm a conjecture to the effect that if p, ¢ are given prime, then
there are infinitely many n with the property that n + p and n + g have only one
prime divisor (see [1])

Put p =2, ¢ = 3. Then n + 2 and n + 3 have only one prime divisor, if
n+2=a", n+3=>0", where a and b are prime. This means that
a™—-2=0"—-3=n,ie.

b —a™ =1 (1)
Equation (1) was introduced in 1844 by E. Catalan [2], who conjectured that

the only solutions in positive integers of (1) are b=m =3 and a = n = 2.

The first nontrivial result related to equation (1) is due to C. Siegel (see [5])
who showed in 1929 that the equation can have at most a finite number of
solutions. This result settles (in negative) the problem from [1].

The first effective result on Catalan‘s equation was obtained by R. Tijdeman

[4] in 1976, who showed that there exists an effectively computable constant

C' such that for all solutions a,b,n,m of (1) (a,b not necessarily primes)
max{a,b,n,m} < C

Finally, in 2002, P. Mihailescu [3] (who is an Editor to this journal)

completely settled Catalan‘s conjecture.

REFERENCES

[1] Bencze, M. and Miliakos, G., OQ 3090, Octogon Mathematical Magazine,
Vol. 16, No. 2, October 2008, pp. 1233.

39Received: 26.06.2009
2000 Mathematics Subject Classification. 11D61
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Babes-Bolyai University of
Cluj and Miercurea Ciuc,
Romania

On 0Q. 3083
Jézsef Sdndor?
As written there, we must solve the system

20(n)=1+¥(n); 3V (k) =2+ ¢ (n) (1)

As for n > 3; ¥ (n) is always even, the first equation is impossible. For n =1
we get W (k) =1 so k = 1; while for n = 2 we obtain however 2-1 =1+ 3,
which is impossible.

Thus n = 1,k =1 is the only solution.

As there may be some misprint (s) in the problem, we can solve similarly the
system:

26 (k) = 1+ ¥ (n); 3% (k) =2+ o (n) (2)

20(n) =14V (k); 3¥ (k) =2+ ¢(n) (3)

By the shown method, it is easy to see that (2) has the only solution n = 1,
k =1, while [3] again has this only solution again.

40Received: 26.06.2009
2000 Mathematics Subject Classification. 11A25
Key words and phrases. Arithmetic functions.
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Stirling formulas solves difficult inequalities
(0Q. 3073)

Laurentiu Modan*!

ABSTRACT. An elegant condition for a difficult double inequality will be given
using the famous Stirling formulas for factorial.

In this short note, we answer to the open question OQ. 3073 (see [1]), in
which was proposed to find the best constants a, b, ¢ > 0 such that:

L (a1 (V)n € N* (1)
n—a = \\2mnrtl) T n—0b "

Firstly, we notice that n ¢ {a,b}.

As in [2] and [3] we shall use the same way, namely, our starting point will be
the next Stirling formulas:

n!'=+2mn (n/e)" ", 0 € (0,1) (2)
With (2) in (1), we obtain:

1 an 2n ef?/6n 1
<( ) <

n—a ~ \e n "~ n-—>5

or equivalently:

(O e M (e N g (b} Be (0] (3)

n—a n—-

At limit in (3), it occurs:

2n
lim (9) —1,
n—oo \ e

from where, obviously:

“Received: 02.08.2009
2000 Mathematics Subject Classification. 28D15
Key words and phrases. Inequalities, Stirling formula.
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a=e. (4)

We go on, searching conditions for b > 0. Keeping account that n —a,n — b
have different signs, the following study will impose two cases:

i). With (4), whenn —a <0, n —b > 0 it occurs n € {1,2}.
In these conditions, using also the right part of (3), we obtain:

eggl/ 1-b), or 12 < 2/(2-1),

(
from where, obviously b € (0,1) or b € (0,2). In our last inequality, if
6 =1/2 € (0,1),it occurs:

b>1—1/e12 orb>2—2/el/* (5)

So, the relation (1) is true for n € {1, 2}, only if:

a=ebe (1—1/61/12,1>, orbe (2,2—2/61/24) (6)

ii). We consider now, that n —a > 0, n — b > 0, namely n > e with (4), and
n > b. Because 1/ (n —a) € 1/ (n —b), it normally follows a < b, namely
b > e. If n =3, the right side of (3) becomes:

3
0/18
s
from where b < 3.
So, the relation (1) is true for n > 3, only if:

a=eb¢cle3) (8)

Remark. The right limit, for the interval of b, could be better, using (7),
when 6 € (0,1).
At the end of this note, we propose to the reader, finding the best constants
a,b > 0 which satisfy the next double inequalities:
P, L o< _aml_ o 1

Cn—a — \2gpntl — n—b’

. 1 b n! 1
11). —a < m£n+1 < m,neN*,n¢{a,b}
1 (ab)™n! 1

111)' n—a S V2rnn+l — n—>b
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On the equation ¢? (n)+ ¥ (k) + 1 = 302 (p)
(0Q. 3132)

Jozsef Sandor??

We will show that when n > 3 and 3 divides k, then the equation of the title
is not solvable.
Since ¢ (n) is even for n > 2, clearly

4l¢” (n) . (1)
On the other hand,if 3|k, then

U (3) W (k), so4[W (k) (2)

Since the left side is odd, z = o (p) must be an odd number. Then

2?2 = 8M + 1 (as the square of an odd number).

Thus, the left side of the equation is = 1 (mod 4) ; while the right side will be
= 3 (mod 4); which is impossible.

More generally, any equation of the type

2?4y +1=32" (3)

is not solvable,if 2|z; 4]y.

“2Received: 26.06.2009
2000 Mathematics Subject Classification. 11A25
Key words and phrases. Arithmetic functions.



970 Octogon Mathematical Magazine

REFERENCE

[1] Bencze, M. and Miliakos, G., OQ. 3132, Octogon Mathematical
Magazine, Vol. 16, No. 2, October 2008, pp. 1241.

Babes-Bolyai University of
Cluj and Miercurea Ciuc,
Romania

On the equation ([e*])* + ([¢¥])* = [6w2+y1
(0Q. 3149)
Jézsef Sandor??

This is the second equation of [1].
Let > 2. Then 22 > 2, so if y > 2, too then

6332 . 6y2 2 62:0 . e2y > 62$ +€2y + 1> ([ex])2 + ([ey])Q (1)
The last inequality of (1) follows by
(€] < () = ¢ and ([")? < e

while the second inequality of (1) follows by

(a—1)(b—1)=ab—a—-b+1>2, as

a—1>6,b—-1>6

(here a = €2* > €2 > 7).
This means that for x > 2,y > 2 the equation of the title is not solvable.
For x = 1 we get the equation

4+ [eY)? = [e : eyﬂ (2)

If y > 2, then the left side of (2) is < 4 + ¢, while the right side is
>e-e¥ —1 > 44 e, if

“3Received: 26.06.2009
2000 Mathematics Subject Classification. 11A25
Key words and phrases. Arithmetic functions.
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e (e eV T 1) >5 (3)

For y > 2, inequality (3) is valid; as e* (e — 1) > 5. This means that we
should have y = 1.
However, when z = 1,y = 1 we get

d+4=[] =7 (4)

which is imposible.
The equation has no solutions.

REFERENCE

[1] Bencze, M., 0Q. 3149, Octogon Mathematical Magazine, Vol. 16, No. 2,
October 2008, pp. 1245.

On the equation 2 ([e*] + [¢Y]) = [e*1Y]
(0Q. 3149)

Jozsef Sandor**

This is the first equation of [1].
Put e* = a,eY = b. Here x,y € N. Remark that for x > 2 one has
a > e? =7,45... Similarly if y > 2, then b > €2, so as
(a—2)(b—2)=ab—2a—2b+4>5
(asa—2>5,b—2>05). We get
ab>2(a+0b)+1 (1)

Thus

2([a] +[b]) <2(a+b) <ab—1 < [ab]

which means that the equation cannot have solutions for = > 2,y > 2.
Let now z = 1. If y > 2, then b = €Y > 7, so for the equation

4 Received: 26.06.2009
2000 Mathematics Subject Classification. 11A25
Key words and phrases. Arithmetic functions.
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2(2+[b]) =le-0] (2)

we have that

2(2+1[b]) <4+2b<eb—1< [eb

as (e —2)b > 5 holds true by b > -2 = % =6, 84.,..; so (2) is impossible.

Finally, when y = 1 we get a = e, b = e. We get that

4[e] = [62} ,le. 8=17,

which is impossible.
Thus the equation of the title is not solvable in positive integers.
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