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Some new Hilbert type inequalities and
applications

Gao Mingzhe!

ABSTRACT. In this paper it is shown that some new Hilbert type integral
inequalities can be established by introducing a proper logarithm function. And the
constant factor is proved to be the best possible. In particular, for case , the
classical Hilbert inequality and its equivalent form are obtained. As applications,
some new inequalities which they are equivalent each other are built.

1. INTRODUCTION
Let f (x),g(z) € L?(0,+00). Then

77Wd$dy§7r 7f2(:13)d:r % 792(:p)dz 7 (1.1)
0 0 ] )

This is the famous Hilbert integral inequality, where the coefficient 7 is the
best possible.
In the papers [1-2], the following inequality of the form

7070<1n§)xf—(z)g(y)d$dy§772 7Of2(:z‘)dx 5 792(1:)dx 5 (1.2)
00 . )

was established, and the coefficient 72 is also the best possible.

Owing to the importance of the Hilbert inequality and the Hilbert type
inequality in analysis and applications, some mathematicians have been
studying them. Recently, various improvements and extensions of (1.1) and
(1.2) appear in a great deal of papers (see [3]-[8]etc.).

The aim of the present paper is to build some new Hilbert type integral
inequalities by introducing a proper integral kernel function and by using the

'Received: 20.02.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Hilbert type integral inequality, logarithm function, euler
number, the best constant, equivalent inequalities.
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technique of analysis, and to discuss the constant factor of which is related
to the Euler number, and then to study some equivalent forms of them.

In the sake of convenience, we introduce some notations and define some
functions.

Let 0 < @ < 1 and n be a positive integer. Define a function (* by

* o - (_l)k
" (n,a) = kzzo 7(04 s (1.3)

And further define the function (5 by
. 1
(o= (271)' {QC <2n + 1, 2) } , (TL S N()) (14)
In order to prove our main results, we need the following lemmas.

Lemma 1.1. Let 0 < o < 1 and n be a nonnegative integer. Then

1
1\" 1
a—1 - - — I
/t <lnt> 1+tdt n!l* (n+1,a). (1.5)
0

where (* is defined by (1.3).
This result has been given in the paper [9]. Hence its proof is omitted here.

Lemma 1.2. With the assumptions as Lemma 1.1, then

o 2n
/u“‘l <1n1> " du= (20! ¢ (2n+1,0) + ¢ 20+ 1,1 - )} (16)
0

U 1+u

where (* is defined by (1.3).
Proof. 1t is easy to deduce that

o0 1 2n 1 1 1 2n 1
/u“_l In — du = /u“_l In — du-+
U 14+u U 14+u
0 0
[e'e) 1
1 2n 1 1 2n 1
+/ua1 In — du = /u“1 In — du+
u 1+u u 1+u
1 0
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By using Lemma 1.1, the equality (1.6) is obtained at once.
0
Throughout the paper, we define (ln %) =1, when x = y.

2. MAIN RESULTS
We are ready now to formulate our main results.

Theorem 2.1. Let f and g be two real functions, and n be a nonnegative
integer, If

[e.e]

/f2 () dr < 400 and /92 (x) dx < 400, then
0 0

o oo 2\ 27
] /(lny) j(m)g(y)d:cdyg
0 0 Ty

< (7" Ey) / 12 () dz / g (@) dz o, (2.1)
0

where the constant factor 72" +1E,, is the best possible, and that Fy = 1 and
E, is the Euler number, viz. £y =1, Fy =5, B3 =61, E4 = 1385,

E5 = 50521, etc.

Proof. We may apply the Cauchy inequality to estimate the left-hand side of
(2.1) as follows:

Y

o oo 2\ 2"
// (lny)xi%v)g(y)dxdy:
0 0
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Oo@“%)zn 2% T 1\ 1
- )V ay=[ui(m-) ——du=0.
/x(1+§é) (y) g /“(nu> T
0 0
where (, is defined by (1.4). Based on (1.3) and (1.4), we have

G2 = (2n)! {zg* <2n+ 1, 1)} (2n) 'QZ %H =

k=0 2+k

= (2n)122n+2 Z Y :
prt (2k + 1)2n+1

It is known from the paper [10] that

i (_1)k‘ r2ntl
= E,.
prt (% + k) 2n+1 22n+2 (Qn)l n

where E, is the Euler number,viz. B4 =1, Fy, =5, F3 =61, 4 = 1385,

Es = 50521 etc.

(2.4)

Since Z C1” T, we can define Eg = 1. As thus, the relation (2.4) is also

2%+ 1
valid When n = 0. So, we get from (2.3) and (2.4) that

N |=
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w(z) =r*"tE,, (2.5)

It follows from (2.2) and (2.5) that the inequality (2.1) is valid.

It remains to need only to show that 72"*1E, in (2.1) is the best possible.
~ 0if x € (0,1
Ve > 0. Define two functions by f (z) = _11742 ] (0,1) and
x~ 2z ifxel, o)

~ 0ify € (0,1 )
gy) = _lli/e . ©.1) . It is easy to deduce that
y~ 2 ifye[l,o0)

too +oo .
2(z)dx = 2(y)dy = ~.
0/f() O/Q(y)y

If 727*T1E, is not the best possible, then there exists C' > 0, such that
C < 72"t E. and

OON OO~ C
<c|[Pwi) | [Fwa] =% (2.6)
0 0
On the other hand, we have
oooo{x 1;5}{<ln§)2ny1;s}
S(f,§> :// P dxdy =
00
2n 1+e
n Oo(lnﬁ) Yy 2
— Y Lte —
/{/ s dy {a; 2}dx—
o (o
o0 Inl 2n _ lte L
/{/( 1)+u du b {271} dx =
o \o
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When ¢ is small enough, based on (2.3) and (2.5) we can write the integral of
(2.7) in the following form:

U +u

[ e 1\ 1
/ulg (ln > . du =" E, +0(1). (¢ — 0) (2.8)
0

It follows from (2.7) and (2.8) that

5(F.3) = "B +o ()}, (—0) (2.9)

When ¢ is small enough, it is obvious that the inequality (2.6) is in
contradiction with (2.9). Therefore, the constant factor 72"+ E,, in (2.1)is
the best possible. Thus the proof of Theorem is completed.

In particular, when n = 0, the inequality (2.1) is reduced to (1.1). Thereby
the inequality (2.1) is an extension of (1.1).

Notice that the constant factor 72" F, in (2.1) can be reduced to 73, if
n = 1. Hence we have the following important result.

Corollary 2.2. With the assumptions as Theorem 2.1, then

TT ‘"” ) g (y) T (% :
// Py dzdy < /f2 (x)dx /g2 (x) dx (2.10)
00 0 0

where the constant factor 72 is the best possible.

Corollary 2.3. Let f (x) be a real functions, and n be a nonnegative

integer, Ifff2 )dx < 400, then

// :U+y dudy < (7" En)/f (z) d, (2.11)
00 J

where the constant factor 72" +1E,, is the best possible, and that Ey = 1 and
F,, is the Euler number, viz. F; =1, Ey =5, F3 =61, E4 = 1385,

FEs5 = 50521, etc.

Corollary 2.4. Let f (x) be a real functions, and n be a nonnegative

integer, Ifff2 )dx < 400, then
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r+y

00 00 z 2 oo
// (hl 3) f(x)g(y)d:zdy < 7T3/f2 (z)dz (2.12)
0 0 0

where the constant factor 73 is the best possible.
Notice that Ey = 1, so we obtain (1.1) from (2.1) immediately when n = 0.
Thereby the

inequality (2.1) is an extension of (1.1).
3. SOME APPLICATIONS

As applications, we will build the following inequalities.

o
Theorem 3.1. Let n be a nonnegative integer. If [ f? (z)dx < 400, then
0

2

o0 oo<1n£>2” o0
1[5 rwa ay< @ m) [ Peda
0

r+y
0 0

where (7r2”+1En)2 in (3.1) is the best possible, and that Fy = 1 and E,, is
the Euler number,viz. 1 =1, Ey =5, E3 =61, E4 = 1385, E5 = 50521, etc.
And the inequality (3.1) is equivalent to (2.1).

Proof. Assume that the inequality (2.1) is valid. Setting a real function g (y)
as

n

)
9) = [ S f @)da y € (0.+0)
0

T

By using (2.1), we have
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o0 3 oo f 0o 2\ 2 :
(7r2”+1En) /f2 () dx / / (ljilf (x)dz | dy (3.2)
0 0 0

where Eg = 1 and E, is the Euler number,viz. F1 =1, Ey =5, F3 = 61,

E, = 1385, E5 = 50521, etc.

It follows from (3.2) that the inequality (3.1) is valid after some
simplifications.

On the other hand, assume that the inequality (3.1) keeps valid, by applying
in turn Cauchys inequality and (3.1), we have

00 00 n oo [ oo 2\ 2"
// T+ 9y )dmdy—/ /(l::j_)yf(l‘)dzr}g(y)dy<
00

no
S
Ll

//Hy z)dr | dy /gz(y)dy

0 0

IN

N

<{ (a1 E,)? / f? (z) dz / P dyy =
0 0

(720 E,) / £ (x / 9% (y) dy (3-3)

where Ey = 1 and E, is the Euler number,viz. F4 =1, Es =5, F3 = 61,

E4 = 1385, E5 = 50521, etc.

If the constant factor (7T2"+1En)2 in (3.1) is not the best possible, then it is
known from (3.3) that the constant factor 72" E,, in (2.1) is also not the
best possible. This is a contradiction. Theorem is proved.

Corollary 3.2. With the assumptions as Theorem 3.1, then

2
x2n o

7 / x+y f(z)dz dySwG/fQ(x)d;U’ (3.4)
0

0



12 Gao Mingzhe

where the constant factor 7% is the best possible. Inequality (3.4) is
equivalent to (2.10).

In particular, for case n = 0, based on Theorem 3.1 we have the following
result.

Corollary 3.3. If [ f%(z)dz < 400, then
0

7 ?xiyf(“‘)d” 2§7T27f2 () da. (3.5)
0 0 0

where 72 in (3.5) is the best possible, And the inequality (3.5) is equivalent
to (1.1).

The proofs of Corollaries 3.2 and 3.3 are similar to one of Theorem 3.1, it is
omitted here.

Acknowledgement. The research is Supported by Scientific Research Fund of
Hunan Provincial Education Department (06C657).
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On some new inequalities for the Gamma
function

Song-Zhimin, Dou-Xiangkai and Yin Li?

ABSTRACT. In this paper,we establish some new inequalities for the Gamma
function by using the method of analysis and theory of inequality.

1. INTRODUCTION

The Euler gamma function I'(z) is defined for > 0 by

400
I'(z) :/ t* e tdt,
0
Alsina and Tomés [3] proved that

1 < I'l+az)"
n! = T(1+4+nx) =’

for all x € [0, 1] and nonnegative integer n. The inequality can be generalized

to
1 < I'(l+ax)*
'l+a) " T(1+azx) =~
for all x € [0,1],a > 1, see[4]. Recently, Shabani [6] using the series
representation of the function ?/(;)) and the ideas in [5] got some double
inequalities involving gamma function.
In particular, Shabani proved following result

I'(a)¢  T(a+bzx) T(a+b)F
T = T(b+az)? = T(atb)T

for all z € [0,1],a > 0,c,d are positive numbers such that bc > ad > 0, and
T’ (b+ax)
I'(b+azx)
inequalities, see [7].

The related results may refer to [8].

> 0. Mansour using g—gamma function got some similar

2Received: 13.03.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Gamma function, Schmidt inequality, Monotonicity
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2. MAIN RESULTS

Now we consider the inequality

(m+n)! m! n!
(m +n)mtn = mmpn’

which m,n are positive integer. It is a relatively common inequality. Using
the form of Gamma function we can get the following inequality:

(m+n)! < (m + n)mtn
mlnl =  mmnn

Then, the inequality can be rewritten as

F(m+n+1) - (m + n)mtn
Fm+1)I'(n+1) = mmnn

)

which m, n are positive integer. From the inequality,we can guess the
following result:

Theorem 1. Let 2,y € RT, then

(@+y)™ _ Tty+l) _ (e+y)
@yve ~ T+ 1)D(y+1) — 2%y

In order to prove the theoreml, we introduce an important inequality.

Lemma 1. Let G and H are defined by
G(u)=e"v "I'(l14+u),G(0)=1
and
Gu+v)  u'’ F(l1+u+w)
GG (w+o) T +uT(I+0v)

for a > 0 and b > 1,we have

H (u,v) =
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Proof. From Lemma 1, let z = é,y = b_Tl, when z,y € RT, we have

"y T(l+z+y)
(z+v)" WL (1+2)0(1+y) =

H(:E?y) =

then

PAt+az+y) _ (@+y)""
TA+a)D(+y) ~  aoyy

but 1
< 11 ‘17 Y

S0
¥y 'l4+z+y)

@ty T (I +2) T (1+y)

(x4 y)* Y - F'l+z+y)
VT (1+y) " T(1+2)T(1+y)

From Lemma 1, we have

T (1+y) < ey,
then

(z+y)™ _ T(Atz+y)
z*yve T T(1+42)Q(1+y)
From the above, we can get the following inequality:

(@+y)™ _ Tty+l) _ (+y
e T T+ DT(y+1) = a%yy

which z,y € R™T.

Theorem 2. Let 2,y € RT, then

(@+y)™ _ Tet+y+l) _ (e+y)""
W +y+1) ~ De+DI(y+1) =  z%yy

In order to prove the Theorem 2, we introduce following inequality.

Lemma 2. Let p > 0,9 > 0,p >r > 0,9 > s > 0, then

r )7.( S

B <
(p’q)_(r+s r+s

)'B(p—r,q—s),

which B(p, q) is Beta function.
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Proof. Proof of the inequalities is similar to right of Theorem 1, we’ll not go
into details. For the left side of the inequality, we can get conclusion from
Lemma 2. In fact, let p=x+1,¢q=y+ 1, r =z, s =y, then

Ble+1,y+1) < (——)*(——)B(1,1).

r+y r+y
Because M)
p)L{q
B P.q) = v — >
(7.9) L(p+q)
SO
P+ DMy +1) _ a"y(e+y+1)
Pe+y+1) = (z+y)*ty

In particular,if y = n,we have following inequality. Therefore,we establish a
new proof.

Theorem 3. Let z € RT, n € N, then

(@+n)™™ _(tn)@tn-—1.. @+ _ (z+n)"™
®n(zx+n+1) — n! -zt

Proof. We only consider right side of inequality. Since Inz is monotonous, we
only consider following inequality:

In(z+n)+in(z+n—1)+...+in(x+1)—inn! < (z+n)ln(z+n)—xLnz—nlnn.
Let
f(z) = (z+n)in(z+n)—zinz—nlnn—In(z+n)—In(x+n—1)—. . .—In(z+1)+Inn!.

Since
f(0) = ninn — nlnn + Inn! — Inn! =0,

therefore we only prove f’(x) > 0.Because of

1 1 1
! =1 1—-1 -1 - — — ..
fl@) =in(z+n)+ e r+n z+n-—1 r+1
and f’(+00) = 0,we only prove f”(x) < 0.
Consider
_ —(z+n) 1 1 1
f(z) = ri?r ot ot e T o T @2
n

IN

e e bt e e
=z men T @)

hence f'(z) > f/(+00) = 0,then f(z) > f(0) = 0.
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The integral method in inequalities theory
Mihély Bencze?

ABSTRACT. In this paper we present the integral method applying in theory of
inequalities. This method offer a linearization equivalence for a lot of inequalities.
These offer too the additive and multiplicative version of many catheogory of

inequalities.
MAIN RESULTS

Theorem 1. If f: R} — R such that for all ay,as,...,a, > 0 holds
f(a1,a9,...,a,) > 0 then

u
Fy (21,2, ..., 7,) = /f (gmrre gmete et dt > 0,
0

where aj, =t (k =1,2,...,n).
Proof. The result is a consequence of the Leibniz theorem.

Corollary 1. If z,y,z > 0, then

4 1 1 1 3
= —+12 > 15 1
32x+ Z:233+y_ Zx+2y+9:+y+z (1a)

Proof. In [1] page 7, problem 16 is proved that

4 (Z a)3 > 27" ab? + 27abe

for all a, b, c > 0, which is equivalent with

43 a*+12) a’h>15)  ab® + abe (1m)

Let be

f(a,b,¢) :4Za3+122a26—152ab2—3abc

3Received: 15.02.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Integral inequalities
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then f (a,b,c¢) > 0 and

u

Fu (;I;7y7z) = /f <tw—%’ty_%’t2—%> dt =

0

u
o S ) S e L) S e s L
0

21+y 42y 3ua:+y+z

u
_427+ Z:2 sty zx+2y_:v—|—y+z

Because F), (z,y,2) = f (t 5,475 tz_’) > 0, therefore F,, (z,y,z) > 0 for
all u > 0.
If u=1, then

1 3
Ay, Z 1 Z2 Tty Zx+2y_x+y+zzo

which finish the proof. We conclude that the inequalities (1a) and (1m) are
equivalent, and we define (1a) the additive version and (1m) the
multiplicative version. The equivalence is proved by the integral method.
This method can be caracterized like the convexity and log-convexity, or the
arithmetic-mean convexity and geometric-mean convexity.

It‘s enough this detailed proof, the next examples are proved short, only
indicated the transfer symbols.

Corollary 2. If z,y,2z > 0, then

1 1 1 1
- - >3 2
4Zx+zx+y_ Z?)x—i-y (20)
Proof. In [1] page 67, problem 1 is proved that (3 a2)2 > 3% a%b or
Za +22a2b2>32a2b (2m)

In this we take @ = t*~1 ,b=1tY" I c—tZ*’
Corollary 3. If z,y,z > 0 and r € R, then

3r2—1 1 1 1
*Z* Z:c+y+3r(1_r)zzx+y+z23rz3x+y (3a)
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Proof. In [1] page 67, problem 2 is proved that
Z at + (37“2 —-1) Z a?b® +3r (1 —7) Z a?be > 3r Z ab (3m)
for all a,b,c,r € R. In this we take a = tx_i,b = ty_i,c — 4,
Corollary 4. If z,y,z > 0, then

1 1 1 1
ZZE+Zm+3yZZZ3x+y (4a)

Proof. In [1] page 67, problem 3 is proved that

Za4+2ab3222a3b (4m)

for all a,b,c > 0. In this we take a = tx_i,b = ty_i,c — i,

Corollary 5. If z,y,z > 0, then

1 1 1 1 1 1
ZZ§+2Zx+3yzizx+y+223m+y (5a)

Proof. In [1] page 67, problem 4 is proved that

Za +22ab3>2a262+22a3b (5m)

In this we take a = t*~ i b=1tY" i c—tzf’

Corollary 6. If z,y,z >0 and 1 <r < 3, then

BZT‘ZL‘+ Z Z:z:+y (6a)

Proof. In [1] page 68, problem 10 is proved that

3 Z a bt < Z at +2 Z a’b? (6m)

for all a,b,c > 0 and 1 < r < 3. In this we take a:tx_i,b:ty_i,c:tz_i.

Corollary 7. If z,y,z >0 and —1 < r < 2, then

1 1 1 1
EZE+gzx+y2<r+l>z3x+y (7a)
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Proof. In [1] page 109, problem 2 is proved that

Za4+r2a2b2 > (T+1)Za3b

for all a,b,c >0 and -1 <1r < 2. In this we take
a=t""1,b=t9y"1,c=t""1.

Corollary 8. If z,y,2 > 0 and —2 < r < 2, then

1 1 1 r 1 1
ZZE+TZx+3yZ§Zx+y+Z3x+y

Proof. In [1] page 110, problem 3 is proved that

Za4+r2ab3 ZrZasz—i-Za%

for all a,b,c > 0 and —2 < r < 2. In this we take
a=1""1,b=1V"1,c={"1.

Corollary 9. If z,y,z > 0, then

7 1 1 1 1
ZZ§+4Z3x+y232x+y+5zx+3y

Proof. In [1] page 110, problem 4 is proved that

7Y a'+4) d*b>6) a®V*+5) ab®

In this we take a = t*~1 ,b=1Y" i c—tz_f

Corollary 10. If z, >0 (k=1,2,...,n), then
E

1 1 1
— >8 — 49
2 xr1 ZQ?1—|—3$2+ Zib'l-i-afg

Proof. In [1] page 110, problem 5 is proved that

13z:a‘11 24Za1a%+92a%a§

for all ag > 0 and —2 < r < 2. In this we take a; = t**~ I (k=1,2,..

Corollary 11. If x,y,z > 0, then
E

1 1
1 ;+2723 pa—— 92

x—i—?)y

(10a)

(10m)

,n) .

(11a)
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Proof. In [1] page 110, problem 6 is proved that

19 "a'+27) a®b>18) a®h’ +28) ab® (11m)

for all a,b,c > 0 and —2 < r < 2. In this we take
a=t1""1,b=1tY"0 c=tq.

Corollary 12. If x, >0 (k=1,2,...,n) and r > %_1, then

i
T3_1i1+2(3 5> 1 +3r(1—7")2 L
— T - T
4 — Tk 3x1 + x2 2 1 + X2
+(1—3r)2#>0 (12a)
x1+ 3x9 —

Proof. In [1] page 110, problem 7 is proved that

n
(r3 —1) Zai + 72 (3—7“)2(1:{’&2—1—37“(1 —T)Za%a%+
k=1

+(1—-3r) Zalag >0 (12m)

for all ap > 0 and r > ﬁ. In this we take ap = $ok = (k=1,2,..,n).

Corollary 13. If x,y,z > 0, then
1 1 1 1 1
— —+6 — 47 > 2
Iy ey ey sy L

1 1
6y — 4195 — - 13
+ Z2x+y+z+ Zw—i—y—l—QZ (13a)

Proof. In [1] page 110, problem 9 is proved that

Za4+122a262+72a3b2 22@b3+62a2bc+ 122@()02 (13m)

for all a,b,c > 0. In this we take a = t’“i,b = tyfi,c — 71,
Corollary 14. If z, >0 (k=1,2,...,n) and 0 < r < @, then

1 1 1 1
- — — > (1 — 14
4 :L'k—l_rle—l—&l“z_( +T)23x1—|—:c2 ( a)
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Proof. In [1] page 110, problem 11 is proved that

ZakJrrzcnag (I+7) Zalag

forallak>Oand0<r<‘[

Corollary 15. If x, >0 (k=1,2,...,n), then

3 1
721‘7]@ 72:):14—3:):2 §Zm

Proof. In [1] page 110, problem 12 is proved that

n
Zai—k%—%Zala% > gZa‘;’ag
k=1

for all a; > 0 (k= 1,2,...,n). In this we take a; = t**~1 (k= 1,2, ..

Corollary 16. If x,y,z > 0, then

3 1 1 1 1
ZZE+2ZQ$+y+z ZSZ3$+y+Zz+y

Proof. In [1] page 110, problem 18 is proved that

3Za4+22a2b6232a3b—|—22a2b2

for all a,b,c > 0. In this we take a = txfi,b = tyfi,c — 71,

Corollary 17. If x,y,z > 0, then

1 1 1 1 1
ZZE+2\/§Zx+3y222$+y+2+2\f223x+y

Proof. In [1] page 111, problem 19 is proved that

Za +2\[Zab3>2a2bc+2f2a3b

for all a,b,c > 0. In this we take a = t* "1 b—ty4c—tzf’

(14m)

— T (k=1,2,..,n).

(15a)

(15m)

(16a)

(16m)

(17a)

(17m)
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Corollary 18. If x,y,z > 0, then
1 1 11 1 1 1
- -+ — >6 6 - s—
4Zx+2 Tty 23x+y+ Zaz+2y+z
Proof. In [1] page 111, problem 20 is proved that

Za4+112a2b2 262&%4—62@1)20

for all a,b,c > 0. In this we take a = tf”fi,b = tyfi,c — 77,

Corollary 19. If x,y,z > 0, then

1 1 1 1 1 1
SN2 > (V6 — 2) — +6
4Zx+2za}+y_<f Z2x+y+z+\[z3$+y
Proof. In [1] page 112, problem 21 is proved that
Za4+2a2b2 > (\/672) Za2b0+\/62a3b
for all a,b,c > 0. In this we take a = t“j_i,b = ty_i,c — 24,
Corollary 20. If x,y,z > 0, then
1 1 1 1
- —+5 >3
4Z:c+ 23x+y - Zx—i—y
Proof. In [1] page 112, problem 22 is proved that
Za4+52a3b > 62@21)2

for all a,b,c > 0. In this we take a = t””fi,b = tyfi,c — 71,

Corollary 21. If x,y, z,t > 0, then

1 1 3 1
2> ; =55
2 r+y+2z x+y+z+t 20+ 2y + 32+t

Proof. In [1] page 152, problem 17 is proved that, if u,v,r, s > 0 and
uvrs =1, then Y (v — 1) (v —2) > 0. In this we take
u=4,v=_,r=49,8= % and we obtain:

Z a’b’ct + 6a*b* P d> >3 Z a’b*3d

25

(18a)

(18m)

(19a)

(19m)

(20a)

(20m)

(21a)

(21m)



26 Mihély Bencze
for all a,b,c,d > 0. In this we take a = t*78 b= t¥=5,c = t*~5 ,d = t'"5.

Corollary 22. If z;, >0 (k=1,2,...,n), (n > 4) then

n—lz 1 +n(n+3)>

2 201 +x3+ x4 + ... + Ty Qiiﬁk -

1
> (2 2 22
> (2n+ )Z3x1+m2+213+2x4+...+2xn (22a)

Proof. In [1] page 152, problem 18 is proved that for all by > 0
(k=1,2,..,n) and [] by =1 holds
k=1

n n
(n—1 Zb +n(n+3)>2n+2)> b
If in this b = %,bg =% b, = Z—le then we obtain

as

(n—1) Z ata3a?...a> + n(n+3)aidi..a> >

> (2n+2) Z adagaiaj...a? (22m)
for all a, >0 (k=1,2,...,n). In this we take a; = LT (k=1,2,..,n).

Corollary 23. If z;, > 0 (k=1,2,...,n), (n > 4) then

n—1 201 + 23+ T4 + ... + 25 n -
(n—1) > xg
k=1
>mn-1Y !
- n—=2)x1+nze+ (n—1)(x3+ 24 + ... +23)
Proof. In [1] page 152, problem 19 is proved that if by >0 (k=1,2,...,n)

and [] by =1, then
k=1

(23a)

1
an Lynn-2)> (n—l) 17
k=

If b, = %7132 = Z—i, - ‘;—'1‘ then we obtain
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n
Za% 2 as~ ! ay” 1...a2_1+n(n—2)Ha271 >

k=1
> (n—l)Za’f 2ayalyta)al ! (23m)
1
for all a, > 0 (k = 1,2,...,n) . In this we take a;, = t"* "= (k =1,2,...,n).

Corollary 24. If x, >0 (k= 1,2,...,n) and m > n, then

1 n
2y =
m 201+ 23+ x4+ ... + T, S 2

>

1
> 1 24
z (m+ )Z(m—1):61+(m+1)$2+m$3+m$4+---+mf’3n (240)

Proof. In [1] page 153, problem 20 is proved that if by >0 (k =1,2,...,n)
n
and [] by =1, then

k=1
n n 1
Zb}?—}—ng(m—l—l) ™
k=1 =1 F
If v = “1 ,by = gg . —_— ‘;—711 then we obtain

n
Zal as‘ay’. anm—i—mnHaZl_ (m+1) Zam YattaZa . .a™  (24m)
k=1

for all ap > 0 (k=1,2,...,n). In this we take a = 1 (k=1,2,..,n).

Corollary 25. If x >0 (k=1,2,...,n), then

1 1 -2
S mrmrarern oy b
n I
k=1
n—1 1
_I_
-2 Zn:c1+(n—2)x2+(n—1)(373—1—3;4—1—...4—37”)
2 (n—2)x;+nxe+ (n—1)(r3+ 24+ ... +2)

(25a)
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Proof. In [1] page 198, problem 2 is proved that if by > 0 (k= 1,2,...,n) and
n

I] bx =1, then
k=1

n

D bt > (Zkaerl)

k=1

If b = %,bg = Z—g,...,bn = ‘;—'{ then we obtain

n
ZCLQn 2ah ' 1...a271+n(n—2)Ha2_1 >
k=1

~1
+2 Za 2ayalyta et (25m)
1
for all ax > 0 (k =1,2,...,n) . In this we take a, = t"* »0:-D (k=1,2,...,n).

Corollary 26. If x;, >0 (k=1,2,...,n), then

n—2 z”: 1 N n? - Z 1 (260)
— a
2 Tk L - — T + x5
k=1 2> 1<i<j<n
k=1

H a2 > 2 Z a;a; (26m)

for all a, >0 (k=1,2,...,n). In this we take a; = 13 (k=1,2,...,n).

Corollary 27. If x,y,z > 0, then

1 5 1
- > 6 - 27
32x+2y+w+y+z_ Z2w+4y+3z (27a)

Proof. In [1] page 219, problem 16 is proved that if by, be, b3 > 0 and
b1b2b3 = 1, then

1
Zlf{°+15z6za
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Ifboy=%,b2= %,bg = < then we obtain
Z a3t® + 15a33c® > 6 Z a®bte (27m)
for all a,b,c > 0. In this we take a = t”fé,b = tyfé,c — 75,

Corollary 28. If z, >0 (k =1,2,...,n), then

n

—1 1
Iy Lyl s ; (28a)
k DTk GEla =T ) Ty
k=1 =1

Proof. In [1] page 219, problem 21 is proved that

n n
1
> —1 > — 28
Zak+n(n )Hak_Ha (Zak> <§a> (28m)
for all ap > 0 (k=1,2,...,n). In this we take a; = ok (k=1,2,...,n).

Corollary 29. If x, >0 (k=1,2,...,n) and m > n — 1, then

1 n(m—1)
7223[; sttt & =
m 1 3 4 n mZZCk
k=1
1
>mz (29a)

m—1)x1 + (m+1)z2+m(z3+ 24+ ... + 2p)
Proof. In [1] page 219, problem 17 is proved that if by > 0 (k =1,2,...,n)
n

and [] bx =1, then
k=1

ibznjt(m—l)anii
k=1 ekl

Wherem>n—1

Ifb, = “1 ybo =22 b, = 3—’1‘ then we obtain

3

Zal as'ay’. m—1 nHak >mZam LataZa..a™  (29m)

1
for all ap > 0 (k=1,2,...,n). In this we take ap = t"* " mn (k=1,2,...,n).
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Corollary 30. If x;, >0, (k=1,2,...,n) then

n

n—1 1 n "~ 1
Dot 2 Y (30a)
= zi+(n—1)z,
k=1

Proof. In [1] page 220, problem 22 is proved the inequality

(n—1) Za}g +n H ag > <Z ak> (Z az_1> = Z aia;-l_l (30m)
k=1 k=1 k=1 k=1

ij=1
1
for all ap, > 0 (k=1,2,...,n). In this we take ap = t"* "= (k=1,2,...,n).

Corollary 31. If x, >0 (k=1,2,...,n), then

n

n—1x=1 1 1
+ > _ 3la
n+1;xk Z2x1+x2+x3+...+xn ijzzlxi—i—nxj (31a)

Proof. In [1] page 220, problem 23 is proved that if zx >0 (k =1,2,...,n)
then

n n
(n—1) Z al ™ + Z atag...an > Z a;aly (31m)
k=1

t,j=1
1
In this we take ap = t"* " n+1 (k= 1,2,...,n).

Corollary 32. If x, >0 (k=1,2,...,n), then

n

1 n?
> = 2
ij=12 Z T+ T — Tig1l + Tjp1 — T 2 Z T
k=1 k=1

>n S : T
- 3x1+x2+2(x3+ 24+ .. + 1)

Y !
1 +3x2+ 2 (x3+ x4 + ... + )

Proof. In [1] page 220, problem 24 is proved that if by >0 (k= 1,2,...,n),
then
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If by = %71)2 =2 . b,= Z—’; then we obtain

as’
n n a a n
) -
g ai Lo +n2||a%2
Y
k=1 J k=1

.
ij=1 i

> nZa:{’agagaZ...a% + nZalagagai...a% (32m)
In this we take a = ok~ 2m (k=1,2,..,n).

Corollary 33. If z, >0 (k= 1,2,...,n), then

ITe= 1 1 1 1
.=y —43y ——— >y — —
)3;$k+ Z$1+$2+$3_22$1+$2+Z$1+2$2

n

n—1 1 3 1 1
2). — > -
) 6 ;xk+n—2zx1+x2+x322x1+xg+

1
_ 33
+ Z 1 + 29 (330)

Proof. In [1] page 271, problem 4 is proved that

n
1). Zai + 3Za1a2a3 > Za%ag + Zalag
k=1

n

2). n ; 1 Zai + - i 5 ZalaQag > Za%ag + Zala% (33m)

k=1

In this we take a = {oE=5 (k=1,2,...,n).

Corollary 34. If x >0 (k=1,2,...,n), then

1

ny > =
T + 39 + 2(1,‘3 + T4+ ... +$n) =12 Z Tp+ T — Tyl + Tjgl — T
k=1

1

>
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n(n—2) 1
> ——~ 4+ (n+2 34a
2i$k ( )Z3$1+l‘2+2($3+x4+...+$n) ( )
k=1

Proof. In [1] page 374, problem 37 is proved that if by >0 (k =1,2,...,n),
n
and [] bx = 1, then

k=1
"1 4dn
bi—i_ n >n+2
k=1 F n+ > by
k=1

If by = &

nZa1a2a3a4 .Gy, —|—Z (Ha> ?i .a:;lz

ij=1 Fit1
n
(n—2) H ap + (n+2) Z adasaiai...a? (34m)
k=1

In this we take ap = T (k=1,2,..,n).

Corollary 35. If x >0 (k=1,2,...,n), then

3 3 1 1
- >y - PN - (35
22x+2y+x+y+z_2 2x+3y+z+223x+2y+z (35a)
Proof. In [1] page 378, problem 64 is proved that if by, be, b3 > 0 and
b1b2b3 = 1, then

3 L1
b3 + b3 +bs+6> by + by + bg + — —
b

If by = $,by = 2 b3 = £, then

3
274 212 2 273 372
E a“b* + 6a“b"c 55 abc+ E b“c (35m)

In this we take a = t*~ b =tV c= 75,
Corollary 36. If z,y,z > 0, then

1 1 1 1
- 9 —>10 _ 36
22m+2y+ Z3x+2y+z* ZQw—i—Sy—i—z (36a)
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Proof. In [1] page 380, problem 80 is proved that if by, be, b3 > 0 and
b1babs = 1, then

Za2b4 + 92@31720 > 1()Za2b30 (36m)

In this we take a = t""_%, b= ty—é’ c— 7%,

Corollary 37. If x,y,z > 0, then

1 1 1 1
92 - >4 _ 37
Z2x+2y+z+22x+3y+zx+4y_ ZSx—i—y—i—z (37a)

Proof. In [1] page 380, problem 82 is proved that if a,b, ¢ > 0, then

6)) a
)BTRS B

or
2Za2b20+ Za263 + Zab4 > 4Za3bc (37m)
In this we take a = t*~ b =tV"5,c= £775.

Corollary 38. If x, >0 (k=1,2,...,n), then

n
i=1 nx; + Y Tk
k=1
Proof. In [1] page 382, problem 91 is proved that if ax >0 (k =1,2,...,n),
then

3

n
(n—1) Hak—l— %Za%
k=1

e
Il
—
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or

n

nilZa%+2 Z aiaj—i-(n—l)2 n

n .
k=1 1<i<j<n

>2(n—1) Z \ a?Jrlagag...an

In this we take a, = 13 (k=1,2,..,n).

Corollary 39. If x; >0 (i =1,2,...,n) and k € N, then

=1

n

1

>
St (n+k—1)x;

Proof. In [1] page 382, problem 92 is proved that if a; > 0 (i = 1,2,

k € N, then

n

(n—1) Z a4 ﬁ a; i ak > <i ai) (i ag”rkl)
=1 =1 i=1

=1 i=1

or

n

n
(n—1) Z a?”“ + Z alf+1a2a3...an > Z aia;”k_l

i=1 i,j=1

In this we take a; = A (i=1,2,...,n).
Corollary 40. If x,y,z > 0, then

1 1
Z2:U—|—5y2222:64—43/4—2

Proof. In [2] page 9, problem 17 is proved that

3 2
YRy

or

n—1x~1 1
4 >
n—l—k‘zxi Z(k—l—l)x1+a}2+x3+...—|—xn_

(38m)

(39a)

...,n) and

(39m)

(40a)
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Z a’b’ > Z a’bie (40m)
1

In this we take a = tx_%, b= ty_%, c=1t""7.

Corollary 41. If z,y > 0 and m,n € N* then

(n—l)(m—1)<1+1>+(m+n_1)< Lo, >>

m-+n Tz Yy mx+ny nr+my)

1 1
Zmn<(m—|—n—1)ac+y—i_3:—1—(m+n—1)y> (41a)

Proof. In [2] page 17, problem 77 is proved that if a,b > 0 and m,n € N*
then

(n—1)(m—=1) (@™ +b™") + (m+n—1) (@™" +a"b") >
> mn (@™ + ab™ ) (41m)
In this we take a = txim%rn,b — Y

Corollary 42. If x,y,2,t > 0, then

121+221(1+1+1+1+1+1>(42a)
4 r Yx 2\z4+y y+z z+4+t t4+zxz z+z y+t
Proof. In [2] page 21, problem 104 is proved that if a,b, ¢,d > 0, then

Z a* + 2abed > a®b* + b*c® + *d* + d*a* + a*c® + b d? (42m)
In this we take a = t“”_%,b = ty_i,c = tz_i,d — i,

Corollary 43. If x; >0 (i = 1,2,...,n), then

n

I~ 1 1 ij
-y —+2 < — 43a
2;% Z T + T i;1(2+]—1)(.%'i+$j) ( )

1<i<j<n

Proof. In [2] page 21, problem 105 is proved that if a; > 0 (i = 1,2,...,n),
then
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or

1Ja;a;
E a? + 2 g a;jaj < E z—ijiz—jl (43m)
2
In this we take a; = $2i=3 (i=1,2,..,n).

Corollary 44. If x;, >0 (k=1,2,...,n), then

L Z 1 Z QTL\/TL — 1
2 201+ 23+ x4+ ... + T, n—1
2 V/n—1
1 n<1_ nqjl )
'23 T2t 2@ taat o tam) n (44a)
X1 T2 I3 Iy In 9 Z T
k=1
Proof. In [2] page 22, problem 112 is proved that if by > 0 (k =1,2,...,n),
n
I1 bx =1 then
k=1

St nz 2 (S

k Tn—1 k
k=1

Ifb1 = %,bgz 22 7bn: % then

as’
g ai‘a%ai...a% >

2y 23/n—1\
nvn ez Za1a2a3a4 az+n (1 — n> H a2 (44m)

T n—1 n—1
k=1
In this we take aj, = t" " 2x (k=1,2,..,n).
Corollary 45. If 2, >0 (k=1,2,..., ), then
n—2 1 n
> + >
n 201 +x3+ x4+ ... + THy n
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1
>2y —; (45a)
23 T+ X + X — XTig1 — T
k=1

Proof. In [2] page 22, problem 17 is proved that, if by >0 (k =1,2,...,n),

n

H b = 1 then

k=1

> (bi—by) >Zbk—n

1<i<j<n
If b1 = %,bz =2 ,bn = % then

as’

(n—2) Za1a3a4 .a; +nHak>2 Z - 1(12[&%) (45m)
Qi 7+

1<i<j<n

In this we take a, = LT (k=1,2,...,n).

Corollary 46. If x,y,z > 0, then

1 1 1 1 1 1
- - o Y — (46
2Zx+2y+2z2x+y—Z3m+y+2z+zx+3y+2z (46a)

Proof. In [3] page 25, problem 10 is proved that, if a, b, c > 0, then

S5 o)

or

Z a’t® + Z aBp* > Z a®bct + Z a?b5ct (46m)

In this we take a = t*~ i3 ,b=1Y" = ,c=1%"

Corollary 47. If x, >0 (k=1,2,...,n), then

Tew 1 1
Pl Bt

x129 (1 + 22) o (2 + 23)" Ty (Th + 11

- )max{ "2y, (o) (a:n—xl)2)} (47a)
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Proof. In [3] page 25, problem 14 is proved that, if ax >0 (k= 1,2,...,n),
then

n
;a% — Zalag > ﬁ max {(a1 — a,g)2 , (ag — ag)2 yoeny (A — a1)2}
In this we take aj, = t%2 (k=1,2,..,n).
Corollary 48. If x,y,z > 0, then
1 1 3 1 1
- - > 48
3Zx+2m_22x+y+zx+2y (48a)

Proof. In [3] page 26, problem 2.30 is proved that, if a,b,c > 0, then

Z a® + 3abc > Z ab + Z ab? (48m)

In this we take a = t“*"ib = ty—%7c _ 5

Corollary 49. If x,y,z > 0, then

2 1 1 1
525222x+y+2$+2y (49a)

Proof. In [3] page 26, problem 2.31 is proved that

2 Z a® > Z a®b + Z ab? (49m)

for all a,b,c > 0. In this we take a = tx_éjb = ty_é,c — 5

Corollary 50. If x,y,z > 0 and n € N* then

1 1 1
+ >2 _ 50a
Z(n+1)x+y Zm+(n+1)y_ an+y+z (50a)
Proof. In [3] page 27, problem 2.47 is proved that

Z a1 + Z ab™t > 2 Z a"be (50m)
1

1 1
In this we take a = t*" n+2, b = t¥" n+2 ¢ = t* nt2.
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Corollary 51. If ; >0 (i =1,2,...,n) and k € N* then

> : >
k 201 +x3+ x4+ ... + Ty

1

> 5la
Tkt D)o+ (E—1Dzo+Ek(xs+as+ ... +xp) (51a)
Proof. In Wildt Jézsef MC 2009 Mihdly Bencze proved that if a; > 0
(1=1,2,...,n) and k € N*, then
>(2)>xe
or
Za akak...ak > ZakH Flakah..ak (51m)

In this we take a; = £%i (i=1,2,...,n).
Corollary 52. If x,y,z > 0, then

1 1 1
- S N 52
3Zx+y_z2x+3y+z (52a)

Proof. In [3] page 29, problem 2.72 is proved that if by, b2, b3 > 0 and
b1babs = 1, then

I ED N

If by = ¢,by = %,bg = =, then we obtain

Z a®b® > Z a’bc (52m)

In this we take a = t*~ s ,b=1Y" g c—tz_f

Corollary 53. If 23, >0 (k=1,2,...,n), then

n

Z 1 >M min M (53a)

T 12 1<i<j<n T;T; (1‘2 + ."L‘j)

Proof. In [3] page 121, problem 9.11 is proved that, if ay >0 (k =1,2,...,n),
then
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3

M min  (a; — a;)* (53b)

a% >
12 1<i<j<n

k=1

1

In this we take ap =t" "2 (k=1,2,...,n).
Corollary 54. If x,y, z,t > 0, then

1 1
>y - 54
Z4x+y_z2x+y+z+t (54a)

Proof. In [3] page 121, problem 9.23 is proved that, if a,b,¢,d > 0, then

Z atb > Z a*bed (54m)

In this we take a = t“"’_é, b= ty_%, c= tz_%,d — 5.

Corollary 55. If x,y,z > 0, then

1 1 1 1
= 15 - >16 _ 55
22x+2y+ Z3x+2y+z_ Z2x+3y+z (55a)

Proof. In [1] page 456, is proved that if by, be, b > 0 and bybabs = 1, then

DV +15) biby = 16) by

If by = %,by = 2,b3 = £, then we get
Z a®b* + 15 Z a*b?c > 16 Z a*b3c (55m)
In this we take a = tx_é, b= ty_%, c=t3.

Corollary 56. If x,y,z > 0, then

1 1 1 1 1 1
5Zx+10<22x+y+zx+2y)+5<Z4x+y+zx+4y>+

1 1
30 — >61 -_— 56
+ 2237—1—23/—1—2_ Z3x+y+z (56a)

Proof. In [1] page 16, problem 3 is proved that

(Z a)5 > 8labc Z a’



The integral method in inequalities theory 41

for all a,b,c > 0 which can be written in following form:
S (T ) (e D)
430 a’b’c>61) a’be (56m)
In this we take a = t“’_%, b= ty—é’ c— 1775,

Corollary 57. If x,y,z > 0, then
1 1 1
1). —_— — >2 T —
) Zx+4y+z2x+2y+z_ Z3x+y+z

1 1 3 1
.= > _
2) 222x+y+22m_222x+3y+z (57a)

Proof. In [5] page 2, problem 2 is proved that

1). Zcf—i—ZabZQZaz and

3
2). Z % + 3abc > 2 Z a’c, which can written

1). Zab4 + Za2b20 > 22@360

2). Z a?b* + 3a%b*? > 2 Z a’bc (57m)

In these weltake: X X
1).a=t""5,b=tY"5,c=t""5 and
2). a=1""5,b=1Y"5,c=t>"s.

Corollary 58. If o,z >0 (k=1,2,...,n), then

v

1 1
1). +
) Z(a+2)$1+$3+$4+...+$n Zax1+2x2+:c3+x4+...+xn

1
>2
- Z(a+1)x1+x2+x3+...+xn
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1 1 n
2). — + >
) 222x1+x3+x4+...+xn n -

23 xp
k=1
>2) L (58a)
- 3x1+x2+2(m3+x4+...+mn)
Proof. In [5] page 3 is proved that
1). Z a‘f+2a3a4...an + Z a?a§a3a4...an >2 Z a‘f“agag...an
n
2). Z atalal..a® +n H az > 2 Z adagaiai...a? (58m)
k=1
In these we take:
1). a =t"* " etn (k=1,2,...,n) and
2). ap=t""2m (k=1,2,...,n)
Corollary 59. If x,y,z > 0, then
1 1 1 4 1
il Z 49 > 59
QZ$+ Z;E—I—2y_:v+y+z+22x+y (59a)
Proof. In [5] page 6, problem 5 is proved that
(59m)
1
gz:a?’ + QZ:ab2 > dabc + ZGQb (59m)
1

In this we take a = txfé, b= tyfé, c=1""3.

Corollary 60. If x,y, z,t > 0, then

1) 1 1+1+1+3 ~9 1 n 1 n 1
“4\z oy oz t) T T \z+y+2t y+z+2t z+ax+2t
3/1 1 1 1
). 2 (24242 42)>
)4<$+y+z+t>_

1 1 1
>y 0 I S 60
_Zz+y+2t+zy+z+2t+zz+x+2t (60a)

Proof. In [5] page 53, problem 58 is proved that
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1). a* + b + ¢ 4 3d* > 2 (ab + be + ca) d?

2).3 (a4 + vt et + d4) > Z abd® + Z bed? + Z cad? (60m)
In these we take a = £~ 1 ,b=1" T ,C= 1,

Corollary 61. If 2, >0 (k=1,2,...,n), then

nf(n?+n-1) <& 1 5 1 1
3 Z;k+3n <22x1+x2+z$1+2$2)+

k=1
+6n> Z _ > (2n — 1) n? i 1 (61a)
r1+ T2 +x3 ij:12xi+xj
Proof. In [1] page 150, problem 1 is proved that, if by > 0 (k =1,2,...,n) and
n
> by = n, then
k=1

(n—1) Zbk—i—n > ( 1)Zn:bz
k=1

If o, = 2% (k=1,2,...,n), then we obtain:
Z ai
=1

n? n —n+1 Zak—l—?m (Zalag—FZalag)+6n22a1a2a3>

>n?(2n — 1) Z aa; (61m)
ij=1

In this we take aj, = £~ 3 (k=1,2,...,n).

Corollary 62. If z;, >0 (k=1,2,...,n), then

2 n
n®(n+1) 1 9 1 1
- @7 - 3

k=1

1 1
6n> — < 1 _— 62
+nz$1+ﬂf2+$3_(n+ )ZZ T + 2x; (620)
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Proof. In [1] page 150, problem 2 is proved that, if by > 0 (k = 1,2, ...
n

>~ by, = n, then
k=1
S ifo 4 D3
k=1
Ifop, = 3% (k=1,2,...,n), then we get:
Z a;

i=1

,n) and

n
+1) Z az + 3n? (Z atag + Z alag) + 6n? Z ajasaz <
k=1

n
<(n+1) Z aia?

1,j=1

In this we take a, = 13 (k=1,2,..,n).

Corollary 63. If x, >0 (k=1,2,...,n), then

"~ 1 1

(62m)

n
ij=13x; + Y. T — Z;

1
2(n —2)
+ (n ) Z2(x1+x2)+x3+:p4+...+xn

Proof. In [1] page 150, problem 5 is proved that, if by >0 (k= 1,2, ...,
n

> b =1, then
k=1
n 1 n
2
Zb— (n—2) +4n(n—1)2bk
k=1 k=1
If b, = 2% (k=1,2,...,n), then we obtain:
Z ai
i=1
i a?alag...an Z
Py

ij=1 J

> (5n —8n+4 Zalagag an+2(n—2 Za1a2a3a4 .Qp

2_
2(5n 8n+4)z3$1+1’2+$3+...+$n+

(63a)

n) and

(63m)
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1
In this we take ap = t"* " n+2 (k =1,2,...,n).

Corollary 64. If x;, >0 (k=1,2,...,n) and m € N* then

m—1 "1 1

I
n m!
g — > E 7 - - (64a)
mo=ay i) (1121 + 92 + .. + inTy)
i1 +...Fin=m

Proof. We have for all a, > 0 (k =1,2,...,n) the following inequality

n n m
| L .
n™1 E apt > (E ak) = E %aﬁla?...af{l (64m)
p — L)

0<i1<...<im<m
i1+...+in=m

In this we take a, = 1o (k=1,2,..,n).

Corollary 65. If x,y,z > 0, then

13 1 1 1 3 1 1
— - >2 — 6 — (65
4 T (z:?mc—l—y+.7c—|—3y>JFQX::L'ijjL Z2x+y—|—z( @)

Proof. 1f in Corrolary 64 we take m = 4 and n = 3, then we have:

132@4 >2 (Z 3b—|—Zab3> —|—32a2b2 —|—62a2bc (65m)

In this we take a = t*~ i b=1tY" i c—t'z*’

Corollary 66. If x; >0 (k=1,2,...,n) then

B (Y i) S s
3 Tk 2x1 + a0 T + 229 T+ xo + 3

k=1

n

1
<(2n+1) Z PV (66a)
oo M j

Proof. In [1] page 154, problem 29 is proved that, if by >0 (k =1,2,...,n)
n

and > by = n, then
k=1

QZb +n?< (2n+1) Zb2
k=1
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If b, = 2% (k=1,2,....,n), then we get
> a
=1

n n
(2n+1) Zai +3 (Z a%ag + Zala%) + 6204@2@3 <(2n+1) Z aia?
k=1

ij=1
(66m)
In this we take a = {oE=5 (k=1,2,...,n).

Corollary 67. If xz,y, z,t > 0, then
1 1 1 1 1
). =Y = >
) 3zx+32x+y+z_z2x+y+zx+2y (67a)

1 1 1 1
2). Zx+3zx—|—y+z22<22w+y+zx+2y>

Proof. In [1] page 271, problem 3 is proved that, if by, be, b3, by > 0 and
b1 4+ bs + b3+ by =1, then

1). 425?4—152[)152[)3 >1
2). 11363 + 21 bybobs > 2
If b = %,bQZS,bgz $,by = £ where s = a + b+ ¢+ d, then we obtain

1). Za?’—i—i%Zach ZQQb—i—ZabQ
2).33 a*+33 abe>2(Y %+ ab?) (67m)

In these we take a = tm_%, b= ty_%,c = tz_%,d — 5,

Corollary 68. (The additive version of Cauchy-Schwarz inequality) If
T, yr >0 (k=1,2,...,n), then

1 1 1 — 1 1
= > +2 (68a)
2”Z:1$i+yj ka:1$k+yk 1<Z]:.<n93i+yi+l‘j+yj

0=

Proof. Using the Cauchy-Schwarz inequality we have

S = () (o) = (3 b> :

ij=1
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= aib% + 2 Z aibiajbj (68m)

k=1 1<i<j<n

In this we take a = txk—i,bk — kT (k=1,2,..,n).

Corollary 69. (The additive version of D.K. Callebaut‘s inequality) If
e,y >0 (k=1,2,...,n) and 0 < a < # < 1, then

1 — 1 1
2; +2 )

<
Tk + Yk ity +x;+y;

1<i<j<n

. 1
< <
Zgl lI+a)zi+(1-)yi+(1-a)zj+(1+a)y; —

-y !

D N O (PR o

1 <& 1
< = 69
S5 P D (694)

Proof. The D.K. Callebaut‘s inequality say if ag,br >0 (k =1,2,...,n) and
0<a<f<1,then

n n 2
Y aibi+2 Y aibab; = (Z akbk> <
k=1

1<i<j<n k=1

n n n
1+arl—a l—apl4+a _ l+a1l—a l1—apl+a
S(g a,” “by )(g a,” “by )—E a; " b, a; bj <
k=1 k=1

ij=1

IN

n n n
144, 1-5 16,148\ _ 148, 1-8_1-8;1+8
<Zak by, ) (Zak by, )-Z% by Ta; TbTT <
=1 k=1

1,7=1

g(nﬁ><n%> (69m)
k=1 k=1

In this we take aj = tmk_i,bk — U (k=1,2,...,n).
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Corollary 70. If x; >0 (i =1,2,...,n) and k € N, then

n n

1 1 1
Ly ey — )
=l ay —xp+ Yy ig=lkr — kx4 (k+1) Y 2
p=1 p=1

Proof. In [4] M. Bencze proved that, if a; > 0 (i = 1,2,...,n) then

Eo) (B) - () (Bd) o

or
k41 19 k+1 k1T o ktl
n ai Hap ai Hap
p=1 > p=1
P
ij=1 j ij=1 J

L 1
In this we take a; =t~ ®+Dn (1 =1,2,...,n).

Corollary 71. If z, >0 (k= 1,2,...,n) then

1 Z (.Z'l > 1 (1:1 xj)

2z > — E : Ti =5

n ST T x n JTT
1<i<j<n Lil "= Tk E Th 1<i<j<n )

Proof. In [7] M. Bencze proved the following inequality, if a; > 0
(k=1,2,...,n) then

PR W

1<i<j<n

In this we take a, = t**~! (k=1,2,...,n).

Corollary 72. If z,y,z > 0 then

1 1 1 1 1 1
522x+y+52x+2y+24x+y+zsz+3y+2z+

1 3
72
+Z:p+2y+32+2(x+y+z) (72a)
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Proof. In [6] page 116, problem 258 is proved that, if a,b, ¢ > 0, then

(a2 +ab+ b2) (b2 + bc + 02) (02 +ca+ a2) > (ab+ be + ca)® or

Z a't? + Z b + Z a*be > Z ab’c* + Z ab?c® + 3a%b*c? (72m)
In this we take a = tx*%,b = ty*ém — 5

Corollary 73. If x,y,z > 0 then

3 J@-y? -2 2’| _ 11 1
id <-N"Z_ <
4m1n{ T ooyz T _2255 Za:+y_

1Y

Simax{(x_y)z,(y_z)2,(z_x)Q} (73a)

Ty Yz 2T

Proof. In [6] page 187, problem 426 is proved that, if a, b, c > 0, then
3
imin{(a—b)2;(b—c)2;(c—a)2} <a?+0*+c—ab—bc—ca<

< @020 05 a?) (73m)

In this we take a = t“”_%’ b= ty—%’ c— 775

Corollary 74. If x,y > 0 then

1 « (%) 1 < 1 1 /1 1
— < < (=42 4
2”k0(nk‘)x+k‘y_n+1k0(nk:):v+ky_2n<:c+y> (4a)

Proof. In [6] page 223, problem 466 is proved that, for all a,b > 0 holds

n

n 1 n 7

2 n+1k:0 2

In this we take a = t"”_%, b=tV
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Corollary 75. If x, >0 (k=1,2,....,n) and « € [0, 1], then

n <1Z 1 <1z”:1 (75a)
< — < =) — a
iﬂﬁk n (1 —a)xy + amwe n &=

k=1

Proof. In [6] page 255, problem 491 is proved that,

(75m)

In this we take a, = t** ! (k=1,2,...,n).

Corollary 76. (The additive version of Chebishev‘s inequality). If
Xil, i, oy Tim (1 = 1,2, ...,m) is positive increasing (or decreasing) sequence,
pr >0 (k=1,2,...,n), then

n

Z Pi1Pis---Piy, <
Tig1 + Tig2 + oo + Tipom

11,02, 5tm =1

n m—1
Di
<
- (kzl pk) Z il + T2 + .. + Tim (76a)

=1

Proof. Using the generalized Chebishev‘s inequality (see [8], page 370 we can
written, if a;1, a2, ..., a;m (1 = 1,2, ...,n) is increasing (or decreasing) positive
sequence, then

n n m—1 5
Z Diy +-Dipy, iy 1Gip2 -Gy < <Z pk> Zpiailaig...aim (76m)
=1

i17...,im:1
In this we take a;; = #2035 (t=1,2,..,n;7=1,2,....,m).

Corollary 77. If z,y,z > 0 then

1 1 1 1 1
- - < -
Z2x+3y+z+zx+3y+2z - 22x+32x+y+

1
R — 7
+Z4x+y+z (7a)
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Proof. In inequality
Z a’bc + Z ab®>c® < a?b*c? + Z a’b® + Z a*be (77m)
where a,b,c > 0 we take a = t’ﬁ_ﬁ,b = ty_%,c — *7 %,
Corollary 78. If x,y,z > 0 then

I—1 2 1 1 1
EZ§+§Zx+y2225x+y+Z4x+y+z (78a)

Proof. In inequality

Za +22a3b3>22a5b+2a4bc (78m)

for all a,b,c > 0 we take a = t*~ g ,b=1Y" 3 c—t"‘f’

Corollary 79. If pg,z; >0 (k= 1,2,...,n), then

EE) )

Proof. If p,zr, > 0 (k=1,2,...,n), then from weighted AM-GM inequality

we have

Z Prar n =

(H ay, ) (79m)
Z Dk k=1

If ar, = t**~! (k=1,2,...,n), then we obtain the result, which is the
weighted AM-HM inequality.

Remark. We conclude that the weighted AM-HM inequality is the additive
version of the weighted AM-GM inequality.
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Hermite-Hadamard and Fejér Inequalities
for Wright-Convex Functions

Vlad Ciobotariu-Boer *

ABSTRACT. In this paper, we establish several inequalities of Hermite-Hadamard
and Fejér type for Wright-convex functions.

1. INTRODUCTION

Throughout this paper we will consider a real-valued convex function f,
defined on a nonempty interval I C R, and a,b € I, with a < b.
In the conditions above, we have:

f<a+b><b1a'a/bf(x)dx<w' (1.1)

2

The inequalities (1.1) are known as the Hermite-Hadamard inequalities (see
[10], [17], [20]). In [9], Fejér established the following weighted generalization
of the inequalities (1.1):

f <a+b> / x)dr < /f x)dz < f(a);—f(b) '/abp(.r)dx, (1.2)

where p : [a,b] — R is a nonnegative, integrable, and symmetric about

“TH’. The last inequalities are known as the Fejér inequalities.

xr =
In recent years, many extensions, generalizations, applications and similar
results of the inequalities (1.1) and (1.2) were deduced (see [1]-[4], [6]-[8],
12)-16], [18], [21], [22)).

In [5], Dragomir established the following theorem, which is a refinement of
the first inequality of (1.1):
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Theorem 1.1. If H is defined on [0, 1] by

b
H(t):ﬁ- f(ta:—i—(l—t)-a;b)dx,

where the function f is convex on [a,b], then H is convex, nondecreasing on
[0, 1], and for all ¢ € [0, 1], we have

b
("5 —ro <m0 <H0) = 1 [ @i 03)

In [19], Yang and Hong established the following theorem which is a
refinement of the second inequality of (1.1):

Theorem 1.2. If F' is defined on [0, 1] by

b
1 14+t 1—t¢ 1+¢ 1-—t

a

where the function f is convex on [a, b], then F' is convex, nondecreasing on
[0, 1], and for all ¢ € [0, 1], we have

1
b—a

b
. / F@)de = F(0) < F(t) < F(1) = f(“)‘;f(b) (1.4)

In [20], Yang and Tseng established the following theorem, which refines the
inequality (1.2):

Theorem 1.3. If P,Q are defined on [0, 1] by

P(t):/bf<t;v+(1—t)-a—2i_b> - p(x)da

and

Q(t) =

N |

./b{f@ﬂ.ag—t.x).p(wa%
2 2 2
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1+t 1-—t¢ z+b
+f< 5 b+ 5 ZL'>p< 5 ﬂdx,

where the function f is convex on [a, b], then P, Q are convex and increasing
on [0,1], and for all ¢ € [0, 1]:

b b

f ( : b) [ vtz = P0) < PO < PO) = [ s ()
and
b b b
[ 1@ ar = Qo) < @) < @) = LTI [opar, o)

where p : [a,b] — R is nonnegative, integrable and symmetric about z = “T‘H’.

In the following, we recall the definition of a Wright-convex function:

Definition 1.1. (see [15]) We say that f : [a,b] — R is a Wright-convez
function if for all x,y € [a,b] with z < y and 6 > 0, so that x + J € [a, b], we
have:

fl@+0)+ fly) < fly+0) + f(=).
Denoting the set of all convex functions on [a, b] by K([a,b]) and the set of
all Wright-convex functions on [a, b] by W (]a,b]), then K([a,b]) C W(][a,?]),
the inclusion being strict (see [14], [15]).
Next, we give a theorem that characterizes Wright-convex functions (see

[18]):

Theorem 1.4. If f : [a,b] — R, then the following statements are equivalent:

(i) f € W([a,b]);
(ii) for all s,t,u,v € [a,b] with s <t <u <wv and t + u = s + v, we have

10+ Fu) < f(s) + (o).

In [18], Tseng, Yang and Dragomir established the following theorems for
Wright-convex functions, related to the inequalities (1.1):
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Theorem 1.5. Let f € W([a,b]) N L1]a,b]. Then, the inequalities (1.1) hold.

Theorem 1.6. Let f € W([a,b]) N Li[a,b] and let H be defined as in
Theorem 1.1. Then H € W (]0,1]) is nondecreasing on [0, 1], and the
inequality (1.3) holds for all ¢ € [0, 1].

Theorem 1.7. Let f € W([a,b]) N Li[a,b] and let F' be defined as in
Theorem 1.2. Then F' € W([0,1]) is nondecreasing on [0, 1], and the
inequality (1.4) holds for all ¢ € [0, 1].

In [12], Ming-In-Ho established the following theorems for Wright-convex
functions related to the inequalities (1.2):

Theorem 1.8. Let f: W([a,b]) N Li[a,b] and let p defined as in Theorem
1.3. Then the inequalities (1.2) hold.

Theorem 1.9. Let p, P, ) be defined as in Theorem 1.3. Then

P,Q € W(|0, 1]) are nondecreasing on [0, 1], and the inequalities (1.5) and
(1.6) hold for all ¢ € [0, 1].

In [3], we established the following theorems for convex functions related to
inequalitites (1.2) and (1.2):

Theorem 1.10. If R, S are defined on [0, 1] by

b
1 1+t a+b 1-—t
R(t)—b_a-/f< 5 o T3 ~az>dx

and

=gty (50557 o (3259 o

a

where the function f is convex on [a,b], then R is convex, nonincreasing on
[0,1] and S is convex, nondecreasing on [0, 1], and for all ¢ € [0, 1], we have:

f(“;b> :R(l)SR(t)SR(O):bia-/bf<azb+§>dx§
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<

[N

-f(a‘;”) +2(b1_a) [ s@pe < bia‘/bﬂx)dx (L7)

and

b
1(57) =so=sosw =t [ fwan s

Theorem 1.11. If 7, U are defined on [0, 1] by

b
b _
T(t)z/f(l—;t-a;— +12t'$>'p(l‘)dl‘

and

a+b T —a r+b
+f< 5 +t- 5 )p( 5 )]da:,

where the function f is convex on [a, b] and p is defined on [a, b] as in
Theorem 1.3, then T is convex, nonincreasing on [0, 1] and U is convex,
nondecreasing on [0, 1], and for all ¢ € [0, 1] we have:

f(a;b) -/bp(x)dsz(l) < T(t) <T(0) :jf<a1b+x> -p(z)dz <

and
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In this paper, we establish some results related to Theorem 1.10 and
Theorem 1.11 for Wright-convex functions.

MAIN RESULTS

Theorem 2.1. Let f € W([a,b]) N Li[a,b] and let R be defined as in
Theorem 1.10. Then, R € W([0,1]) is nonincreasing on [0, 1], and the
inequalities (1.7) hold for all ¢ € [0, 1]

Proof. If s,t,u,v € [0,1] with s <t <wu <wv and t 4+ u = s+ v, then, for all

T € [a, “;rb], we have

ag1—|—s'a+b+1—s.$§1—|—t‘a+b+1—t‘ <
2 2 2 2 2 2

<1+u.a+b l—u'x<1+v.a+b+1—v.x<a+b
- 2 2 2 - 2 2 2 - 2

and, for all x € [“7%, b], we have

a+b 1+v a+b 1-—vw 1+ a+b 1-—u
< + e < . + .

. <
9 =2 2 5 =T 2 5 U=
1+t a+b 1-—t 14s a+b 1-—s
< . L < . . <b
s 5 + 5 r < 5 5 + 5 xr <
Denoting
14s a+b 1-—s
S1 1= 5 T + 5 -,
1+t a+db 1-—1t
t; = . .
! 2 5 T T
14w a+b+1—u
Uy = 9 5 B Z,
1+v a+b 1—-vw
v = -,

2 T2 T3
we note that for z € [a, “TH’], S1,t1,u1,v1 € [a, “Ter] with s1 <t1 <up <11
and t; +u; = s1 +v;. Since f € W([a, b]), taking into account the Theorem

1.4, we deduce:

(2.1)

F(t) + flur) < f(s1) + (o) bmﬁxe[ma+ﬂ.
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Denoting
14w a+b+1—v
S 1= . T
2 2 2 2 ’
1+u a+b 1—u
e I T T
1+t a+b 1-—t
Uy 1= 5 . 9 + 5 - T,
1+s a+b 1-—s
Vg = -,

2 T2 T3
for x € [%’b,b}, we note that s, to, us, vy € [‘%b,b] with s9 < tg9 < ug < v9
and ta + ug = s3 + ve. Since f € W([a, b]), taking into account the Theorem
1.4, we obtain:

ath } (2.2)

f(t2) + flu2) < f(s2) + f(ve) forallx e [Q,b

Integrating the inequality (2.1) over z on [a, GTH’}, the inequality (2.2) over x

on [GTH’, b} and adding the obtained inequalities and multiplying the result
by ——, we find:

b—a’

R(t) + R(u) < R(s) + R(v),

namely R € W([0, 1]).
In order to prove the monotonicity of R € W([0,1]), we consider
0 <ty <ty <1. Then, we have:

<1+t1 a+b 1-t <1+t2 a+b 11—t

. . . D <
“=" 2 5 Y= 2 5 U=
1+t a+b 1—1ty 1+t a+b 1—1 a+b
< : (atb—1) < : (atb—1) <
=" g T letbma) < — 2 y latb-o) <
for all x € [a, “TH’] and

atb 1+t atd 1-t
2~ 2 2 2

1+t2 a+b 1—t2
2 2 2

(a+b—2x) < (a+b—1x) <

1+t a+b 1—19 14+t1 a+0d 1—t
< . < . L <
S 5 + 2 TS — 5 + 5 x<b
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for all x € [‘%‘b,b}.

Considering
L 1+¢t1 a+b 1—1t
A 2 2 P
1+t a+b 1—19
t3 1= . -z,
2 2 2
14+t a+b 1—ty
— . i bh—
us 5 5 + 5 (a+ x),
1+t a-+b 1—1%
= . . b_
v3 5 5 + 5 (a+b—zx),
for all x € [a, ‘%b], we note that ss, t3, ug, v3 € [a, aT*'b] with

s3 <tz <wuz <wsand t3 + ug = s3 + v3. Applying Theorem 1.4, we find:

+b
F(ts) + flug) < f(s3) + f(vs) forallz € [a, ¢ ; ] . (2.3)
Denoting
._1+t1 a+b 1—t
§4:= — 5 5 (a+b—1),
1+ts a+b 1—19
ta = . . b—
4 2 2 g latb-a)
14+ty a+b 11—t
Uy = . - X
1 2 2 2 ’
1+t a—+b 1—1%
Vg 1= : + -,

2 2 2

for all z € ["T'H’,b], we note that s4,t4,u4,v4 € [GT'H’,b] with
s4 < tg <wuy <wy and t4 + ug = s4 + v4. Since f € W(]a,b]), taking into
account Theorem 1.4, we obtain:

f(ta) + fug) < f(s4) + f(vg) forallz e [a;b,b} . (2.4)

Integrating the inequality (2.3) over x on [a, aT+b]’ the inequality (2.4) over x

on [“T'H’, b], adding the obtained inequalities and multiplying the result by

1

7—a> We deduce
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2R(t2) < 2R(t1),

namely R is nonincreasing on the interval [0, 1].
Now, we note that

a+b x a+b z a-+bd a+b
< — < — < .
z < — +2_ 1 +2_ forallxe[a, 5 ] (2.5)
and
a+b a+b x a+b =x a+b
< — < — < . .
5~ <4 +27 1 —1—27.% forall:ce[ ,b} (2.6)

Since f € W([a, b]), taking into account the Theorem 1.4, we have, from (2.5)
and (2.6):

2.f<az:b+52ﬂ) §f<a;rb> + f(z), forallz € [a,b)]. (2.7)

Multiplying the inequality (2.7) by ﬁ and integrating the obtained result
over x on [a, b], we deduce:

e Db ()t o

a

The monotonicity of R on [0, 1], the inequality (2.8) and the first inequality
of (1.1) for Wright-convex functions, imply the inequalities (1.7) for
Wright-convex functions.

Remark 2.1. The inequalities (1.7) refine the first inequality of (1.1) for
Wright-convex functions.

Theorem 2.2. Let f € W([a,b]) N Li[a,b] and let S be defined as in
Theorem 1.10. Then S € W([0, 1]) is nondecreasing on [0, 1], and the
inequalities (1.8) hold for all ¢ € [0, 1].

Proof. 1f s,t,u,v € [0,1] with s <t <wu < v and t+u = s+ v, then, for all
x € [a,b], we have

a+b b—x a+bd b—=x
< . < —u - <
T R
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a+b b—=x a+b b—x a-+b
< —t. < —S- < .
S A (2.9)
and
a+b a+b r—a _a+b T —a
< . < . <
5 =y +s 5 = +1 5 =
a+b r—a _a-+b T —a
< . < . < b. 2.1
S 5 tu g <5t 5 < (2.10)
Considering
'_a—}—b b—=x . ‘_a—i—b b—=x ._a—l—b ; b—=x
S5 1= B v B , U5 1= B u B , Uy 1= 9 9 N

a+b b—=x
— S .
2 2
in (2.9), we note that s, t5, us, vs € [a, “TH’}, with s5 < t5 < us < w5 and
ts + us = s + vs. Since f € W({a,b]), taking into account the Theorem 1.4,
we find

Vs 1=

f(ts) + f(us) < f(s5) + f(vs) forall x € [a,b). (2.11)
Putting
'_a—i-b_i_ T —a y __a+b+t T —a ._a+b+ r—a
S - — 9 S B , lg 1= 9 5 , U = 9 u 9 s
a-+b r—a
Vg = 2 +v- 5

in (2.10), we note that sg, tg, ug, v € [“T‘H),b], with sg < tg < ug < vg and
t6 + ug = s¢ + vs. Since f € W({[a,b]), taking into account the Theorem 1.4,

we have

f(te) + fug) < f(se) + f(vg) for all x € [a,b]. (2.12)
Adding the inequalities (2.11) and (2.12), integrating over x on [a, b] and
multiplying by ﬁ the obtained result, we deduce

S(t) + S(u) < S(s) + S(v),
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namely S € W([0, 1]).
In order to prove the monotonicity of S on the interval [0, 1], we take
0 <t; <tg <1. Then, for al = € [a, ], we have

a+b b—=x a+b b—x a+b b—=x
< — 19 - < — 1 - < t1 - <
“=ToT TR Ty = Ty sy thr s
a+b b—x
< to - < b. 2.13
= + 12 5 = ( )
Considering
_a+b ; b—x tl_a—i—b ; b—x __a+b+t b—=x
S7 1= 5 2 5 2 TiE Ty 1 5 , U7 = 5 1 5
a+b b—=x
= to -
v7 5 + 12 5

in (2.13), we note that s7,t7,uz,v7 € [a,b], with s7 < t7 < wuy; < vy and
t7 + uy = s7 + vy. Since f € W({a,b]), taking into account the Theorem 1.4,
we deduce

f(t7) + f(ur) < f(s7)+ f(vr) forallz € [a,b)]. (2.14)

Integrating the last inequality over x on [a, b], we obtain

b

a+b b—=x a+b b—=x
e . <
f< 5 t1 5 )d$—|—/f< 5 + 1t 5 >dx_

a

b b
a+b b—=x a+b b—=x
< _ . .
_/f<2 to 2>dx+/f<2 +to 2>dx

Se—_

or

b b
a+b b—=x a+b Tr—a
< — 1y - . . :
_/f< 5 t2: —5 )dx+/f< 5 Tl — >dx (2.15)
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The inequality (2.15) is equivalent to S(¢1) < S(t2), namely S is
nondecreasing on the interval [0, 1].

The monotonicity of S implies the inequalities (1.8) for Wright-convex
functions.

Remark 2.2. The inequalities (1.8) refine the first inequality of (1.1) for
Wright-convex functions.

Theorem 2.3. Let f € W([a,b]) N Li[a,b] and let T be defined as in
Theorem 1.11. Then T' € W ([0, 1]) is nonincreasing on [0, 1] and the
inequalities (1.9) hold for all ¢ € [0, 1].

Proof. If s,t,u,v € [0,1] with s <t <wu <wand t+u = s+ v, then the
inequalities (2.1) and (2.2) hold. Multiplying those inequalities by p(z),

integrating the obtained results: the first one over x on [a a—*'b] and the

> 2
a+b

second one over x on [T? b], multiplying by % and adding the found

inequalities, we deduce

T(t)+T(u) <T(s)+ T(v),

namely 7' € W ([0, 1]).

In order to prove the monotonicity of T', we take 0 < ¢; < t5 < 1. Then, the
inequalities (2.3) and (2.4) hold. Multiplying those relations by p(z) and
integrating the obtained results, we may write:

a+b

2 1+1t9 a-+b 1—1t9
/a f< 5 9 + 5 -ac)p(x)dx+
a+b
2 1+1¢ b 1-—t
+/2 f( Tl oot + 2'(a+b—x)>p(a+b—:v)dm§
, 2 2 2
a+b
2 1+t a-+b 1—1t;
< . .
_/a f( 5 5 + 5 x)p(w)dx—i—
14t oat+b 1t
+/ f( 21.a2 + 21-(a+b—m)>p(a+b—:c)dx (2.16)

and

b
1+t a+b 11—t
. . d
/1 f< 5 5 + 5 x)p(m) T+
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b 1+t b 1—t
+/bf< 2. 0r + 2-(a+b—x)>p(a+b—a:)da:§

2
b
1+t1 a—+b 1—1%
< : : d
N G ETES P

b 1+t b 11—t
+/ f< thoat + 1-(a+b—x)>p(a+b—x)d1:. (2.17)
a+b 2 2 2

2

Adding the inequalities (2.16) and (2.17), we find 2 - T'(t2) < 2-T'(t1),
namely 7" is nonincreasing on the interval [0, 1].
Since f € W (]a, b)), taking into account the inequality (2.7), we deduce

() e <o f (U50) b+ 1) ple)

for all z € [a, b]. (2.18)

Integrating the inequality (2.18) over z on [a, b], we find

/bf<a1b+§> o< g7 (457) /bp(x)dx—i-

b
—I-% . /f(ac) -p(z)dx. (2.19)

The monotonicity of 7" on [0, 1], the inequality (2.19) and the first inequality
of (1.2) for Wright-convex functions imply the inequalities (1.9) for
Wright-convex functions.

Remark 2.3. If we set p(z) = 1(x € [a,b]) in Theorem 2.3, then we find
Theorem 2.1.

Theorem 2.4, Let f € W([a,b]) N Li[a,b] and let U be defined as in
Theorem 1.11. Then U € W([0,1]) is nondecreasing on [0, 1], and the
inequalities (1.10) hold for all ¢ € [0, 1].

Proof. f0<s<t<u<wv<1andt+u=s+w, then, for all x € [a,b], the
inequalities (2.11) and (2.12) hold.
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Multiplying (2.11) by p (%ﬁ) and integrating the obtained result over x on
[a, b], we have

b b
a+b b—x T +a a+b b—x
[r(5 i) o (550 e (570057

a a

b
T+ a a+b b—=x r+a
< . )

a

b
a+b b—=x T+a
_|_/f< s >.p( : >dx. (2.20)

a

Multiplying (2.12) by p (IT‘H’) and integrating the obtained result over x on
[a, b], we have

b b

/f(a;b+t-x;a)-p<x;b)dx+/f(a;b+u-w;a>-p(x—2i_b>da:§

a a

b
a+b r—a z+b
< . .
_/f<2+s 2>p(2>dx+

a

b
+/f<a;b+v~x;a>-p(x;b>daj. (2.21)

a

Adding the inequalities (2.20) and (2.21) and multiplying the result by %, we
find U(t) + U(u) < U(s) + U(v), namely U € W([0, 1]).

Next, we take 0 < ¢; < to < 1. Then, the inequality (2.14) holds.
Multiplying the inequality (2.14) by p (xzﬁ) and integrating the obtained
result over x on [a, b], we have

b

b
/f(a;b—tl-b;x)-p(x;a>dx+/f(a;b+t1-b;m>-

a
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or

b
a+b T —a 2a +b—=x
+/f< 5 + 1ty - 2 >-p(2 )dx.

a

Using the symmetry of p about x = “T‘H’ in the last inequality, we deduce
/ b b / b
a—+ - r+a a—+ r—a
B (e
a a

b
z+b a+b b—=x r+a
. < —t . )
p(50)ars [1(f ) o () e
/ b b
a+ xr—a x +
+/f( 5 + tg - 5 )p( 5 )dx

a

which, multiplied by %, gives U(t1) < U(ta), namely U is nondecreasing on
the interval [0, 1].

From the monotonicity of U, we deduce the inequalities (1.10) for
Wright-convex functions.

Remark 2.4. The Theorem 2.4 is a weighted generalization of Theorem 2.2.
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New inequalities for the triangle

Mihdly Bencze, Nicusor Minculete and Ovidiu T. Pop®

ABSTRACT. In this paper we will prove some new inequalities for the triangle.
Among these, we will improve Euler’s Inequality, Mitrinovié¢’s Inequality and
Weitzenbock’s Inequality, thus:

R> 4 ZQT;SZ%Z\/FA(S—a,s—b)(n)Zi’»\/gr;

Z F)\ (i7 i) (’fl) cyclic

cyclic

and A
1 VAN
a’® 4+ b2 4 2 > )\ (a2¢,b%22) (n) > 3 ()
25 Cgc A ( ) (n) = 7
where F) (z,y) (n) = [(1+ (1 —=20)")z + (1 — (1 - 2))")y]-
JA =@ =20") 4+ (14 (1 —=2X\)") y], with X € [0,1], for any z,y > 0 and for all
integers n > 0.

1. INTRODUCTION

Among well known the geometric inequalities, we recall the famous inequality
of Euler, R > 2r, the inquality of Mitrinovi¢, s > 3v/3r, and in the year 1919
Weitzenbock published in Mathematische Zeitschrift the following inequality,

a? +b% + 2 > 4V3A.

This inequality later, in 1961, was given at the International Mathematical
Olympiad. In 1927, this inequality appeared as the generalization

A< @ (ak+bk+ck>z7
- 4 3

in one of the issues of the American Mathematical Monthly. For k = 2, we

obtain the Weitzenbock Inequality.

In this paper we will prove several improvements for these inqualities.

"Received: 17.03.2009
2000 Mathematics Subject Classification. 26D05, 26D15, 51M04
Key words and phrases. Geometric inequalities, Euler‘s inequality, Mitrinovic's
inequality, Weitzenbok inequality.
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2. MAIN RESULTS

71

In the following, we will use the notations: a,b,c— the lengths of the sides,
ha, hy, he— the lengths of the altitudes, rq, 1y, r.— the radii of the excircles, s
is the semi-perimeter; R is the circumradius, r— the inradius, and A— the

area of the triangle ABC.

Lemma 2.1 If z,y > 0 and X € [0, 1], then the inequality

(x§y>zz (1= X2+ 2] e+ (1= X)y] > ay

holds.
Proof. The inequality

2
+
<x . y) > [(1= Nz + Ayl - Az + (1 - )y
is equivalent to

(1—2)0)222 —2(1 =202 zy + (1 —20)% 42 > 0,

which means that
(1—2))*(z—y)* >0,

which is true. The equality holds if and only if A = % or r =1y.
The inequality

[(T=Xz+xy]- e+ (1=-N)y] =y

becomes
A1=XN22=2XA = Nazy+A(1-XN)>>0
Therefore, we obtain

A=A (@ —y)* =0,

which is true, because A € [0,1]. The equality holds if and only if
Ae{0,1} orz =y.
We consider the expression

Fx(z,y) (n) = [(1+ (1 =20)") 2+ (1= (1=2X)")y]-

(2.1)
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(A= (1 =20 2+ (14 (1 -23)")y],
with A € [0, 1], for any z,y > 0, and for all integers n > 0.

Theorem 2.2 There are the following relations:

Ex(1=Nz+ iy, dz+(1—-Ny)(n)=F(z,y) (n+1); (2.2)
Fx(z,y) (n+1) = Fx(z,y) (n) (2.3)

and
(z+1)* = Fx (x,y) (n) > dzy, (2.4)

for any A € [0,1] ,for any z,y > 0 and all integers n > 0.
Proof. We make the following calculation:

Ex(1=Nzx+ Ay, dz+(1—-XNy)(n) =

=[1+0=-20") (1 =-Nz+dy)+ 1 -1 =20)") Az +(1-Ny)]-

= (U= 20)7) (L= A+ Ag) + (1 (1= 20)") O + (1= N y)] =
“ = A+ (1= A) (1= 20"+ A= A(1—20)" 2+
ST =20 1= A — (1= A) (1 — 20"y}
AR = A=A =XN) 1 =20)"+ X+ (1 —2\)"]z+
FIA— (20" 1= A+ (1= A) (1= 20"y} =
= |1+ =20 e+ (1= =20y

[(1 (- 2A)”+1) ©+ (1 r(1- 2A)”+1) y} -
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:F,\(:L‘,y)(n—l—l),

so Fx(L=XNz+ Ay, Az + (1=A)y)(n) = Fx(z,y) (n+1).
We use the induction on n. For n = 0, we obtain the inequality

Fy (z,y) (1) > Fx (2,y) (0).

Therefore, we deduce the following inequality:

41— N+ 2yl e + (1 A)y] > day,

which is true, from Lemma 2.1.
We assume it is true for every integer < n, so

Fx(z,y) (n+1) = Fx(z,y) (n)

We will prove that

Fy(z,y) (n+2) 2 Fy(z,y) (n+1). (2.5)

Using the substitutions x — (1 — A\)z + Ay and y — Az + (1 — \) y in the
inequality (2.3), we deduce

Fx(I-=-XNz+Ady, e+ (1-Ny)(n+1)>
> ((1=MNz+ Ay, Az + (1= A)y) (n),
so, from equality (2.2), we have

F\(z,y)(n+2) > F\(z,y) (n+1).

so we obtain (2.6) .
According to inequality (2.3), we can write the sequence of inequalities

Fy(z,y) (n) = Fx(z,y) (n —1) = ... 2 Fx (z,y) (1) = Fx (,y) (0) = 4zy.

Therefore, we have

Fy (z,y) (n) > 4zy, for any A € [0,1],z,y > 0 and for all integers n > 0.
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If A€ (0,1), then 1 — 2\ € (—1,1) and passing to limit when n — oo, we
obtain

lim Fy (z,y) (n) = (& +y)°.

Since the sequence (F (z,y) (n)),,>( is increasing, we deduce

(x+y)* > Fy(x,y) (n), for any A € (0,1),z,y > 0 and for all integers n > 0.

From the inequalities above we have that

(4 y)* > Fy (x,y) (n) > 4ay, for any A € (0,1),z,y > 0 and for all integers n > 0.
If \=0and A =1, then F) (z,y) (n) = 4zy, so
(z+y)? > Fy (x,y) (n) > 4zy.

It follows that

(x+y)* > F) (x,y) (n) > 4zy, for any A € [0,1],z,y > 0 and for all integers n > 0.

Thus, the proof of Theorem 2.2 is complete.
Remark 1. It is easy to see that there is the sequence of inequalities
(z+9)* > .. > Fy(2,9) (n) > F(,y9) (n = 1) > ..

> Fy(x,y) (1) > F)\ (x,y) (0) = 4zy. (2.6)

Corollary 2.3. There are the following inequalities:

T +y >V Fx(z,y) (n) > 2y/zy; (2.7)
a® +y® > \/Fx (22, 9?) (n) > 2ay; (2.8)

rhy ez S VR0 2 VIV (29)

cyclic
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1
2+ P+ 27 > 3 Z V) (22,9?) (n) > zy + yz + zx; (2.10)

cyclic

1
Py taytyztar > 5 Y Fa(ny) (n) > 2(ay +yz + zx) (210)

cyclic

and

(x+y)(y+2)(z+z) > \/H Fy (z,y) (n) > 8xyz, (2.12)

cyclic

for any A € [0,1], for any =,y > 0, and for all integers n > 0.
Proof. From Theorem 2.2, we easily deduce inequality (2.7). Using the
substitutions x — 2% and y — y? in inequality (2.7), we obtain inequality

(2.8). Similarly to inequality (2.7), z +y > v/ F\ (z,y) (n) > 2,/7y, we can

write the following inequalities:

y+2z>\VF\(y,2)(n) >2yyz and z + = > \/F)\ (2,2) (n) > 2\/zx,

which means, by adding, that

vty e 3 VR@mY M > I+ ViV

cyclic

It is easy to see that, by making the substitutions  — 2 and y — y? in
inequality (2.9), we obtain inequality (2.10). Similar to inequality (2.4),
(z +1y)* > F\(z,y) (n) > 4ay, we obtain the following inequalities:

(y+2)2 > Fy (y,2) (n) > 4yz and (z 4+ z)? > F (2, ) (n) > 4zz.

By adding them, we have inequality (2.11) and by multiplying them, we
obtain inequality (2.12).

Lemma 2.4 For any triangle ABC, the following inequality,

\/J+\/%+\/£z%, (2.13)

holds.
Proof. We apply the arithmetic-geometric mean inequality and we find that

Vab+ Vbe + v/ea > 3V abe.
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It is sufficient to show that

4A
3Vabe > - (2.14)
Inequality (2.14) is equivalent to
4A3
276LbC 2 %7
SO A3
64
27 ARA >~
which means that
27R* > 16A2. (2.15)

Using Mitrinovié¢’s Inequality, 3v/3R > 2s, and Euler’s Inequality R > 2r, we
deduce, by multiplication, that

3v3R2 > 4A.

It follows (2.15).
Corollary 2.5. In any triangle ABC, there are the following inequalities:

4

R > > 2r; (2.16)
> B (kAo
cyclic
1
5252\/5’)\(5—@,5—1))(71)23\/57‘ (2.17)
cyclic
and
2c 2c 2c 1 4A “
a® + 2+ 2 > - Fy (@ 02) (n) 23— ) (2.18)
2 £~ V3
cyclic
for any A € [0,1],z,y > 0, n > 0 and « is a real numbers.
Proof. Making the substitutions z = h—la, Yy = h%, and z = h% in inequality

(2.9), we obtain

1 1 1 1 1 1 1 1 1
— > = Bl —,— > + + . (2.19
ha  hy he 2 2 \/ A(iza hb> 2 Tre ke ey &1

cyclic
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According to the equalities

hy = %hb %andh —%
a b c

)

we have

1 1 1 1
= — (Vab+ Ve .
Jhin ik " Vhihe 24 (Vab + Vbe + vea)

From Lemma 2.4, we deduce

1 + 1 n 1 S 2
\/hahb \/hbhc \/hcha R

If we use the identity

LS S N
ha  hy  he 7
y

and inequality from above then inequality (2.18) becomes

% 1 Z (h hlb> (n) > % (2.20)

cyclzc

Consequently the inequalities (2.16) follows.
If in inequality (2.9) we take x = s —a,y = s — b and z = s — ¢, then we
deduce the inequality

SZ% Z VF(s—a,s—b)(n)

cyclic

Y

>V(s—a)(s=b)+V(s=b(s—c)+ (s —¢) (s —a) (2.21)
But, we know the identity > m = 3 Vbhesin %

cyclic cyclic
Using the arithmetic-geometric mean inequality, we obtain

A 3 A B C r
LA S a4 . b O r
E ‘ Vbcsin 5 3\/abcs1n 5 sin 5 sin 5 = 3¢{/4RA I

cyclic
=3VAr = 3Vsr2 >3\/3\[ =33r.

Hence,
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Vis—a)(s—b) ++/(s=b)(s—c)+ (s —c) (s —a) > 3V3r, (2.22)
which means, according to inequalities (2.21) and (2.22), that
SZ% Z VFx(s—a,s—b)(n) > 3V3r.

cyclic

Making the substitutions x = a®,y = b, and z = ¢* in inequality (2.9), we
obtain the following inequality:

1
a?® + b2 4 2 > 5 Z VF (a22,02%) (n) > a®b™ + b%c® + c“a®.  (2.23)

cyclic

Applying the arithmetic- geometric mean inequality and Pdlya-Szegd’s
Inequality, Va2b2¢2 > 47%, we deduce

o AAN\ @
a®b® + b%c™ + c“a” > W =3 <V3 a2b202> >3 (\/§> ;

SO

AAN\“
a®b® +0%c* +c*a* >3 | — | . 2.24
(%) =

According to inequalities (2.23) and (2.24), we obtain the inequality

1 AAN\
2c¢ 2 2c
+ 0 4 ™ > = E Fy (a?®, b2 23() .
a C 2 \/ A (a ) (n) \/g

cyclic

Thus, the statement is true.

Remark 2. a) Inequality (2.16) implies the sequence of inequalities

R > 1 >z 1 >
> /B (i) 0 > \/FA (% 4)(m-1)
cyclic cyclic
4
> .. > (2.25)
1 1
ZB k) o

b) For a =1 in inequality (2.18), we obtain
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1
2 2 2
A+ > > VFx (a2, 1?) (n) > 4V3A,

cyclic

which proves Weitzenbdck’s Inequality, namely

a? + b2+ 2 > 4V/3A.

79

(2.26)

Corollary 2.6. For any triangle ABC, there are the following inequalities:

2(82—7’2—4RT)Z% Z FA(aQ,bQ)(n)ZSZ—l—rQ-FZlRT’

cyclic

2o sprz L B (5 @ s - 07) () 2 (4R 4 ),

cyclic

(s +r*+ 4Rr)2 —8s2Rr 1 25%r
4R2 2 9 Z 13\ (h’g?hg) (n) > ?7

2, .2 A B 2, .2
SRt ] > \/FA (st 2 st 2) > 2 S
cycl

and

v

(4R +1)% — 2 1 JA 4B
—4R2 5 yz: F)y | cos 5 cost 5 (n)

s2 4+ (4R +1)?
D = W——
- 8 R?
Proof. According to Corollary 2.3 we have the inequality

1
2+ P+ 27 > 3 Z V) (22,9?) (n) > xy + yz + 2.

cyclic

Using the substitutions

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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(x,y,2) € {(a,b,¢c),(s—a,s—=b,s—c),(hayhp,he), (Ta,rp,7c),
A B C A B C
.9 . 9 . 9 2 2 2
<sm 3 ,sin Bl , sin Bl > <cos 2 cos > cos 2 > } ,
we deduce the inequalities required.

Corollary 2.7. In any triangle ABC, there are the following inequalities:

1
352 — 2 _ ARr > 3 > Fi(a,b)(n) > 2 (s> +1? +4Rr) , (2.33)
cyclic
1
52—1"2—4R7“Z§ZFA(s—a,s—b)(n)22r(4R+r), (2.34)
cyclic
(32 +r2 4+ 4R7°)2 —8s?Rr _ 1 45%r
> = Fy (hq,h > 2.
AR? = zyzl:  (hay o) (n) 2 =5 (2.35)
and
(AR+7)* —s* > = Z Fy (ra,m3) (n) > 25> (2.36)
cyclzc

Proof. According to Corollary 2.3, we have the inequality

1
4y + 2wy +yz+ oz > 3 Y Fa(z,y) (n) = 2(xy +yz + 2a).

cyclic
Using the substitutions

(I)y7 Z) S {(CL, b7 C) ) (S —a,S — b7 s — C) ) (ha7 h’ba hC) ) (’I”a,T'b, TC)}

we deduce the inequalities from the statement.

Corollary 2.8. For any triangle ABC there are the following inequalities:

25 (s> + 1%+ 2Rr) > H vV Fx (a,b) (n) > 32sRr, (2.37)

cuclic

4sRr > [ VE(s—a),(s—b)) (n) > 8sr?, (2.38)

cyclic
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(5 +7° +4RT 16527“2
=3 > [ VFx (has ) ( (2.39)
cyclic
4s°R > H VF> (Ta, ) (n) > 857, (2.40)
cyclic
2R — 2472 —8Rr) — 2Rr? A B
( 7‘) (S 372”R3 T) T > c}—d[w (sm 4 sm2 2) (n) >
2
r
> 4
— 2R? (2:41)
and
(AR+1)* + s2(2R+r) A B 52
32R3 > l_l[ Fy | cos? 3 cos? — 5 (n) > IR (2.42)
cyclic

Proof. According to Corollary 2.3, we have the inequality

(x4+y)(y+2)(z+2x) HFAacy ) > 8zyz.

cyclic

Using the substitutions

(JUaZ/wZ) S {(a,b,C),(S—(I7S—b,S—C),(ha,hb7hc)7(7‘a,7”b,7’c),

)}

A B C A B C
.94 oD . oL 2 A 2 b 2 U
(sm 2,3111 2,3111 2) <cos 5 , COS 5 , COS 5

we deduce the inequalities required.

Remark 3. From Corollary 2.7, we obtain the inequality

2s (52 + 72+ 2Rr) > H V F (a,b) (n) > 32sRr >

cyclic

v

cyclic

8 [ VEr((s—a),(s—b))(n) > 64sr°.
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We consider the expression

zy (xnfl + ynfl) (:Lmri*l + yn+1)
(am + ym)?

where x,y > 0 and for all integers n > 0.

G (z,y)(n) = , (2.43)

Theorem 2.9. For any z,y > 0 and for all integers n > 0, there are the
following relations:

2
) (;y) > G (2.y) (n) > oy (2.44)

and

b) G (z,y) (n+1) <G (z,y) (n). (2.45)

Proof. We take \ = %,for all integers n > 0, in inequality (2.1), because

A €(0,1), and we deduce

<$ +y>2 - zy (xn—l +yn—1) (xn—f—l _|_yn+1)
2 ) - (am +ym)*

> zy,

S0,

() > e

To prove inequality (2.45), we can write

G(z,y)(n+1)
G (z,y) (n)

_ @) )’ @ ey y?) (P Ty 2y )

R (a7 ) (2 oy o

—1=

Consequently, we have
G(z,y) (n+1) <G (x,9) (n).
Remark 4. [t is easy to see that there is the sequence of inequalities

(z+y)°

7 =G@y)0) 26y 1) =..
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>G(z,y)(n—1) > G(z,y)(n) > ... > xy. (2.46)

Corollary 2.10
There are the following inequalities:

L2 > G loy) (0) > v (2.47)

2
22 + o>
5 = VG ahy?) (n) = Vay; (2.48)
r+y+z> Z VG (x,y) (n) > Vxy +/yz + Vzz; (2.49)
cyclic
R T Z VG (22,9%) (n) > zy + yz + 2x; (2.50)
cyclic

1
§(x2+y2+z2+xy+yz+zx ZG:Uy n) > xy+yz+zx (2.51)

cyclic

and

1
g(x+y)(y+z)z+ﬂc HG:cy n) > xyz, (2.52)

cyclic

for any z,y > 0 and for all integers n > 0.
Proof. From Theorem 2.9, we easily deduce inequality (2.47). Using the
substitutions x — 22 and y — %2 in inequality (2.47), we obtain inequality

(2.48). Similarly to inequality (2.47), ¥ > \/G (z,y) (n) > /Ty, we can

write the following inequalities:

y;zz G(y,z)(n) > yzandHTxZ G (z,x) (n) > /2,

which means, by adding, that

r+y+2> Y /Gy (n) > oy + yz + vz,

cyclic

It is easy to see that by making the substitutions # — z? and y — 2 in
inequality (2.49), we obtain inequality (2.50). Similarly to inequality (2.44),

(gc—;y)2 > G (z,y) (n) > xy, we obtain the following inequalities:
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(y‘;'z)? > G (y,2) (n) > yz and (Z;x>2 > G (z,2) (n) > zz.

By adding them, we have inequality (2.51) and by multiplying them, we
obtain inequality (2.52).

Corollary 2.11. In any triangle ABC' , there are the following inequalities:

R> 2 > 2r; (2.53)
= e () ()
s> Z\/G(s—a,s—b)(n)23\/§r (2.54)
cyclic

and

a** 02+ P> Y /G (a2 02 ( (il/Ag) (2.55)

cyclic

for any n > 0 and for every real numbers a.
Proof. Making the substitutions z = é, Yy = h%, and z = hic in inequality
(2.49), we obtain

1 1 1 1
e T > . (2.56
RS <h hb> )2 T ik Vi 350

cyclic
From inequality (2.13), we have

1 + 1 + 1 S 2
\/hahb \/hbhc \/hcha TR

and from the identity

1 1 1

ha+hb+hc_r

we deduce

PGS B

cyclic
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Consequently

2
R > > 2r.

> G (R ) )

cyclic

If in inequality (2.49) we take z = s —a,y = s — b and z = s — ¢, then we
deduce the inequality

s> Y VG(s—as—b)(n)>+/(s—a)(s—b)+

cyclic

+/(s=b)(s—c)+ /(s —c¢) (s —a). (2.58)

But

Vis—a)(s—b) +(s=b)(s—c)+(s—¢c)(s—a) > 3V3r,

which means that

s> Z VG (s —a,s —b)(n) > 3V3r.

cyclic

Making the substitutions , and in inequality (2.49), we obtain the following
inequality:

a?® + b2 4 2 > Z VG (a22,022) (n) > a®b® + b%c® + c%a®.  (2.59)
cyclic

Applying the arithmetic-geometric mean inequality and Pdlya-Szegd’s
Inequality, Va2b2¢2 > 47%, we deduce

aba+ba a+ PN (4A)a
a C ca — .
V3

Therefore

s> Z VG (s —a,s—b)(n) > 3V3r.

cyclic

Remark 5. a) Inequality (2.53) implies the sequence of inequalities

R> .. 2 > 2 > ..

> Je(EE)m T () w-y

cyclic cyclic
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2
> /() 0

cyclic

b) For a =1 in inequality (2.55), we obtain

a> + b2+ 2> Z VG (a2,b2) (n) > 4V3A,

cyclic

> 2r

which proves Weitzenbock’s Inequality, namely

a? + b2+ 2 > 4V/3A.

(2.60)

(2.61)

Corollary 2.12. For any triangle ABC' , there are the following inequalities:

2 (52 —r? - 4R1“) > Z VG (a?,b%) (n) > s+ 12+ 4Rr,

cyclic

s —2r? —8Rr > Z G((s—a)Q,(s—b)2> (n)>r(4R+r),

cyclic

2 244 2 9.2
(s + 72+ 4Rr)° — 8s Rr S G ) () >

25%r
4R? R’

cyclic

(AR+1)? —2¢* > Z G (r2,1}) (n) > s*

cyclic

24 02 2 2 _

cyclzc 2 16R?
and
4(R+7)? 4A ,B s+ (4R +r)?
R S — > — .
1R g cost =, cost (n) > S22

cyclzc
Proof. According to Corollary 2.10, we have the inequality

2?4yt 22> Z VG (22,9%) (n) > 2y + yz + 2.

cyclic

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)



New inequalities for the triangle 87

Using the substitutions

(l‘,y,Z) S {(a,b,c),( s —a, Sib S 7C)a(haahbvh’C)v(rav’rvaC)a

sin? é ,sin® E ,sin® 9 , | cos? é, cos® = B , cos? g ,
2’ 2’ 2 2 2’ 2

we deduce the inequalities required.
Corollary 2.13. In any triangle ABC there are the following inequalities:

1
B (35:2 —r? - 4Rr) > Z G (a,b) (n) > s*> 4+ 1%+ 4Rr, (2.68)
cyclic
1
5(52—7“2—4Rr)2ZG(S—@,S—b)(n)zr(élR—l—r), (2.69)
cyclic
4R s2r
Gl + ") > 37 G (hash) ( (2.70)
R
cyclic
and
L D L 52 (2.71)
5 )T —s » TayTb) . :
cyclic

Proof. According to Corollary 2.10, we have the inequality

(2® +y* + 22 +ay +yz + 22) > ZGmy ) > xy + yz + 2.

cyclic

| =

Using the substitutions

(%3/, Z) € {(CL, ba C) 9 (S —a,s— b7 s — C) ) (ha) hbu hC) ) (TCtha TC)} )

we deduce the inequalities from the statement.
Corollary 2.14. For any triangle ABC there are the following inequalities:

s (s*+7r*+2Rr) > H VG (a,b) (n) > 4sRr, (2.72)

cyclic

Ssfr> [ VGG —a), G- 0) () > s, (2.73)

cyclic
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2.2
(5 —18—; +4R’I“ H \/hm—hb 237"

cyclic
1L 2
38 R > H VG (Ta,rmp) (n) > sr,
cyclic
(2R — ) (s* + r? — 8Rr) — 2Rr?
256 R3 -
A B 2
H (sm — sin? 2) (n) > 1gR2
cyclic
and
(4R+7)> + s (2R + 1) A B 52
> 22 cos2 = P
256R3 }_l[ cos® 508’ 5 ) () = 6
Proof. According to Corollary 2.10, we have the inequality
1
g(x—i-y)(y—&-z (2 + ) HG:cy n) > xyz.

cyclic

Using the substitutions

(r,y,2) € {(a,b,c),(s—a,s—0b,s—c),(ha,hp,he), (ra,Tp,7c),

)}

sin? é , sin? E , sin? 9 [ cos? é , cos? E , cos? 9
27 2’ 2 27 2’ 2

we deduce the inequalities required.
Remark 6. From Corollary 2.13, we obtain the inequality

~s (s> + 1% +2Rr) >> H VG (a,b) (n) > 4sRr >

cyclic

>8 [[ VG((s—a).(s—1))(n) > 8sr’.

cyclic

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)
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Helly‘s theorem on fuzzy valued functions
J.Earnest Lazarus Piriyakumar and R. Helen®

ABSTRACT. Some recently developed notions of fuzzy valued functions, fuzzy
distribution functions proposed by H.C.Wu [9] are employed to establish Hellys
theorem on fuzzy valued functions. To establish Hellys theorem, and for a
convenient discussion of fuzzy random variables a more strong sense of measurability

for fuzzy valued functions is introduced.
1. INTRODUCTION

The notion of fuzzy random variables, with necessary theoretical framework
was introduced by Kwakernaak [5] and Puri and Ralescu [8]. The notion of
normality of fuzzy random variables was also discussed by M.L.Puri et.al [7].
To make fuzzy random variables amenable to statistical analysis for
imprecise data where dimness of perception is prevalent, H.C.Wu[9-12] has
contributed a variety of research papers on fuzzy random variables which
expose various rudiments of fuzzy random variables such as, weak and strong
law of large numbers, weak and strong convergence with probability, fuzzy
distribution functions, fuzzy probability density functions, fuzzy expectation,
fuzzy variance and fuzzy valued functions governed by strong measurability
conditions. In [9] H.C.Wu has introduced the notion of fuzzy distribution
functions for fuzzy random variables.

Since the a-level set of a closed fuzzy number is a compact interval, in order
to make the end points of the a-level set of a fuzzy random variables to be
the usual random variables H.C.Wu [9-12] has introduced the concept of
strong measurability for fuzzy random variables. In this paper, Hellys
theorem, and Helly Bray theorem for fuzzy valued functions and fuzzy
probability distribution function are introduced. These results are based on
the concept of strong measurability for fuzzy random variables.

In section 2, we introduce some preliminaries related to fuzzy numbers, such
as strong and weak convergence of sequence of fuzzy numbers to a fuzzy

SReceived: 07.02.2009
2000 Mathematics Subject Classification. 03E05
Key words and phrases. Canonical fuzzy number, Fuzzy real number, Fuzzy ran-
dom variables, Fuzzy probability distribution functions and Fuzzy valued functions.
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numbers. Section 3 is devoted to fuzzy random variables and its fuzzy
distribution functions. The theoretical settings of fuzzy random variables are
derived from H.C. Wu [9-12].

In section 3 we introduce the definition of a fuzzy valued function and other
notions related to the measurability of a fuzzy valued function. The notion
of fuzzy distribution function is also introduced in this section. This section
conclude with the definitions of strong and weak convergence in distribution
of fuzzy random variables. In section 4 we present the Hellys theorem and
Helly- Bray theorem for fuzzy valued functions and fuzzy distribution
functions. Throughout this paper we denote the indicator function of the set
A by 14.

2. FUZZY NUMBERS

In this section we provide some limit properties of fuzzy numbers by
applying the Hausdorff metric. We also introduce the notions of fuzzy real
numbers and fuzzy random variables.

Definition 2.1.

(i) Let f be a real valued function on a topological space. If {x; f(z) > a} is
closed for each «, then f is said to be upper semi continuous.

(ii) A real valued function f is said to be upper semi continuous at y if and
only if Ve > 0, 30 > 0 such that |z — y| < d implies f(z) < f(y) +¢

(iii) f(x) is said to be lower semicontinuous if —f(x) is upper semicontinuous.

Definition 2.2. Let F': X — R" be a set valued mapping. F' is said to be
continuous at xg € X if F' is both upper semi continuous and lower semi
continuous at zg.

Theorem 2.1. (Bazarra and Shetty [2]) Let S be a compact set in R™. If f
is upper semicontinuous on S then f assumes maximum over S and if f is
lower semi-continuous on S then f assumes minimum over S.

Definition 2.3. Let X be a universal set. Then a fuzzy subset A of X is
defined by its membership function p4 : X — [0, 1]. We denote
Ay = {x; u(z) > a} as the a-level set of A where Ay is the closure of the set

{5 pa(z) # 0}

Definition 2.4.
(i) A is called a normal fuzzy set if their exist x such that p4(x) = 1.
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(ii) A is called a convex fuzzy set if

pa(Az + (1= Ny) > min{pa(z), pa(y)} for A € [0, 1].

Theorem 2.2. [13] A is a convex fuzzy set if and only if {x; ua(z) > a} is a
convex set for all a.

Definition 2.5. Let X = R

(i) m is called a fuzzy number if m is a normal convex fuzzy set and the
a-level set m, is bounded Vo # 0.

(ii) m is called a closed fuzzy number if m is a fuzzy number and its
membership function pg, is upper semicontinuous.

(iii) m is called a bounded fuzzy number if m is a fuzzy number and its
membership function u; has compact support.

Theorem 2.3. [10] If m is a closed fuzzy number then the a-level set of m
is a closed interval, which is denoted by

Mo = [mk,mY ]
Definition 2.6. m is called a canonical fuzzy number, if it is a closed and

bounded fuzzy number and its membership function is strictly increasing on
the interval [m{,m{| and strictly decreasing on the interval [mY,m{].

Theorem 2.4. [10] Suppose that a is a canonical fuzzy number. Let
g(a) =@k and h(a) = a¥. Then g(a) and h(a) are continuous functions of a.

Theorem 2.5. (Zadeh [14] resolution identity)
(i) Let A be a fuzzy set with membership function g4 and
Ay = {z;pa(xz) > a}. Then

pa(z) = sup aly, (z)
a€l0,1]
(ii) (Negoita and Relescu [6]) Let A be a set and {A,:0 < a <1} bea
family of subsets of A such that the following conditions are satisfied.
a. A() =A
b. Ay C Ag for a > 3
c. Ao =y Aa, for an, T a

Then the function p: A — [0, 1] defined by p(z) = sup ala, (x) has the
a€(0,1]
property that
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Ay ={z;p(z) > a} Ya € 0,1]

With the help of a-level sets of a fuzzy set A we can construct closed fuzzy
number. Let g and h be two functions from [0, 1] into R.

Let {Ay = [g(a),h()] : 0 < a < 1} be a family of closed intervals. Then we
can induce a fuzzy set A with the membership function

pa(r)= sup ala, (r)
0<a<1
via the form of resolution identity.
Theorem 2.6. [11] Let {A, : 0 < o < 1} be a set of decreasing closed

intervals. i.e., Ay C Ag for a > . Then f(a) = aly, is upper
semicontinuous for any fixed 7.

Theorem 2.7. [11] Let a and b be two canonical fuzzy numbers. Then
a®b,a©band a®b are also canonical fuzzy numbers. Further more we
have for a € [0, 1]

(a@’é)a = [ag + oLy +Zg}
(aeg)a - [ag_zg,ag_zg}

(a @?5) - [min {agEL albl, aunk aUEU} : max {agEL alwy ag@g,aﬁ{@g}}

a)r'arar a o) Yo o arara

Let A C R™ and B C R"™. The Hausdorff metric is defined by

dy (A, B) = inf [ja — b inf |ja — b
u (A, B) maX{igg;gBHa Hyigg&lla H}

Let & be the set of all fuzzy numbers and 3 be the set of all bounded fuzzy
numbers. Puri and Ralescu [8] have defined the metric dg in & as

dg (5,5) = Osulil dH (’da,ga)
<as<

and dg, in Sy <6,5) = sup dy (E&,b;)

0<a<l

Lemma 2.1. [9] Let @ and b be two closed fuzzy numbers.
Then we have
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dr (Ea,ga> = max{

Definition 2.7. [9]

(i) Let {a,} be a sequence of closed (canonical) fuzzy numbers. {a,} is said
to converge strongly if there is a closed (canonical) fuzzy number @ with the
following property. Ve > 0, 3N > 0 such that for n > N, we have

ds (an,a) < a (dg, (ap,a) < ). We say that the sequence {a,} converges to

~L JL| |=U FU
Qo — ba aq — ba

)

~ o lim dp=
an strongly and it is denoted as noo

sa
(ii) Let {a,} be a sequence of closed (canonical) fuzzy numbers. {a,} is said
to converge weakly if there is a closed (canonical) fuzzy number with a, the
following property:

lim (@,)% =aL and lim (@,)Y =a¥ for all a € [0, 1]
n—od n—oo

we say that the sequence {a,} converges to a, weakly and it is denoted as

lim ap= lim ap= . . . ~ o~
n—oo " We note that n—e_""" is equivalent to lim dg, (@y,a) = 0.
wa sa n—oo

3. FUZZY RANDOM VARIABLE AND ITS DISTRIBUTION FUNCTION

In this section we provide the theoretical framework of fuzzy random
variables and its distribution functions proposed by H.C. Wu [9]. Given a
real number x one can induce a fuzzy number ¥ with membership function
uz (r) such that pz (x) =1 and pz (r) < 1 for r # x. We call T as a fuzzy
real number induced by the real number x. Let &g be a set of all fuzzy real
numbers induced by the real number system R. We define the relation ~ on
Spr as T ~ 22 if and only if ! and Z? are induced by the same real number
z. Then ~ is an equivalence relation. This equivalence relation induces the
ala ~

equivalence classes [z] = . The quotient set Jp/y is the set of all

equivalence classes. Then the cardinality of S,y is equal to the cardinality
of the real number system R, since the map R — Sp/n specified by z — [7]
is a bijection. We call &

r/N as the fuzzy real number system. For practical purposes we take only
one element T from each equivalence class [Z] to form the fuzzy real number
system (%R/N)R.

ie. (%R/N)R = {Z|z € [7], 7 is the only element from [Z]}.

If the fuzzy real number system (E‘s R /N) p consists of canonical fuzzy real

numbers, then we call (% R /N) R3S the canonical fuzzy real number system.
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Let (X, M) be a measurable space and (R, B) be a Borel measurable space.
Let f: X — P(R) (power set of R) be a set valued function. According to
Aumann [1] the set valued function f is called measurable if and only if
{(z,y);y € f(x)} is cal M x B measurable. The function f (x) is called a
fuzzy valued function if fv: x —  (the set of all fuzzy numbers).

Definition 3.1. [9] Let (%R/N)R be a canonical fuzzy real number system

and X : Q — (S R /N) g bea closed-fuzzy valued function. X is called a fuzzy
random variable if X is measurable (or equivalently strongly measurable).

Theorem 3.1. [9] Let (Sg/n)  be a canonical fuzzy real number system
and X : Q — (%R/N)R be a closed-fuzzy valued function. X isa fuzzy

random variable if and only if X L and )Nfg are random variables for all

a € [0,1].

If 7 is a canonical fuzzy real number, then 7% = 7V, Let X Z be a fuzzy
random variable. By theorem 3.1 X, L and )Z'g are random variables for all a,
and XE = X U. Let F(z) be a continuous distribution function of a random
variable X. Let X L and X U have the same distribution function F(z) for all
o € [0,1]. If 7 is any fuzzy observation of a fuzzy random variable X

(X (w) = :E) then the a-level set Z, is Z, = |2k, zY].

By a fuzzy observation we mean an imprecise data. We can see that zL and
zU are the observations of X% and XU respectively. From theorem 2.4

XL (w) = 7% and XU (w) = 2¥ are continuous with respect to a for fixed w.
Thus [z, zY] is continuously shrinking with respect to a. [2%,ZY] is the
disjoint union of [z%,7Z}] and (zY,z{]. Therefore for any real number

z € [z%,2Y] we have z = 55 or x = Eg for some 3 > a. This confirm the
existence of a suitable a-level set for which x coincides with the lower end of
that a-level set or with the upper end of that a-level set. Hence for any

z € [zL,2Y], we can associate an F° (55) or F (ig) with x.

If fis a fuzzy valued function then fa is a set valued function for all

a € [0,1]. f is called (fuzzy-valued) measurable if and only if f, is

(set-valued) measurable for all « € [0, 1].

To make fuzzy random variables more governable mathematically a more
strong sense of measurability for fuzzy valued function is required. f (z) is
called a closed-fuzzy-valued function if f: X — ¢ (the set of all closed
fuzzy numbers). Let f () be a closed fuzzyvalued function defined on X.
From H.C. Wu [11] the following two statements are equivalent.
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(i) f;f (z) and fz] (7) are (real- valued) measurable for all a € [0, 1].

(ii) f(z) is (fuzzy-valued) measurable and one of fX (z) and fY () is (real
valued) measurable for all « € [0, 1] .

Then f(x) is called strongly measurable if one of the above two conditions is
satisfied. It is easy to see that the strong measurability implies measurability.
Let (X, M, 1 ) be a measure space and (R, B) be a Borel measurable space.
Let f: X — P(R) be a set valued function. For K C R, the inverse image of

f is defined by

FHk) ={z e X, f(z) Nk # 0}

Let (X,{, 1) be a complete o-finite measure space. From Hiai and Umegaki
[3] the following two statements are equivalent.

a) For each Borel set k C R, f~! (k) is measurable (ie f~! (k) € M)

b) {(z,y);y € f(x)} is M x B measurable.

If we construct an interval

Ay = min{a%%fSlF (55) ’oé%fglF (fg)} ,max{aiLg;IF (fé) ,ailﬁl;I;F (5%)}]

Then this interval will contain all of the distributions associated with each of
z € [zL,7F]. We denote by F (Z) the fuzzy distribution function of the fuzzy
random variable . Then we define the membership function of F' (z) for any
fixed z by

pl) = sup aly, (r)

F@)  a<p<

we also say that the fuzzy distribution function F (7) is induced by the
distribution function F'(z). Since F'(z) is continuous from theorem 2.4 and
2.1, we can write A, as

Ao = [ i, P GE) i, ) o { s 55). e P 5

For typographical reasons we employ the following notations.

min (g(ﬁ’)) = min{ min F (5L)7 min F (fg)}

a<f<1 a<f<1
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max (~(®)) _ ~ ~
Fex (ar:ﬁ ) = max {alggicl F (:L'L) ,O‘rggglF (mg)}

Let X and Y be two fuzzy random variables. We say that X and Y are
independent if and only if each random variable in the set

{)N( L X Un<a< 1} is independent of each random variable in the set

{?QL, ffaU; 0<a< 1}. We say that X and Y are identically distributed if

and only if X L and ffaL are identically distributed and X U and }N/aU are
identically distributed for all o € [0, 1] .

Definition 3.2. Let X and {X,} be fuzzy random variables defined on the
same probability space (2,4, P).

- - ~\L
(i) We say that {X,,} converges in distribution to X level-wise if (Xn> and
o

~\U ~ ~
(Xn> converge in distribution to X2 and XU respectively for all a € (0,1].

~a ~ ~
Let Fy, (z) and F' () be the respective fuzzy distribution functions of X,, and
X.

(ii) We say that {)?n} converge in distribution to X strongly if
limy, oo F, (%) =
sF (%) ie.

lim  sup {max{‘(ﬁn)L(:f)—ﬁ(f )

n—=00 0 <4< a

(iii) We say that {X,,} converges in distribution to X weakly if

lim, o0 Fy (7) =
wF () ie.
~\L -
lim (Fn) (&) = FL () and
. ~\U ~ ~U [~
lim <Fn>a (z) =F, (z) for all @« €0,1].

n—oo
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4. HELLYS THEOREMS

In this section based on the theoretical framework of section 3 and section 4
we have established the Hellys theorem and Helly Bray theorem for fuzzy
valued functions and fuzzy distribution functions.

Theorem 4. (Hellys Theorem) If (i) non-decreasing sequence of fuzzy
probability distribution function {F,(x)} converges to the fuzzy probability
distribution function F'(z) (ii) the fuzzy valued function g(x) is everywhere
continuous and (iii) a, b are continuity points of F'(z) then

b
lim [ gk (@) dF™ (2) A gl (@) dFp () =

n—oo
a

b

- / gL (2) dF™ (o)) A g (2) dF™ () (3.1)

a
Proof. By stipulation Fj, (wé) and F, (x 5) is non-decreasing.
. F ( 6) and F (xﬁ) is also decreasing.
Foralanl,F(:L'ﬁ—Fh) (ﬁ)>0 if h > 0.

Fo (25 +h) — Fu (25) > 0; if h > 0.

Letting n — oo we have
F(xzf+h) = F(zf) > 0; if h >0

F(z§+h)—F(z§) >0, if h>0

we take a = xg < 1 < 29 < ..... < xp = b where xg, z1, ..... are the continuity
points of the fuzzy probability distribution function F'. then for a < <1

S

95 (z) dF™" (xg)) A gY (z) dF™ax (x(ﬂ’)) -

k—1 Tit1

) dF™n (xg)) A gY (z) dF™ax (3:(5')) =

@
Il
o

Ty
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k—1 [ Titl o
- ( (gé (ZL‘) - 95 (:I"Z)) dF™t (:Eg)) + / gé‘ (xz) d Foin (:L'(.)>) A
i=0 z; J

=3 [ (k@) - gk ) arm (o) +
=0 ;.
k-1 Tit1
+ Zga (z4) dFm™ (a:(°)> A
=0 zi
k—1 Ti+1
A (08 (@) = g (@) aF™ () +
i=0 ;.
k—1 Titt
+ Zga (x;) | dF™ (x(ﬁ.)> =
=0 z;
_1 Tit1
=3 [ (k@) - gk ) arm (o) +
=0 z
k—1 .
3 g (@) (F™ (2i41) — F™ (2)) A
=0
k—1 Ti41
A (98 (@) = g8 (w:)) dF™> (a) +
i=0
k—1
00 (i) (F™ (wi51) = F™™ ()
=0

By stipulation the fuzzy valued function g is continuous every where. i.e for
each o € [0,1].
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for z; < < xiq1.

We take |0;| < 1. Then

b
min (o) max (o) fre
/95 (z)dF (xﬁ ) Ay (x)dF <x,6 ) < ?—F

k—1 '

+Zga (l'z) (me ($i+1) _ me (:L,’L)) A
=0
k—1

A g8 (@) (F™ (mig) — F™ (7))
1=0

Similarly

b
/ ge () dF™ (-’L‘EI)) A gU (z) dFme (xg") <

k-1
925 min min
<5+ > gk (@) (B (ig1) — B (2:)) A
i=0
k-1
A gl (@) (B (2i11) — FP™ ()
i=0

Since Fmin (:U(ﬁ')> — [min (a:g)) at continuity points of F' and
Frmax (a:g)) — pmax (a:g))at continuity points of F

3

Fmin ; _ Fmin i ¥ 14
n (.’L‘ +1) (.le +1) < 6295 (wz) or atl?
and large values of n. Similarly
€
max ; _ pmax ; < - 13
n (CU +1) (x +1) 6ZgaU ($Z) or all?

and large values of n.

Hence letting n — oo the absolute difference of (3.2) and (3.3) is

(3.2)
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/bgé () ’dFTIan (x/(f;)> — dF™in (x(ﬁ.)> ’ A

a

/\gaU (x) ‘dFmaX (xg)> 7 <x(ﬁ.)> ‘ <

k-1

€ . . . .
<302 O11+> gk (@) |[FP™ (wig) — B (1) — F™ (2i41) — F™ (23)| A
=0
k—1
N Y (i) [P (wiga) — B () — F™ (i41) — F™ (x;)]
i=0

Then

b
/gé () ’del“in (a:?) — F™in (arg)> ’ A

/\gg (z) ‘dFmaX (x(ﬁ')) — dF™M#* (x(ﬁ')ﬂ <€
This show that

i [ 5t () arn («67) Aol ) ar (=) =

n—oo
a

b
- a6 ik oy o)

a

which completes the proof.

Theorem 4.2. (Helly Bray Theorem) If (i) the fuzzy valued function g(x) is
continuous

(ii) the fuzzy probability distribution function F,(x) — F(x) in each
continuity point of F'(x) and

(iii) for any € > 0 we can find A such that

A
/ |9k ()| P (a:‘j) A gd (x)] dEF™ (9«“(&)> t
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+7|gCLY (a:)’ dFmin <:L“(ﬂ°)> A ‘gg (CL‘)‘ dFex <m(ﬁ.)) <e
A
foralln=1,2,3,...... , then
lim gL (z) dFm™in (azg)) A gl (z) dFmax (x(ﬁ')> =
- / gL (z) dF™in <£CE;)> A gl (z) dF™ax <a;g)>

—00

Proof. The theorem is proved for F,(x) — F(x) for all x.
Letting n — oo and from condition (3.4) we have

A
/ ‘gé (x)‘ dfF™in (:L',(B.)> A ‘gg (l‘)‘ dFm™max (xg)) +

+ 7 gk @] ar (a7) Al (2)] aPm> (o)) <€
A

By theorem (3.1)

b
i [ b (x) dFmn (Jﬁ-)) AU (x) dFmax (ﬂﬁ-)) -

n—oo
a

b
= /gaL (z) dF™in (x(ﬁo)) A gl (z) dF™ax (x(ﬁ'))

a

(3.5)

(3.6)

By the expression (3.4) it follows that for continuity points b > a, the fuzzy
valued function g(x) is integrable over (—oo, c0), with respect to the fuzzy
probability distribution function F'(z). If in (3.6) w e takea = —A and b= A

we have

A
nango / gL (z) dFmin (ﬂf(ﬁ.)) A gY (z) dFmax (xg)) =
)
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if n and A are both large. Thus we have proved the theorem if

i (o) £ () s £ (5 e (o) )

o0

Cdim [ gt (@) dEm (x(ﬁq) AU (x) dFmax <x<->> -

n—oo ﬁ
—00

= 795 (z) dF™n (x(ﬁo)) A gg (2) dF™2> (m(ﬁ.))

Now we can choose only continuity points of F(x) viz., x1,x2, ... Between
two discontinuity points one can choose a continuity point and for monotonic
F,,, the points of discontinuities are at most countable. Hence the result is
true if FI0 (z) — F™0 () and F™8 (z) — F™a (1) at all continuity points
of F, and the proof is complete.
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About AM-HM inequality
Mihély Bencze?

ABSTRACT. In [1] M. Bencze introduced the following notation

106

n n
G(m)= (Z alm> (Z ai_m> where a; > 0 (i = 1,2, ...,n) and by mathematical
1=1 i=1

induction proved that G (m) > G (m —1) > ... > G (1) > G (0) = n?.
In this paper we generalize this result and we give some refinements.

MAIN RESULTS

Theorem 1. If a,b,c > 0, then

(E0) ()= (Z0) (Z3) 20

Proof. This is a classical inequality, but now we give an elementary proof.

If 2,y,2 > 0, then Y22 > > 2.
Using this inequality, we obtain the following

Theorem 2. If a; >0 (i =1,2,...,n), then

(52) (&

"Received: 15.02.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Means, AM-GM-HM inequality

) > Z a1a2...ap—9 Z a1a21 > n?

p ! < Qp—2
cyclic cyclic

S~
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n
Proof. We have > a? > Y ajaz, which is equivalent with
i=1 cyclic

S (a1 — ap)* > 0, therefore:

cyclic
1
() (5) = (2o S) -
=1 cyclic cyclic

1 2
= g ai1a...0p—_9 g — | >n
ai1as...0p—2

cyclic cyclic

Theorem 3. If a; >0 (i =1,2,...,n), then

(Za><z>2(nfl)2 > o X )=

— £~ a;a;
=1 1<i<j<n 1<i<j<n
n
Proof. We have have the inequality Z %1 Y. ajaj which is
i=1 1<i<j<n
equivalent with > (a; — a;)* > 0, therefore:
1<i<j<n

(Za><2)2(nfl>2 Yoo || > 1a > n?

— — . QiQ;
i=1 1<i<j<n 1<i<j<n

Theorem 4. If a; >0 (i =1,2,....,n) and k € {1,2,...,n}, then

(Se) (Sh) 2 Zomen] (200 ) 2o
4

2
i=1 i=1 (k) cyclic cyclic 12 k
Proof. Using the Mac Laurian inequality we have:

n n k
3 rzg..ap < (nik) <Z xz> , therefore

cyclic i=1

1 n2 1 ok
(]

(k) ? cyclic cyclic 1
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Theorem 5. If a;,p; >0 (i=1,2,....,n),k € N, and

F (k) = (ipm?) (i 5;) , then
1=1 =1 7

k. ak ak) and (a’ffl,agfl,...,ak_l) are same ordoned,

Proof. Because (al,aQ,..., -

then from Chebyshev’s inequality we get

=1
> Di > Di > a;
i=1 =1 =1
n n n
Sk > (zpmf—l) (zpzag and
i=1 pi \i=1 1=1
=1
(A (A (A
i=1 "1 > pi \i=1 % i=1 "

therefore after multiplication yields.

F(k) > ———F (k= 1) F (1)
(£n)

and iterating this we finish the proof of the theorem.

Corollary 5.1. If a;,p; >0 (i=1,2,....,n),k € N, and

F (k) = (ipmf) (En: g;) , then
i=1 i

=1
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n 2
F(k)y>F(k—-1)>..>F(1)>F(0) = <Zp,->
i=1
Proof. From Theorem 5 we have

F (k) > F(k—1)F()>F(k—1), because

n 2
F(1) > (ZPz) :
i=1
Iterating F' (k) > F (k — 1) we get the Corollary.

Theorem 6. If a;,p; >0 (i=1,2,...n),A\1 > Ao > .. > X >0,

n n

F(\) = (mei”) ( 1?\1) , then
i=1 i=1 %

1
FA) 2 ————5FA) F (M = A) 2
(Z pi
i=1
1

2
1 n
> ——— gz F k) F (M = X2) F (A = Ag) o F' (A = Mk) 2 (Z;;)
(Z Pi) =1
i=1
Proof. Because ai‘l,a5\2,...,a21> and <a1\2,a§2,...,af‘l2) are same ordoned,

from Chebishev‘s inequality we get

n n n

A A A1—A
Z pia; ! Z bia; 2 Z bia; e
=1 i=1 . =1

> and
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F (M) = ———3F () F (A = Aa)
()

iterating this we obtain the result.
Corollary 6.1. If a;,p; >0, A\{ > Ao > ... > A\ >0, and

Proof. From Theorem 6 we have

1
F()\l) > 72]'7 (/\1) F()q — /\2) > F()\l), because

(£)

2
n
F (A —Xo) > (sz) :
i=1
Iterating this we finish the proof.

Corollary 6.2. If a;,p; >0 (i =1,2,...,n),t; >0 (j =1,2,...,m), and
i=1 -1 4

m n 2m—2 m

HF(tj) < (sz> F th

, o

j=1 i=1
Proof. We have

" 2
F(t1) F (t2) < (Zm) F(t1 +t2)
=1

and after iteration we get the result.
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Corollary 6.3. If a;,p; >0 (i=1,2,....m), Ay > Xy > ... > A\ > 0 and

n n
F(\) = (me?’") ( Zii) , then
i=1 i=1 %

FOW > PO Fa— M) > F(A) >~ F () F (A — Ag) >

(5) (5)
1

n 2
> F(A3) 2 2 5 F (M) F (A1 = Ak) 2 F (M) > (ZM) :
(lez> =1

Proof. We have

F(\) > ﬁF (A2) FF (A — A\2) > F'(\2), because

2
n
F(A—A2) > (ZPz) :
i=1
The result holds by iteration.

Corollary 6.4. If z,y, z,u,v,t > 0, then

T (Zmu)2 >z 2 T
(L) (L) > BB - (S (£0) = (20)°
Proof. In Corollary 6.3 we take n =3, A1 =2, Ay = 1.

Corollary 6.5. If z,y,z > 0, then

() ()= 9%;)?2 >3y s (S

Proof. In Corollary 6.4 we take u = z,v =y,z =t.
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Corollary 6.6. In all triangle ABC holds
(s°=8r2—6Rr)(s>+r>+4Rr) >9 (s —r2—apnr)? > 6 (32 — 2 _ 4Rr) > 452

1)' 2Rr S
52— T T 2
%) ( 12RT)(4R+ ) > 9 (Szfzrjfsm) >3 (52 _9p2 _ 8Rr) > g2
(

4R+ r)* — 252) > (4R +7)?

) (4R+T1) —1282R >9 ((4RI}2§;252>2 >3
(2R— 7")((4R+7")2—352)+6R7’2)(s2+r2—8Rr) SR24r2_ 52\ 2 o 3(8R24r2—s?)

4). 32R3r2 =9 ( 4(2J}5—r)R ) Z 8R? Z

2R—

()
((4R47)%—352(2R+7)) (s +(4R+7)?) (4R4r)2—s2 | 2

5)- 2RTs? =z 9( AR+ ) =
4R+7r)"—s r

> 3(( 8Rl °) > (A )

Proof. In Corollary 6.5 we take
2A in2B 20).

(z,y,2) € {(a,b,c); (s —a,s —b,s —¢); (Ta,7p,7¢) ; (sin® §,sin? & sin? §) ;

(cos2 g‘,cos2 ]'23,cos2 g)}

Corollary 6.7. If z,y,z > 0, then

L s (2 4)
(E) (Z5) (E9(53) = iy 2

1 2 1\°
>3( 2) - >< ) 2) >
Sa(X) (S 4) = (59 (2 1)
Proof. We multiplying the inequalities from Corollary 6.5 for (z,y, z) and for

(1 1 1)

x'y’z

Corollary 6.8. If f,g: R — (0,+00) are integrable on [a, b],
Alz)\gz...Z/\kEOand

b
G(Ar)(/()f” )( iy ),then

G s OGO —X) L GG =X) G o =N

b 2> : . >
(f g (x) dw) (f g (x) daf)

b
. G()\k)G()\bl —AQ)...G;QS_l — M) S (/g(x) dx)
(fg(a:) dx) “
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Proof. In Theorem 6 we take o; = a + @ (i=1,2,...,n), a; = f (),
pi=g(a), a; — a1 = I’_T“ and after then we take n — oo.
Corollary 6.9. If f,g: R — (0,+00) are integrable on [a, b],

/\12A22...2)\k20and

b b
G\ = ( [o@ @ dx) ( / itgf)(if) . then

a a

b 2
GO >G)> >G> (/g(x)dx) .

a

Proof. In Corollary 6.1 we apply the proof of Corollary 6.8.

Corollary 6.10. If f,g: R — (0,+00) are integrable on [a,b], t; > 0
(j=1,2,...,m) and

b b
G (tj) = (/g(m) fh (x) d:r) (/ gf%i;?) , then

a a

" b 2m—2 "
[[c) < (/g(w)dx) G (th)
j=1 i=1

a

Proof. See the proofs of Corollary 6.2 and Corollary 6.8.

Corollary 6.11. If f,g: R — (0,+00) are integrable on [a, ],
Alz)\gz...Z/\kZOand

b b
G(n) = ( [o@ @ dm) ( / ?fff)(jf> . then

a a
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> G (Me—1) G (Ag—1 — k) > GO > /g($) du

) p)
(fg(:c)dx) a

Proof. See the proofs of Corollary 6.3 and Corollary 6.8.

Open Question 1. If a; >0 (i =1,2,...,n) and

k
a asas...q
Fy={Y 54— e , then
cyclic ay ~ +aa3...ak cyclic @1 <6L1 + a2a3---ak)

F(k)>F(k—1)>..>F(0).

Remark. Using the inequality x;fyz > 4x_4y_z we obtain that
1< ~ 1 n?
ORE (Z) (z) >
i=1 i=1

Open Question 2. If a; >0 (i =1,2,...,n) and

k—2
a a1ay...ag
G (k) = E i1 ! P , then
cyclic ay ~ +aza3...ak cyclic @1 (al + a2a3-~ak>

Gk)>Gk—1)>..>G(0).

Remark. Using the inequality mffyz < % ( + % we obtain
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2). F(k)>1H(k)>G(K)>F(k—1)>H(k-1)>G(k-1)> ..

=

Open Question 4. If a; >0 (i =1,2,...,n) and

a’f ag_l
L (k) = Z 74_ - Z Pl then
cyclic 2 eyclic A1 | @1 +a;
L (k) >L(/<:—1) >..>L(0).
Remark. Using the inequality 2= +y > 39” we obtain
1 [ |
U (2) (z )
=1 =1
Open Question 5. If a; >0 (i =1,2,...,n) and
a1a2
M (k) = o . , then
cycllc + a2 cyclzc + CL2
M (k)

Remark. Using the inequality ﬁ > 3y we obtain

() (52)

Open Question 6. If a; >0 (i =1,2,...,n) and

n n 1
H (k) = (Z af_Q) ( ak_2> , then
i=1 i=1 %

1). L(k) > H (k) > M (k)

M(2) <

B~ =

2). L(k)>I1H(k)>M(k)>L(k—1)>1H((k-1)>M(k—-1)> ..
Open Question 7. If a; >0 (i =1,2,...,n) and
k+1

a a2
N (k) = 1 — < ], th
( ) Z a1 + as Z k(a1+a2) en

. T a
cyclic cyclic 1
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N(k)>N(k-1)>..>N(0).
Remark. We have N (1) > 1H (1) and N (2) > 1H (2) etc.
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A Generalization of the logarithmic and
the Gauss means

Mih4ly Bencze 8

ABSTRACT. In this paper we present a generalization of the classical logarithm
and Gauss means, and we give some interesting applications.

MAIN RESULTS
1. THE LOGARITHMIC MEAN

The logarithmic mean of two positive numbers a and b is the number L (a, b)
defined as

a—b .
L(a,b) :{ Ina—Inb if a?éb

a if a=b
see [1]. G. Hardy, J.E. Littlewood and G. Pdlya have discovered many
applications of logarithmic mean. Their book Inequalities has had quite a few
succesors, and yet new properties of these means continue to be discovered.

Definition 1.1. If a;, > 0 (k =1,2,...,n) and a; # a;
(i,j € {1,2,...,n},i# j) n > 2, then

1
L(ay,az,...,ay) = : (1.1)

<— (=13 uklnak>nl

k=1

denote the logarithmic mean of positive numbers aq, as, ..., a,, where

1
(a1 — ag) ... (ag—1 — ag) (a1 — ag) ... (an, — ag)

for all k € {1,2,...,n}.
If n =2, then u; = ﬁ, Ug = a;al and
8Received: 25.03.2006
2000 Mathematics Subject Classification. 26D15.
Key words and phrases. Logarithmic mean, Gauss mean etc.
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L(ay,a9) = L 2= " therefore we reobtain the classical
) uilnait+uslnas — 1na2 Inay?

logarithmic mean.
Remark 1.2. By a simple calculation we get:

> up =0 (1.2)
k=1

Theorem 1.3. We have the following relation:

oo
1
= n—l 1.3
L(ay,az,...,an) O/ﬁ (z + az) (1:3)
=1

Proof. We have the following descomposition:

n
n Zx—l—ak

H(:v+ak) k=1

k=1
therefore

o0 o0

dzx " dx "
/ n uk/$+a :_Z“kln(x+ak)‘802
o 11 (ac—l—ak k=1 k k=1

k=1
= —lnH x+ap)'*t P = Zuklnak
k=1

n
Because Y uj = 0, then we obtain

k=1
1
1 0o n—1 . ﬁ
=|(n-1) / = —(n—l)Zuklnak
L(ay,ag,...,an) n
o 1[I (x+ax) k=1
k=1
which finish the proof.
n
In following we denote A (a1, ag, ...,an) = % Z ay, the arithmetic

n
and G (a1, a2, ...,ap) = aj, the geometric mean.
\/ k=1
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Remark 1.3. The mean L can also be expressed in terms of a divided
difference, of order n-1, of the logarithmic function
Theorem 1.4. We have the following inequalities:

G (a1, a2,....,an) < L(ay,az,...,an) < A(ay,az,...,ap) (1.4)

Proof. Using the AM — GM inequality we obtain

H r+ag) < (z+ A"

From Huygen’s inequality we get

n

H(a:+ak) (x+G)",

k=1
therefore
/OO /OO dx B 1 <
_ - _ n—1 —
(n—1)An—1 J x+ A" 11 (z+ a) (n—1)L

k=1

T 1
/ :c—i—G n—l)Gn—1
0

which finish the proof.
Corollary 1.4.1. If 2, € R (k= 1,2,...,n) are different, then we have the
following inequalities:

eA(zl,zg,...,mn) < 1 S <
n n—1
(n—1) <k21 (e®1—e®2)...(e"k—1— e:':k)fezlﬁL1 —e” k)...(emnezl))
< A(e, e, et (1.5)

Proof. In Theorem 1.4 we take

ar =€ (k=1,2,...,n)
Corollary 1.4.2. If t > 0, then
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tanht <t < sinht (1.6)
Proof. In (1.5) we take n = 2, and after elementary calculus we get
r1 — T2 Tr1 — T2
2 2

and in these we denote t = #1572 > 0.
These inequalities are fundamental inequalities in analysis, therefore
Corollary 1.4.1 offer a lot of generalizations of these.

Ty — X2

tanh < sinh 5

IN

Corollary 1.4.3. If ap > 0 (k= 1,2,...,n) are different, then we have the
following inequalities:

1
G(a17a27"'7an) < 1 <
n 1n%...ln%ln%...ln%lnak n—1
- (n - 1) kgl L(ay,ag)...L(ak—1,ak)L(agt1,ak)...L(an,ar)
< A(al,CLQ,...,an) (17)
Proof. In Theorem 1.4 we consider the substitutions
L(a;,a;) . . .,
w—ay= 29 e 12 m), i £ ) (18)
aj

Using the inequalities G (a;,a;) < L (a;,a;) < A(a;,aj) we obtain from
corollary 1.4.3 a cathegory of new inequalities.

Remark 1.5. If in Corollary 1.4.3 we replace ay by at. (k=1,2,...,n),
respectively, then we obtain a lot of new inequalities.
By example, if we consider n = 2, then we obtain

ah —ay

_ t gty < %27%
Gt (al,CLQ) =G (a17a2) - t(]HGQ — lnal)

< A(al,db) = Ay (ar,a2)  (1.9)

or

— as — aq az —ay
Gt (al,ag) = th (al,ag) < 1 < L (al,ag) < tAt (al,ag) <5 i
ay — aj ay —ay
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— A, (ar, a2) (1.10)

with properties: G_y (a1,a2) = Gy (a1,a2), A_y (a1,a2) = Ay (a1, az),
Go (a1,a2) = Ag (a1, a2) = L (a1,a2), G1(a1,a2) = G (a1, a2),

Ay (al,ag):A(al,al). B

For fized a1 and ao, Gy (a1, a2) is a decreasing function of |t|, and A (a1, a2)
is an increasing function of |t|, therefore Gy (a1,as) < L (a1,as) < At (a1, a2)
is a very fundamental inequality (see [3]).

In same way the idea of Corollary 1.4.3 and of remark 1.5 can be continued
with hard calculus, and we introduced in same way the new means

Gy (a1, a2, ...,a,) and Ay (a1, ag, ...,a,) for which we obtain the fundamental
inequalities Gy (a1, as, ...,a,) < L (a1,as, ...,a,) < Ay (a1, a2, ..., a,) which
offer for all t € R a lot of new refinements for the inequalities proved in
Theorem 1.4.

Remark 1.6. If in Remark 1.5 we choose t =27 (m € N), then we obtain
Go-m (a1,a2) < L(ay,az) < Ay-m (a1, az) (1.11)

After elementary calculus we get

m

— —k —k

G27(m+1) (CLl,CLQ) H A (CL% ,a% ) S L (a17 (IQ) S
k=1

m
— —k —k
< Ay min (a1,02) [T A (a% , a5 )
k=1

If we let m — oo in two formulas above, then

L(a1,a2) = ﬁ A (a%fk,agfk) (1.12)
k=1

(See [3])
Using these inductively for

éim (a1,az,...,an) < L(ai,az,...,an) < Agm (a1, a2, ..., an)

we obtained a product formula for L (a1, as, ..., ay) .
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2. THE GAUSS MEAN

Given positive numbers a and b, inductively define two sequences as

ag = a,bg =b, apt1 = A(an,by), bpt1 = G (an,by) .

Then (ay),,>q is decreasing, and (by,),,>( is increasing. All a,, and b,, are
between a and b. So both sequence converge. By induction we obtain
Anl—bpyy < % (an — by,), and hence the sequences converge to a common
limit, denoted by AG (a,b) which is called the Gauss arithmetic-geometric
mean.

Gauss showed that

2 oo
— 2.1
WO/\/Q:Q—i-a? (22 4+ b?) 1)

and G (a,b) < AG (a,b) < A(a,b).

Definition 2.1. If ay > 0 (k =1,2,...,n), then the Gauss mean of
ai,as, ..., a, is defined in following way

1 2/ 1
== _— dx. (2.2)
AG (a1,a2,...,a,) / 11 (xz—i—a%)

k=1

If Q(a1,a2,...,an) = % > ak, then we obtain the following:
k=1

Theorem 2.2. We have the following inequalities:

G (a1,a2,....,an) < AG (a1, a2, ....,an) < Q (a1, az, ...,ay) (2.3)
Proof. Using the AM-GM inequality we have

n
Ha:+a §x2+Q2

From Huygen’s inequality we obtain

n
H z? ~|—ak Z:L‘2—|—G2
k=1



A Generalization of the logarithmic and the Gauss means

therefore

[e.e] (e}

1 2/ dz 2/ dz
=— | ——=<— | ——— =AG (a1, a9, ...
Q(ay,az,....;a,) 7w J) 22+Q? ™) (1’24‘&%)% (a1, az

0

o0

g 2/ dv 1
~r) 22+G?  Glay,ag,...,ap)
0

Definition 2.3. If a > 0 (k=1,2,...,n), then

1 yi d
iy
- 1
B, (a1, az,...,ay) Ca | (7 )0/ 7

123

7an) <

when ¢, is a constant, depend only of o € R. This mean generalize the

logarithmic and the Gauss means too.

Theorem 2.4. If a;, >0 (k=1,2,...,n) and a € (—00,0] U [1,+00), then
n(a—1)
L (a1, az2,...,ay) < c,2=Da B, (a1, as,...,ay,) and if a € (0,1) then holds the

reverse inequality.
Proof. We have the inequalities

1 T+ a
R e
(k=1,2,...,n), therefore
1
0 n—1
1 dzx
= Cq (Tl — 1)/ n 1 S
Ba (a17a27 aan) ) H (wa_i_aa)g
k=1

[ 4
n(a—1)
S Ca2(n71)a (n _ 1) / nix
o II (z+ax)

k=1

If « =1 and ¢; =1, then By (a1, ag,...,a,) = L(a1,aq,...,a,) and if o = 2,

cy = %, n = 2, then By (a1,a2) = AG (a1, as).
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On some algebraic properties of
generalized groups

J. O. Adéniran, J. T. Akinmoyewa, A. R. T. Soldrin, T. G. Jaiyéola?

ABSTRACT. Some results that are true in classical groups are investigated in
generalized groups and are shown to be either generally true in generalized groups
or true in some special types of generalized groups. Also, it is shown that a Bol
groupoid and a Bol quasigroup can be constructed using a non-abelian generalized
group.

1. INTRODUCTION

Generalized group is an algebraic structure which has a deep physical
background in the unified guage theory and has direct relation with
isotopies. Mathematicians and Physicists have been trying to construct a
suitable unified theory for twistor theory, isotopies theory and so on. It was
known that generalized groups are tools for constructions in unified
geometric theory and electroweak theory. Electorweak theories are
essentially structured on Minkowskian axioms and gravitational theories are
constructed on Riemannian axioms. According to Araujo et. al. [4],
generalized group is equivalent to the notion of completely simple semigroup.
Some of the structures and properties of generalized groups have been
studied by Vagner [22], Molaei [16], [15], Mehrabi, Molaei and Oloomi [19],
Molaei and Hoseini [20] and Agboola [1]. Smooth generalized groups were
introduced in Agboola [3] and later on, Agboola [2] also presented smooth
generalized subgroups while Molaei [17] and Molaei and Tahmoresi [18]
considered the notion of topological generalized groups. Solarin and Sharma
[21] were able to construct a Bol loop using a group with a non-abelian
subgroup and recently, Chein and Goodaire [6] gave a new construction of
Bol loops for odd case. Kuku [14], White [24] and Jacobson [11] contain
most of the results on classical groups while for more on loops and their
properties, readers should check [20, 5, 7, 8, 9, 12, 23].

“Received: 21.03.2009
2000 Mathematics Subject Classification. 05E18.
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The aim of this study is to investigate if some results that are true in
classical group theory are also true in generalized groups and to find a way of
constructing a Bol structure (i.e Bol loop or Bol quasigroup or Bol groupoid)
using a non-abelian generalized group.

It is shown that in a generalized group G, (a™})™' =a for alla € G. In a
normal generalized group G, it is shown that the anti-automorphic inverse
property (ab)~! = b~ta~! for all a,b € G holds under a necessary condition.
A necessary and sufficient condition for a generalized group(which obeys the
cancellation law and in which e(a) = e(ab™!) if and only if ab~! = a) to be
idempotent is established. The basic theorem used in classical groups to
define the subgroup of a group is shown to be true for generalized groups.
The kernel of any homomorphism(at a fixed point) mapping a generalized
group to another generalized group is shown to be a normal subgroup.
Furthermore, the homomorphism is found to be an injection if and only if its
kernel is the set of the identity element at the fixed point. Given a
generalized group G with a generalized subgroup H, it is shown that the
factor set G/H is a generalized group. The direct product of two generalized
group is shown to be a generalized group. Furthermore, necessary conditions
for a generalized group G to be isomorphic to the direct product of any two
abelian generalized subgroups is shown. It is shown that a Bol groupoid can
be constructed using a non-abelian generalized group with an abelian
generalized subgroup. Furthermore, if is established that if the non-abelian
generalized group obeys the cancellation law, then a Bol quasigroup with a
left identity element can be constructed.

2. PRELIMINARIES

Definition 2.1. A generalized group G is a non-empty set admitting a
binary operation called multiplication subject to the set of rules given below.
(i) (zy)z = x(yz) for all z,y,z € G.

(ii) For each x € G there exists a unique e(x) € G such that

ze(z) = e(x)x = x (existence and uniqueness of identity element).

iii) For each = € G, there exists 71 € G such that zx7! = 712 = e(z)
existence of inverse element).

—~

Definition 2.2. Let L be a non-empty set. Define a binary operation (-) on
L. Ifz-ye LforalzyeclL, (L,-)is called a groupoid.

If the equations a -z = b and y - a = b have unique solutions relative to z and
y respectively, then (L,-) is called a quasigroup. Furthermore, if there exists
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a element e € L called the identity element such that for all z € L,
x-e=e-x=uz, (L,-)is called a loop.
Definition 2.3. A loop is called a Bol loop if and only if it obeys the
identity

((zy)2)y = x((y2)y)-

Remark 2.1. One of the most studied type of loop is the Bol loop.
PROPERTIES OF GENERALIZED GROUPS

A generalized group G exhibits the following properties:

(i) for each x € G, there exists a unique 27! € G.

(ii) e(e(z)) = e(x) and e(x~!) = e(z) where x € G. Then, e(z) is a unique
identity element of x € G.

Definition 2.4. If e(zy) = e(z)e(y) for all z,y € G, then G is called normal
generalized group.

Theorem 2.1. For each element x in a generalized group G, there exists a
unique 7! € G.
The next theorem shows that an abelian generalized group is a group.

Theorem 2.2. Let G be a generalized group and xy = yx for all z,y € G.
Then G is a group.

Theorem 2.3. A non-empty subset H of a generalized group G is a
generalized subgroup of G if and only if for all a,b € H, ab™! € H.

If G and H are two generalized groups and f : G — H is a mapping then
Mehrabi, Molaei and Oloomi [19] called f a homomorphism if

flab) = f(a)f(b) for all a,b € G.

They also stated the following results on homomorphisms of generalized
groups. These results are established in this work.

Theorem 2.4. Let f : G — H be a homomorphism where G and H are
two distinct generalized groups. Then:

(i) f(e(a)) = e(f(a)) is an identity element in H for all a € G.

(i) fla™) = (f(@) .

(iii) If K is a generalized subgroup of G, then f(K) is a generalized subgroup
of H.
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(iv) If G is a normal generalized group, then the set

{(e(9), f(9)) : g€ G}

with the product
(e(a), f(a))(e(b), f(b)) := (e(ab), f(ab))
is a generalized group denoted by Uf(G).

3. MAIN RESULTS

Results on Generalized Groups and Homomorphisms

Theorem 3.1. Let G be a generalized group. For all a € G, (a7!)~! = a.
Proof. (a=")7la™! = e(a™') = e(a). Post multiplying by a, we obtain

(@) a™a = e(a)a. (1)
From the L. H. S.,

(@) e a) = (™) le(a) = (@) Te(a™!) = (@) e((a) T = (a_l();l-
2

Hence from (1) and (2), (a=")~! = a.

Theorem 3.2. Let G be a generalized group in which the left cancellation
law holds and e(a) = e(ab™!) if and only if ab~! = a. G is a idempotent
generalized group if and only if e(a)b~! = b~le(a) V a,b € G.

Proof. e(a)b™! =b"te(a) & (ae(a))b™! = ab~le(a) © ab~! = ab~le(a) &
e(fa) =e(ab ™) @ ab ! =a < ab b= ab < ae(b) = ab < a lae(b) =
a~lab < e(a)e(b) = e(a)b < e(b) = b < b = bb.

Theorem 3.3. Let G be a normal generalized group in which
e(a)b=t =bte(a) V a,b € G. Then, (ab)t =b"ta"! Va,beq.
Proof. Since (ab)~!(ab) = e(ab), then by multiplying both sides of the
equation on the right by b='a~! we obtain

[(ab)tablb~ta™! = e(ab)bla™t. (3)
So,

[(ab)~tablb~ et = (ab)La(bb™Y)a™t = (ab) ta(e(b)a™?) =
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= (ab) " (aa™")e(b) = (ab)~*(e(a)e(b)) = (ab)'e(ab) =

= (ab)~"e((ab) ™) = (ab)~". (4)

Using (3) and (4), we get
[(ab)~tabb~ta™! = (ab)~! = e(ab)(b~ta™t) = (ab)~! = (ab)~! =bla" L.

Theorem 3.4. Let H be a non-empty subset of a generalized group GG. The
following are equivalent.

(i) H is a generalized subgroup of G.

(ii) For a,b € H, ab~! € H.

(iii) For a,b € H, ab € H and for any a € H, a~! € H.

Proof.

(i)= (ii) If H is a generalized subgroup of G and b € G, then b~! € H. So by
closure property, ab~' € H YV a € H.

(ii)= (iii) If H # ¢, and a,b € H, then we have bb~! = e(b) € H,
ebl=blcHandab=a(b~')"' € Hieabc H.

(ili)= (i) H € G so H is associative since G is associative. Obviously, for
any a € H,a ' € H. Let a € H, then a~! € H. So,

aa~' =a"'a=e(a) € H. Thus, H is a generalized subgroup of G.

Theorem 3.5. Let a € G and f : G — H be an homomorphism. If ker f at
a is denoted by

kerfo={r€G : f(z) = fle(a)}.

Then,

(i) ker f, < G.

(ii) f is a monomorphism if and only if ker f, = {e(a) : V a € G}.
Proof.

(i) It is necessary to show that ker f, < G. Let x,y € ker f, < G, then
Flay™) = F@) 1) = fle(@) (fle(@) " = fle(a) flela) ) =
fe(a))f(e(a)) = f(e(a)). So, zy~! € ker f,. Thus, ker f, < G. To show that
ker f, < G, since y € ker f,, then by the definition of ker f,,

flaya™) = f(@)f(y) f(z™") = fle(a))f(e(a)) f(e(a)) ™" =
Fe(a)f(e(@))f(e(@)) = F(e(a) = zya~"ker fo. So, ker fu <G.

(ii) f + G— H. Let ker f, = {e(a) : Vae G} and f(z) = f(y), this
implies that

F@ @) =Fffw) " = flay™) =e(f(y) = fle(y) =
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=ay ' €ker f, = 2y~ =e(y) (5)

and
f@) )~ = f@)f(@) ' = flay™) = e(f(2) = fle(x)) =

= zy !t eker f, = 2yt = e(z). (6)

Using (5) and (6), zy~! = e(y) = e(z) & = = y. So, f is a monomorphism.
Conversely, if f is mono, then f(y) = f(z) =y ==x. Let k € ker f, V a € G.
Then, f(k) = f(e(a)) = k =e(a). So, ker f, ={e(a) : VaecG}.

Theorem 3.6. Let G be a generalized group and H a generalized subgroup
of G. Then G/H is a generalized group called the quotient or factor
generalized group of G by H.

Proof. 1t is necessary to check the axioms of generalized group on G/H.
Associativity. Let a,b,c € G and aH,bH,cH € G/H. Then

aH(bH - cH) = (aH - bH)cH, so associativity law holds.

Identity. If e(a) is the identity element for each a € G, then e(a)H is the
identity element of aH in G/H since

e(a)H -aH =e(a) - aH = aH - e(a) = aH. Therefore identity element exists
and is unique for each elements aH in G/H.

Inverse. (aH)(a 'H) = (aa ')H = e(a)H = (a 'a)H = (o~ H)(aH) shows
that a1 H is the inverse of aH in G/H.

So the axioms of generalized group are satisfied in G/H.

Theorem 3.7. Let G and H be two generalized groups. The direct product
of G and H denoted by

GxH={(g,h) : ge¢Gand he H}
is a generalized group under the binary operation o such that
(91, h1) © (g2, h2) = (9192, hiha).

Proof. This is achieved by investigating the axioms of generalized group for
the pair (G x H, o).

Theorem 3.8. Let G be a generalized group with two abelian generalized
subgroups N and H of G such G = NH. If N C COM(H) or
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H C COM(N) where COM(N) and COM (H) represent the commutators
of N and H respectively, then G =2 N x H.

Proof. Let a € G. Then a = nh for some n € N and h € H. Also, let

a = nihy for some n; € N and h; € H. Then nh = ni1hy so that

e(nh) = e(n1hy), therefore n = ny and h = h;. So that @ = nh is unique.
Define f : G — H by f(a) = (n,h) where a = nh. This function is well
defined in the previous paragraph which also shows that f is a one-one
correspondence. It remains to check that f is a group homomorphism.
Suppose that a = nh and b = n1hy, then ab = nhn1hy and hni; = nih.
Therefore,

flab) = f(nhnihi) = f(nnihhy) = (nny, hha) = (n, h)(n1, hi) = f(a) f (D).
So, f is a group homomorphism. Hence a group isomorphism since it is a
bijection.

Construction of Bol Algebraic Structures

Theorem 3.9. Let H be a subgroup of a non-abelian generalized group G
and let A= H x G. For (hi,q1), (h2,g92) € A, define

(h1,g1) o (h2,g2) = (hiha, hagihy ' g2)

then (A, o) is a Bol groupoid.

Proof. Let z,y,z € A. By checking, it is true that x o (yo z) # (zoy) o z. So,
(A, o) is non-associative. H is a quasigroup and a loop(groups are
quasigroups and loops) but G is neither a quasigroup nor a loop(generalized
groups are neither quasigroups nor a loops) so A is neither a quasigroup nor
a loop but is a groupoid because H and G are groupoids.

Let us now verify the Bol identity:

(woy)oz)oy=wzo((yoz)oy)
L.H.S = ((x o y) o Z) oYy = (hlhghghg,h2h3h2g1h;lgghglgghz_lgg).
R.H.S.=zo0((yoz)oy) =

= (hahghsha, hahshagihy ™ (hy ' hy *hahs)gahs 'gshy " g2) =
= (h1hohsha, hahshagihy ' gahs  gshy ' go).
So, L. H. S.=R. H. S.. Hence, (A, 0) is a Bol groupoid.
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Corollary 3.1. Let H be a abelian generalized subgroup of a non-abelian
generalized group G and let A = H x G. For (h1,91), (he,g2) € A, define

(h1,91) © (h2, g2) = (h1ha, hagihy ' ga)

then (A, o) is a Bol groupoid.
Proof. By Theorem 2.2, an abelian generalized group is a group, so H is a
group. The rest of the claim follows from Theorem 3.9.

Corollary 3.2. Let H be a subgroup of a non-abelian generalized group G
such that G has the cancellation law and let A = H x G. For
(h1,91), (h2,92) € A, define

(h1,91) © (h2,g2) = (h1ha, hagihy ' ga)

then (A, o) is a Bol quasigroup with a left identity element.

Proof. The proof of this goes in line with Theorem 3.9. A groupoid which
has the cancellation law is a quasigroup, so G is quasigroup hence A is a
quasigroup. Thus, (A, o) is a Bol quasigroup with a left identity element
since by kunen [13], every quasigroup satisfying the right Bol identity has a
left identity.

Corollary 3.3. Let H be a abelian generalized subgroup of a non-abelian
generalized group G such that G has the cancellation law and let
A= H x G. For (h1,q1), (h2,g2) € A, define

(h1,g1) © (h2,g2) = (hiha, hagihy ' g2)

then (A, o) is a Bol quasigroup with a left identity element.
Proof. By Theorem 2.2, an abelian generalized group is a group, so H is a
group. The rest of the claim follows from Theorem 3.2.
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New identities and inequalities in triangle
Mihély Bencze'®

ABSTRACT. In this paper we present some new identities and inequalities in
triangle.

MAIN RESULTS

Theorem 1. In all triangle ABC holds the following identities
= = h and his permutations

1). o
1 __ 4R 4R+
2) Z hara 82";7’ 2)1“ ZE = H s o
_ (4R+r) —s2
3) Z hcrc - 2s2r
4). Yo = 2B=r or S arg =25 (2R — 1)
5). 3% — 4R 4
Proof.
1 1 — —b 2 2
D) st =5t =5 =0~
1 _ 1 1 _ 1 2(4R+r) _ 4R+
2) 22 haTa Z (rarb + rare | 2 Z m s2r 50 Z har 527"T
1 4R+ 4R+
328 g = X (4 ) = W o Dty = (RS

)227*@_2(@4_&):2%7%: 2R r) orzra—m T, Because

Ta

R > 2r, then ) 7= > 3, which is a result of H. Demir (see [1])
Z”:‘ = Z(ra—i—rb) =2> r,—2(4R+r) or Z”’TC 4R+
Corollary 1.1. In all triangle ABC holds

2 2
s“ +r°+4Rr <

5T _Z\/rarbgélR—l-r
Proof. Using the AM-GM-HM inequality we have

2 Ta+ T Ta +7p
Y < Srarp < or he < /rarp <
L+l_ alb > 2 c > alb > 2

Ta T

0Received: 25.03.2006
2000 Mathematics Subject Classification. 26D15, 51M16
Key words and phrases. Identities and inequalities in triangle.
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82+1"22R+4Rr :thgzmgzr(z;rb :ZTQZZIR—FT

Corollary 1.2. In all triangle ABC holds

1). he < \/rary
2). hahphe < rerpre
3). Y \fra > 2Y"
1 1
Y- 2 Jem sr
1 s“+r“+4Rr
5) Z VTa < 4sry/T _
6). T1(v/ra+ /i) > 22
. (s24r24+4Rr) 4852 Rr
7) Z (\/E+\/E)\/7'>c < 4s2r(s24+r2+2Rr)
Proof.
). 2=+ +L>_"2_so0h. < s
2)'Hh <H\/Ta HT‘a
3). hohy < \/TyTerery = sf Te SO > \/Te > \f S™ hohy = 25‘[
4). X <Y E=7
\/77 ha 7

2 ,’,,2 r
5). S =< <sVrdo g hb ZST\J;%R
6). We have hq + hy < \/Tyre + \/Tera = /Te (\/Ta + /Tb) S0

T 2 7"2 T
[T (Vi + yi) > [Tt = /70 20)
. (52+r2+4Rr)2+852Rr

7). Z (\/ﬁ+\ﬁ) = E ha+hb 4s2r(s2+r2+2Rr)

1l triangle ABC' holds

1

a
1) (L>a + l ‘s (—)a and his permutations
. e = ha 1%

(0%
2_ 2
6527

7;r)a which is a refinement of H. Guggenheimer‘s

Q
A%
—~ w w

/~

~N

=y

+

=

4). (,T)O‘ >3
inequality (seo(? [1])

5). > (%) >3 (&;’")a for all a € (—o0,0] U [1,+00) and for o € (0,1)
holds the reverse inequalities.

Proof. The function f (z) = z® for o € (—00,0] U [1, +00) is convex, and
using the Jensen‘s inequality for all identities in Theorem 1 we get the
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desired inequalities.

Corollary 1.4. In all tr1angle ABC holds
D2 (via) =3 (5F)

p g

B 2,2 B
1 s“+r“+4Rr
B2 (vk) <3 ()
4 1 A <3 (s2+r2+4Rr)2+832R7“ p
) 2\ e ) S 252 (211 272 Rr)

for all a € (—o0,0] U [1,400) and 3 € (0,1).
Proof. See the proof of Corollary 1.3.

Corollary 1.5. In all triangle ABC holds

D haby <sVEY Ve <Y ramy

which is a refinement of A. Makowski‘s (see [1]) result.
Proof.

Zhahbﬁzm:sﬁz\/ﬁgzw:zmrb

The result can be written in the following way:

s2+ 712+ 4Rr 9
< <
2Rs\/r _Z\/Fa_s

Corollary 1.6. In all triangle ABC holds

> ha <D Vrere <Y 7

a new refinement for L. Carliz‘s problem (see [1]).
Proof. We have

Tyt Te
D ha £ Ve <)y T5 =) T
Corollary 1.7. In all triangle ABC holds
1) 4R+ Z 4R+r
* r(4R2+4Rr+3r2) — ha'ra — r2 16R 5r)

6R2+2Rr—r2 (4R+7)>—s? Ta_
2). max{ s2r D SrURTH AR5 | S 2 here S

. [ 8R?—4Rr+3r2. (4R+7)*—s2
min { 527 ’ 2r2(16 R—5r)
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Proof. In Theorem 1 for the identities 2) and 3) we use the inequality

7 (16R — 5r) < s <4R? + 4Rr + 312

which holds from TH? = 3r2 + 4Rr + 4R? — s2 > 0 and
9GI? = s%2 4+ 52 — 16Rr > 0.

Corollary 1.8. In all triangle ABC' holds
Zhg < Zrbrc < ng or

(82 +r2 4+ 4Rr)2 — 16s%Rr <

W <s*<(AR+7)’ -

Proof. We have

B2 < < rp s 2
DT DTN Pas
Corollary 1.9. In all triangle ABC holds

1). Zh2h2 <srYre<Y ririor

2r2(s —r? 4Rr) < o o 2
——m— 2 <r(R+r) < s*—8Rr—2r
> h20‘ <3 (rbrc) <72 for all a > 0
S (hahs)™® < (82r)* o re < 3 (ryre)®® for all a > 0
S hath 4Rty

Ta+7p
S e (4R+7)% 452
h2+h? 4s2R

Zhg%h%’) <8(4R+r)
max{Z%'Z%} <4R+r
mln{z hQ,Z }

max {h ra,hbrb7h2rc} < s?r

ST h2r, <38
hZ <s —SRr 2r2

w N

B

D
O — — — T T T

[
w
~— — ~— ~— ~— ~— ~—

at

Y

EN|

_ = O
[y

—
[\
v I/\

—_
W
| vV

Y b < 62 (s 8Rr - 22)
(h2n)(1i2)

Sy (4R+7r)?—2s2
h3

(4R+71)%—252
. Z TeTla

3
DY

<@
.max{z 3,2—5}§ (4R +r)* —1232R

[
D Ot



New identities and inequalities in triangle 139

17). TT (h2 + n}) < &

18). X2 hﬁ—l—h%??zﬁ—kh%) = éfjé

19). 3 hg:éhg < 2(21;—7»)

0. Ty > G
. T e

22). 3° rb;%ﬁ; > 2

23). ¥ ) < 42 (R gy

24). T (h2+hi2£§2+h2) < (R’ e 2(8R—r)
Proof.

e SoRZRE <Y rprerera = 2y e <> er;rfrg = "r2?
4). We have h2 + hZ < (rq +1p)re 50 Y }TL;:LE <> re=4R+r
5). 5 e > ¥ ek = (e
6). XM < S (4 13) = 8(4R + 1)

7). Wehave%grc and%grb soz%gz:rc:éﬂ%—{—r and
S <Y =4R 4

8). Wehave%ﬁ%and—ggg SOZZ—%ZZ%:%aHd
Tp>i-]

9). We have h2 < myre so hir, < rorpre = s°r

T

S s e RE(RE )
h2Z+hZ = ra+Tp 4s2R

10). S°h2r, <Y s%r = 3s%r
11) Z hg < Z ThTe _ s2—8Rr—2r2
12). Zh4 < Zrbr = s% (s — 8Rr — 2r?)
T 2_ 82
13). S gy > gt = O
r)?—2s2
14). T s 2 8 g = G
h2+h2) (h2+h2
15). 50 V(S EE) < 5~ (1 1) (ry + 1) = (AR + 7)? + o7
16). Y <3 = (4R + 1) — 126°R
Ta 1T 4R
meR e < D=
TeTa _ +r
18). X (h2+h2)(h2+h2) =DY (ratry)(rptre) = 25°R
19). 3° h2 +hb <yt 2(2R—7)
)

20).
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21) Z h2 < rpre  _ S2+4Rr4r?

rp+re — Tp+Te iR
22). ) fehre > 37 mtre — 2

ha+hi ot 4(R+
23)' Z (rarbr2) < Z Tra:: =4 r s or

2 2

3 7(]1“;? ) <r rbrcL T'H) =452 (R+7)

hi+hy) (hi+h? at7) (rptre 4R+7)%—s*(8R—
24). 3~ T)SQ oyt rlntre) _ (4t (8Ror)

Corollary 1.10. In all triangle ABC' holds

1). (4R+7) (2R —7r) > s*r

- min {3 b%hara; Y thara} > 4%;:,

) mln{z haTaTs > harar? Zhar3} > (4R + 1) s%r

)

)

)

). min {Z harama; > haramb; > haTamc} > 9s T(S(Z£+;;1RT)
)

)

)

\V)

w

=~

. -4 A, - 4 B. s2r(2R—r)?
.mln{Zharasm 532 hargsin f,Zharasm 2} > 4R2(UT+Z

. min {} kg racos4%;Zhara0084§;zha7"a005 } z %

ha, a . ha a 2 hll
mln{z Ta 72 > Z > }— r(4R+r) and Z = QIgrr

s%r(s2+r24+4Rr
8). mln{Zh rmZharahvaharah } 2 W

9). > rohphe > RQS T~ and mln{zrahg a5Z7"ah2h3} > 45573

S Ot

7).

(4R+r) R2(4R+1)
Proof.
4R+ _ 2 Ca)? 4
)' s Z ha'f'a o Z a2za7“a 2 Zthara - 23r§ara 2R r) therefore
(4R + r) (2R — ) > s%r
b)2 2
2). 4R+T = hara => b2hara > Z(%hira = Zb428ha7’a’ therefore
> b2 hara > 413 r
= 4 +'r
a 4R+
3). 4R+T =y hara =5 harg > g};gg = (Zh 1;)3 , therefore
ry)? R
> hq 7«3 > (4R +7) s?r and 25 = 7 harar,, z(:Zh:arba)h2 — ghjz) 2 therefore

S hgrarE > (4R—|—7’)3 r
r S m?2 ? 9(s2—r2—4Rr
). iy mt s (B o’

Zharam = IS haramd , therefore
9s r(s —r 74Rr)
> haramy > A(dR+r)
s 4 A 2 A2 2
AR+r _ sin® & (Zsin® 5) (4 A (2R r)
5) s2r Z haTq sin* % = S hgrg sin? %’ therefore Z haTa S5 Z RZ(4R+r)
4 A 2

AR+r cos* 5 > (Z cos? ) h 4 A 2r(4R+r)
. = T f T > > — s

6) 52 Z haracost 4 = 3 hara c0s4 4° therefore Z haTa cos' 2 = 4R?
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2
7). 2Bt — Z}:L%Z > (Z}Ti‘l) > leha , therefore Z (4R2+r) and
1 N2
At — 5 @ > %ﬁ;l = Zlha#’ therefore Z > T(4RZ+T)
r 2 2
An another way we have (Z ,’;—z) (Z if—;) > 9, therefore
B > S =

8). 4R+T Z hgra 22:3) therefore > hir, > % and
4R+” => harahz > Z(jzh: hb)hg, therefore > hqarohi > %
9). Atr — Z haZZ?LQm > hah(b%hihfibh , therefore > rohphe > 7}3(?5;:»7') and
Corollary 1.11. In all triangle ABC holds
1). Y rarche > 7?2;&3%“)
2). Chare > qriea
3). S rirehe > Zorl 2
4. Srdrgh, > Han o)
5). Yororche > 282r((<iiii))z_—1522821%)2

>
6). rg«;«éhc > 2s2r((zis;1i§%2r:s22r2)
). e (1 ) (ry ) 2 2R )
B
9). ¥ tutesint f > O

2 2

10). > hf,—zc cos? é Z SR (AR 2] R;( &%ﬁ;@_ 2)
Proof.
1), W = g = X i > (0 thereore
> herera > #
2). (4R—£—;2r L h;;zr,, > - %:%bf)fr therefore S° hery, > ﬁ
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2827‘((4R+T‘)2 —232)2

3). W s B erefore 3 horard >

2 her (4R+7)2—s2
(4R+r)?—s% rard (X r2r )
4). 2527 = horer3rE 2 Taryre s herZr2 therefore
2
2,3 2s ( —8Rr—2r )
Z hc?"arb = (4R+’r‘)2—52
2
(AR47)2% —s2 (ng)
5) 282T Z hc"’c"’s - thrcrg therefore
S horer® > 2527 ((4R+7)° — 1252R)2
c'f’c?"a = (4R+r)2_82
7‘27‘ 2
. b ot 2.2 2 2 2\2
(4R+r —s2 Z( re ) herary 2s T(S —8Rr—2r )
6). ST = D g2 ot rerZ? therefore » =&t > AR
7) (4R+r) —s2 _ (ra+7p) (T’b+rc)2 > (Z(Ta+Tb)(Tb+7”c))2 therefore
‘ 2s°r ’LCTC(T +rp)* (ro+re)® = Zhrc‘i,;nc(ra+7’b)2(7"b+7‘c)27
2527"((4R+7")2+s2)2

Z M (Ta + Tb)2 (Tb + T‘C)2 > AR

2)2 2 2
8) (4R+7’ —s? _ Z hcnm > (Zm )4 7 therefore Z thcm > 9s r(s r2 4Rr)

2521 Z he Zam - 2((4R+7‘) s )
A
(4R+r —s2 1n4 = (Z sin? )
9). S = Fere ~24 T = > Fere st 3 therefore
22 ra

Z h;T‘c sind 4 > s T(2R r)

2 = 2R?((4R+r)?—s2)

therefore

10), A=t g et (Todd)

2s2r = Zhu"c 4A
T

a
2 2
S here gogt A > s AR
Ta

Corollary 1.12. In all triangle ABC holds

1). S horg > ")
2). S harar? > 5
3). Y hyrd > H(URE2)
1), Y hgrs > R 120
5). (X ara)” < min{6s (2R —r);2s (4R +r)}
6). Y- hugint 4 > rCE)
7). Z?—:cos‘l% > %};’ji)
8). (Z m)2 < (4R+T)(s;;rr2+4Rr)
).

o)

Y hata > 4R+ v

4
10)' Z herary > ﬁ_”
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herd < ((4R+r)*~25%)"

11). >° == > IRTr .
12). o btk > (EReg e
13). 3 Lo sint 4 > (2R
14). Y hecost 4 > Al
15). > rh;b sin? ’3 sin? g > %
16). > rh;b cost 5 cos‘“é3 > %
Proof.
). 2=y =k > Qe therefore S har >
0, 2o - 7 2 e et St >
3). 2-r — hZ%;”; > 2(32)23, therefore Y hyr3 > %
R = (zsz )" therefore 5 hary > (D100

arg 2
5). (X V/ara)® < (X a) (X ra) =25 (4R +7) and 22 = 3 ara > OJ/aRl
therefore (Z ,/ara) <6s(2R—r)

_ sin sin2 4 2 . _
6). =% 2. > (Zh , i)§> therefore ’;—Zsm‘l% > r2ior)
2

- 2
72 sin > 72 sint 5 4R
4 A 2 A2
2R—r __ cos® 5 (Zcos 5) @ 4 A r(4R+r)
DT S i iy 2 SN therefore ) 2 cos” 3 2 TRar-r)

r)(s2+r T
) 4R+T_Era7’ > (Z\/T therefore (Y \/7arp)” < < & )(2; o
9). 4R+r =3 > ()

hera = Z hcr
)
10). 4R+7r =) hrrzl;"b Z %{“:"2 , therefore > hergry >

2
11). 4R+r =), it > (Z ) , therefore ) =—a herg >

, therefore ) == hC’"a >4R+r

4R+r
((4R+4r)?—252)?

hcrg _— 4R+r
Reti T oyt
2
_ 6 (z ) herd o ((4R47)>—1252R)
12). AR +71 =3 545 > > ferd "o, therefore 3 = > T
b
sin® 4 (Z sin? )
13). 4R +7r =) —— 2 > S e A therefore
TaTy 2 Ta”‘b 2
he i d A (2R—r)?
s Sy o oy
COS4 A C082 A)2
14). AR+71 =3 —— COSQ4 = > Z( e 4),47 therefore ) - hc cos4 4> 4fR‘§7"
raTh 2 'rarb 2

- > he Sln4 A
rary

4A,4B 2 B)2
sin® § sin® 5 > sin? 7sm =
15)4R+r =3 4325 > ( 4)B,therefore
2 2

TaTh
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he A A 4B < (s°+1°=8Rr)’
rarp SINT g sin” 5 > 256 RE(AR+T)
cos* A cos? g (Z cos? & 0052 5)2
16). 4R+7r =) T T Eyey Il s e T oot B therefore
he . 4A . 4B (s +(4R+7’) ?)’
rary COS” 5 COST 5 = 256 RE(AR+T)
Theorem 2. In all triangle ABC holds
1. rg+1p = 2 and his permutations
2). 7‘3—5—1—7",1:1;—5—1—77,: e tre=4R+r
3). Z%;yr =3z —yforalxz,y€eR
4). ZW%W =3x—yforall z,y € R
hotr __ (38 77‘2)
5) Z ha—1 52+2r2+2Rr )
ha—ra _ Tr2+10R
6)- Z ha+£a - 22+r2+;RZ
r(s2+(4R+r 21 (4R 2
7)- th{a = 4}(%_ (ZR ) ) or Z% = +(451';7“)
— T
8) Z hata — S2r
Proof.
). rg+my =25+ = C(ST_C) = % etc.
2). ra+rb—|—7"c—4R+'r— %—i—rc
3). > L‘;L;yr =3 (x - yri) =3z —
4). Z%ZZ(I’—Z/T%) =3z —
ha+ 25+a _ 3q | _ 3(3s°—r?)
5). Z : Z 2sr T 2273 =2 (1 + WGC) ~ s2+r242Rr
237‘ ST
ho—rq _ _ 7r2410Rr—s?
6)- Z ha+£a Z 257‘ s'ra - E ( b+C) - ;2+7’2+;‘Ri
7). Y hara = 227" P = 2522 Y a(s o =

2
=20 (34 o) = e
8. X il = sk Sals—a) = 7

Remark. Because s> > 7r? + 10Rr therefore o7 h“ ¢ <0 this is a result of
Cosnita, C., and Turtoiu, F., (see [1]).

Remark. Using 7) and 8) we have

(Z h“”) (Z halra> =9

or
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(s + (4R +1)?) (4R + 1) > 185°R

Corollary 2.1. In all triangle ABC holds
(0%
1). r§+ry > 2 <ﬁ> and his permutation

2). min{ <“ ) <73) e+ (§>a} >3 (mi)a for all

a € (—o0,0] U1, +00) and for @ € (0,1) holds the reverse inequalities

3). % (’W) 3 (s )

1.3 (hara) ( 8+4R+r) >a

5. % (7)) =8 (4)°

Corollary 2.2. Let ABC be a triangle, and {xhg, xhy, xh.} > yr, where
xz,y > 0, then

3z—y)(s2+r2+4Rr
1). (Z /7xha — yr)2 ( y)( o ) 2

2 (3z— y) 2+r2+4R7‘) —16s%Rr
2). (Z V(xhg —yr) hy ) YE )

3). (Z (xhg —yr)h ) < 2Bz—y)s’r y)s r

(Bz—y)r 52+ 4R+r 2
4). (Z (xhg — yr) ra) < y) ( )

2R
Proof.
1). 3z—y=>_ xh“;w > (= gjh;z ) therefore

(> \/m)2 < (3$—y)(82;r2+4R7~)
5 Gha—yrlha (= v/Gha—vha)’
ha

Sz , therefore

2). 3z —y=
327y)<(s +r +4Rr) 716S2RT)

2
(Z V (@he —yr) ) 4R?
(xha yr)hy > <Z V/ (zha—yr)hy )

3). 3z —y =3 - hb > STy , therefore
(Z (zhe — yr) hb) < M

vV (zha—yr)ra
4). 3z —y=>_ (mhgﬁ;)“ > (Z ST wz) ) , therefore

3z—y)(s2+(4R+r
(Z\/W) < y)(s 2;( +7)%)
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Corollary 2.3. Let ABC be a triangle, and {xry, xry, 27} > yr, where
xz,y > 0, then

e 7)< (32— ) (4R+ )
Vixrg —yr)re) < (3x—1y) ((4R +r)? - 2$2>

) (2
3). (S Ve —wnn) < @r-y)s
‘ (Z %ﬂa—yr hb) < (3z—y) 32—};(4R+r)2)

)

Proof.
2

1). 3z —y=> =4 > > & vgza—w) therefore
0o Vxrg — yr) Bz —y)AR+ 1)
2).3z—y=> (zra sz e <Z (gargyr ra) , therefore
(Z Vi(xre —yr)r ) (3z — ((4R +1r)? 232>
3). 3vr—y=>)_ (m’;a;f L > <Z (;r: rbyT)Tb) therefore
(Z (xrq —yr) rb) (3z —y) s?

\/ (xrq—yr)h
4). 3z —y=)_ (Wc;ai/: o > (Z Zrahy ) b) , therefore

(Bz—y)(s*+(4R+r

(Z ($ra — yr) hb) < ) 2R( ) )

Corollary 2.4. In all triangle ABC' holds
1) 48r(3R—r) Zhuﬂ 12(3R2+3Rr+2r2)
- =

: 32+r2+2Rr = s2+r2+2Rr
9y _6r(R—2r) —hy o 22R*-3Rr—2%)
) 32+r2+2Rr = Ta—f—ha = s24+r24+2Rr
2 2(5R2+3Rr+r?
3) 8R +13%Rr 2r2 < Z hara < ( )
4) 4R+r Z 4R+r
2(16 R—51) hara — 7(4R2+4+4Rr+3r2)

Proof. In Theorem 2 for 5), 6), 7) and 8) we use the inequalities
r(16R — 5r) < s < 4R? + 4Rr + 312
Corollary 2.5. In all trlangle ABC holds
37‘ 3s2—r2)(3s2—r2—4Rr
(Z V (ha +7) ) 2)—£r2+2Rr) )

2
(hat7)Ta 3(4R+7”)(35 —r?)
) (Z ha+r ) < s2+r2+2Rr




New identities and inequalities in triangle 147

D (T d)” < i

9. (Tl o ) < M2

5). (T letzaind) < Seardey

o) (2o d) < Sirhans

0. (5 figesi) < Mt rdC o)

8). (Zra\/E)Q < r(4R+r)(s;;-(4R+r)2)

Proof

1). 532(57?2:2“23@)7" =2 EZ:JFZ)ZZ z (ZW ) therefore

37“ 3s2—r )(35 —r 74Rr)
(Z v h +T ) 2R(s2+r2+2Rr)

2
(ha“ﬁT Ta
3(3s2—r2) o) (Z Tha—r )
2) $2+7r24+2Rr = Ta 2 S Ta therefore

2
5 [ Gator | o 30RED (35 r7)
" ha—T — s24r24+2Rr

2
2 2 ha+r i 4 A ( hatr o A)
3) 3(38 T ) z : hgs;l4 2 Z hg—1 2

S s B y = S sin % therefore

(Z h““ sin? ) < (35 —r2)(8R2472—s?)

8R2(s2+r24+2Rr)

2 2,2 2_ .2
hatr o g2 A hat 4 A\ 3(3s2=r?)((4R+7)*—s?)
4) (Z ha,: Cos 5) S (E hafi) (Z COs 5) - 8R2(s2+r2+2Rr)

2 3(3s2—r2)(2R—7)

hut hat L2 Ay
= < (Z hZ—Z) (Xosin® §) = OR(sZ 121 2Rr)

SlIl

(Z 1/ T Cos
(ha+7)(ra ha+ ra—ha \ _ 3(3s2—r?)(s2—7r2—10Rr)
( (ha—7)(ra+ha) ra+hu ) (Z > ( ra—i-ha) B (s24r24+2Rr)?

r(s? r)? r
8). ( +(24]f+ ") > hff: > (Zifﬂ) therefore

3(3s2—r2)(4R+)

(Z i J_r;:) (3= cos? é) = 2R(s>+r2+2Rr)

2)
1)
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r(4R+r) (S2+(4R+T‘)2)

(Z Ta\/af < 2R
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A cathegory of inequalities
Mihély Bencze and D.M. Batinetu-Giurgiu'!

ABSTRACT. In this paper we present some inequalities which generate a
cathegory of elementary inequalities.

MAIN RESULTS

Theorem 1. If a,b,c,d,z,y,z > 0 then

(a4 c)z? +by® 4+ c2? > <\/533 + \/l;y) (ﬁx + \/gy>
Proof. We have

(a+c)x? +by® +c2® = <(\/533)2 + (\/l;y)2> + (ﬁm)Q + (\/&z)2 >

(ﬁx + \/5y>2 (ﬁx + \/32)2

> 5 + 2 > (ﬁx + \/l;y) (ﬁx + \/gz)
Corollary 1.1. If a,b,c,d,xx >0 (k=1,2,...,n), then
(a+c)x?+brd+cx3 >
Ve 2 (Jan i) (Vewvam) ="
(atc)z?+bad+ca? > ( ) n
2). cy%ic Vvazi+vbrs T \/E—i_\/g k§1 Tk
(atc)z2+bad+ca? > ( ) n
3)- cy%ic VeritVdey -~ vat b kgl o
2 b2 +cx? 4 n
4) Z % Znn H (\/E,’L'l—’—\/(jﬁ[?g) Zan/a" H Tl
cyclic \/aaq—i—\/ga:g cyclic k=1
5. 3 (ato)aitbaitei o I (\/a$1+\/l;x2)>2nmn ﬁﬂﬁk
cyclic Ve +Vdas N cyclic N k=1

HReceived: 27.03.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. AM-GM inequality.
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Proof. We have

(atc)z?+bad+ca? .
D). Z (\/ax1+\/lsz;)(ﬁz1+\/&x3) z Z 1=mn

cyclic
3 S (i) - (5 3)
3). > lato)r}tbayter; >Z<\/aw1+\/g$2) = (\/a—i-\/l;) iwk
. cyclic \/Eml+\/az3 N k=1
4) c!/%ic \/61’1+\/l;$2 = Z <\/E$1 + \/&Eg) =
[T (Ver + Vi) > 2ndedp| 1] «
cyclic k=1
5). cyzd:ic w1t/ > Z (\/a.%j + \/5$2> >n \/H (ﬁ{ljl + \/B.f[fQ) >

n
> onvabp I =
k=1

Theorem 2. If a;,b; >0 (i =1,2,....,k—1),2; >0 (j =1,2,...,k), then

(a1 +ag+ ...+ ag_1) :E]fil + blﬂfgil + b233§71 + ...+ bk_lzcllzil >

> 5 (svare + Vo) (yazen + Vb))

<’“ Vap—171 + "/ bi— lek)

Proof. We have

(a1 4+ a2+ ... + ag—1) wlf_l + bll‘g_l -+ ng LRy 1:1:k -

=Z<a1$1 + byl >>Zw(k\lﬁxl+ f@) 2
_2k2H<’“\lﬁ$1+ \/>902>

Corollary 2.1. If z; >0 (i =1,2,...,n), a;,b; >0 (j =1,2,...,k — 1),
ke {2,3,...,n}, then

k—1

1) Z (a1t Fap—)ay  Hbiah by 1% > n(k—1)
. Cyclic(ki%/?xl'F F=brws)...(kYarzi+ P o) 2877
+...Fap— 1)1‘ +b11‘ + by 1$k 1
2). 3 (a1 K k k

' cyclic(lC Varzy+ Vs ). (FYarz+ Y bp o 1) -
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n

> (*Var + ") Y @

=1

Theorem 3. If x; >0 (i =1,2,....,k) and «, 5 > 0, then

Proof. This inequality holds from Chebishev‘s inequality.

Corollary 3.1. If z; >0 (: =1,2,...,n), o, 3 >0 and k € {2,3,...,n}, then

a+p a+p k
). 3 %22%@

:c‘f‘—i—..‘—&—a:i‘ —t

7

Z m?+ﬂ+...+z:+6
B B

cyclic (2§ +..+af) (5[31 +"'+xk>

a-o—,Ber+ <f+5
3) Z % 2 Z (xlxk)

cyclic

2).
B
k

cyclic
Theorem 4. If z; >0 (i =1,2,...,k), a € (—o0,0] U [, +00), then

T4 x> Y ()

and if a € (0,1), then holds the reverse inequality.
Proof. This is a consequence of Jensen‘s inequality.

Corollary 4.1. If z; >0 (¢ =1,2,...,n) and k € {2,3,...,n}, then

m‘f—i—.‘.—&—rg 1—a
1). Z g™ 2 nk
cyclic

a o n
D e s S D O
. (1‘1+...+$k) - —
cyclic =1

for all @ € (—o0,0] U [1,+00) and holds the reverse inequalities for all
aec(0,1).

Theorem 5. If a,b > 0 and =,y > 0 then

a (2?4 y?) — bay - 2a —b
a(@®+y?) +bxy ~ 2a+b

Proof. After elementary calculus we get
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(x—9)*>0
Corollary 5.1. If z; >0 (: = 1,2, ...

a(z?+a3 < n(2a-b)
+brizy — 2a+b

,n) and a,b > 0, then

—bxrix2

n(2a+b)
2a—b

<

Theorem 6. If x € (O, g) and 0 < b < a, then
1). a—bsinz > Va? — b?cosx

2). a—bcosx > vVa? —b?sinx

Proof. After elementary computation we get
1). (b—asinz)? >0

2). (b—acosz)® >0

Corollary 6.1. If z € (0,%),0<b < a, z; € (0,
1). (a—bsinz) (a —beosz) > (a* — b?) sinz cosx

2) a—bsinx + a—bcosx > 2\/(127

COsS T sinx

3 X Cent e > na/a? — b2

k CcoS Tk

4). Z = Sll’lf‘;ixk > nva? — b2
a—bsinz;

). 3 ek > /TP

cyclic
a—bcos Ty 2 D]
6). > St =nva®—b
cyclic

7). (a +Va? - b2) tg*% +a— Va? — b2 > 2btg3
forallz € R
Theorem 7. If z,y > 0, then

x4 x2y2 + y4 >
ry (22 +y?) ~

Proof. After elementary computation we get

3
2

(z —y)* (22° + zy + 24°) > 0

Corollary 7.1. If x5, >0 (k= 1,2,...,n), then
1) vi+ated+as o 3n
: xlxg(x%—i-r%) = 2

cyclic

) (k=1,2,..

,m), then
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4.4 ,.2,.2 4 n

2). RS RED) > 3 T

) cyzcl:ic a:l(x%+x§) = 2 kz::I k
44,22 4 n

3). BRI RED) > 3 Th
) cyZCl:ic z2(at+a3) 2k2::1
n

4)‘ Z aitateital >3 Z 2

cyclic e k=1 Tk

Theorem 8. If a > 0, x > —a, then

T+ 2a
VI +a

Proof. After elementary computation we get 22 > 0.

> 2\/a

Corollary 8.1. If 23 > —a,a >0 (k=1,2,...,n), then
n
2
1). > = >onya

k=1
n
z1+2a
2). 3 2 > 0y
n
3). > (x1+2a) Ve +a>2\/a (n—l— > mk>
k=1

4). Y (zk +2a) Vrp +a > 2¢/a <n+ i xk>
Proof. We have

2 . +2
2). ¥ e >n H Ve 2 2n/a

cyclic

Theorem 9. If a,b,x > 0, then

Vr+a+vVr+b )
Vr+vr+a+b

Proof. After elementary computation we get ab > 0.

Corollary 9.1. If a,b,z; >0 (k=1,2,....,n), then
VT Fa+VTE+b
D). Z Vo tvontath =1
VTitat+vzri+b
2). Z Vazvatath = "

cyclzc

3). Z (Vzp Fa+ Vap +b) (Var +a+b— /zg) > n(a+b)

k=1

153
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4). ¥ (Ver+a+ Vo +b) (Vaa+a+b—/22) >n(a+b)

cyclic
5) V2a++vatb + Va+b +\F >9
C Vat+v2atb ' Vo+vatb =
Theorem 10. If z > 0, then

\/x2—|—981nﬁ>3
x

Proof. If x > 2, then 7 < §, tg% > 7 >%

) 1 _ 1 _ 1 x
COs™ & = —
1+ tg?x 1+(%)2 1+(%)2 2249
SO
.o 3
sl — > —
x 249

Corollary 10.1. If > 2 (k=1,2,...,n), then
1). Z xk+9s1n— > 3n

2). Z Vi + +9sin - > 3n
cycl

n

gzlsinzl

Tl
forall z > 2

o
M:

N

7 +9n >

=
Il

1 k

e 3(517—2)

4). cos 3 > V1322—362+36

5). 30 /1323 — 3624 + 36 cos £ >3 3wy — 6n
k=1 k=1

6). > V13x1 —36x1 +36cos - >3 Z xp — 6n

for all x,y > 2

cyclic =1
Tz 9(z—2) 9(y—2)
7) sin (30 + y) > \/(13z2—36x+36)(y2+9) * \/(13y2—36y+36)(a:2+9)
Proof. 4). If in sin% > \/;2? we take y = % > 2 we get
. (T T 3(z—2)
sin <— — —) =cos — >
2 z T~ /1322 — 362 + 36

3 s s
7). sm(;—i—g) sin sf—I—cosfsmy >

3 3(z—2) + . 3(z—2)
(0,

V249 \/13y2—36y+36 \/y2+9 V1322 —-362+36
Theorem 11. If z € 7) and a,b,c,d > 0 then

(o0 220) (oo ) = v vy
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Proof. We have

2
2
<a+ .b ><c+ d >2<\/&+ bd) 2(\/ﬁ+\/2bd)
ST COS T SIN X COST

Corollary 11.1. If 2 € (0,5) (k=1,2,...,n), then
n-i@+mMMmeJ>n@f+ﬁf)

k=1

2). 5 (ot aitr) (+ atss) 2 0 (Ve + VI
) (e 2ba) + (a+ b) e+ o) = 2 (Ve + v2bd)’

Corollary 11.2. If x € R and a,b,c,d,e > 0 them2

D). <a+ e-+sin? x) <C+ W) <\/>+ 2%;%)

2. (0t cxdrs) (o4 cxeiers) + (0 etz (0 i) 2
> 2 (vae + /)

n 2
b /a 3bd
3) & (CL + e+sin? a:k> (C + e+cos? xk> Zn ( c+ 26-‘1—1)

2
b 3bd
9. % (a4 gt ) (e s ) 20 (Vac+/24)

cyclic

2
Pt . (o ) (o4 ) > (Vo i)
(ﬁ* 2?;b+dl)

Theorem 12. If ¢ > 0 and %‘1 <z < a, then

3). (a+

sin x

3a — Va2 —z2
>

1
r +4a -2
Corollary 12.1. If ¢ > 0 and 4—5“ <zr<a(k=12..n), then

n _ 22
1) Z 3a—y/a*—xy )

rr+4a = 2

3a—+/a2—x?
2)' Z ro+4a ' Z 5
cyclic

3). i+2$i > L ifarcsing <t <%

3—cot 4
4). 4+ggt§ >3 1f0§t§arccos5




156 Mihély Bencze and D.M. Batinetu-Giurgiu

3 t
5). Z 4+Z$t2 > 5 if arcsin ¢ d< < (k: 1,2,...,n)
3—sint . .
6). Z 4+2;2t; > 5 if arcsmg <t <Z(k=1,2..,n)
cyclzc
3 t 4
7). Z ITeots > 5 if 0 <ty <arccosg (k=1,2,...,n)
3 t 4
8). Z ey = 5 if 0 <ty <arccosz (k=1,2,...,n)
cyclic
- 2 _ .2 1 v
9). 3na— Y. yJa? — a2 >2a+ 5 Y w

< (3:_ +4a)? . -
k <
10). kgl P e 2 kgl x + 8na
Proof. 3). In Theorem 12 we take z = asint
4). In Theorem 12 we take x = acost

Theorem 13. If z > 0 then

(z+2)In(x+1)

Proof. If f(z) =In(z+1) — $+2, then

>2

@)= Gt D@r2?

therefore f (z) > f(0) =

Corollary 13.1. If 24, >0 (k=1,2,...,n)
n
(zx+2) In(z+1)
1). /;::1 o > 2n
2) Z (.’L’l+2) 11’1(1’2—‘,—1) > 2n

. 3 -
cyclic

3). S (214 2)In(za+1) > 2k§:1xk

cyclic

n n
k=1

1 1
5). n+2) - >2 len(zkm
6). If A(a,b) = %2 L(a,b) =

then A (a,b) > L(a,b).

lnb lna’

bo b
) , then I (a,b) > exp (2 - —ln aﬁ)
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). kﬁl (25 +1) > exp (2 o )

2z

Proof. 6). If inIn(t+1) > t+2 we take t = x — 1, then we get Inx >
for all z > 0.

If x = b , then we obtain ’H'Ta > lng_fm or A(a,b) > L(a,b).

7). (b—a)l flnzd:c>f2(“f Dz =2(b—a) —4ln 2

Theorem 14. If x € (O, g) , then

1 1
>

z(3—a2)sin2z ~ 2

Proof.

sm?x =
Corollary 14.1. If x, € (0, g) (k=1,2,...,n), then

1 n
1) Z zk(3f:ri)sin21k Z 2

n
1 3
4) Z ) sin 2xp, > N — 35 Z ka
k=1 k=1
5). In all acute trlangle ABC holds )

1
6) (7r72:v)(1277r2+87r:1:74x2)sian > 2

1 A _w
Proof- 5). 3. g=aryemaa 2222 =3

6). In Theorem 14 we take x — 5 —x

1 s
(3—A?)sin2A4 Z 3

Theorem 15. If x € [ ) a,b> 0 and
a+ v a? + 4ab > 2b, then (a+bcosx)tgr > (a+b)x
Proof. If f (z) = (a4 bcosz)tgr — (a + b) z, then

b(1— cosz) (“‘"7 ngw’ — cosx) (7”122%@_“ + cosx)
>0

cos? x

—1)
z+1

>2>x(3— 2)but22:z:(3—m2)<:>(:U—1)2(x+2)20.
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Corollary 15.1. If z;, € (0, %) (k=1,2,...,n),a,b >0, a++Va?+ 4ab > 2b,
then

1).
k=1

2)‘ (a+bcosxy)tgre > (a+ b)

3

(a+bcoszy)tgay > ( +b)n

Tk

M=

%

Q
<
Q
=
(e}

o
M=

(a + beosxy) tgry > (a +0) >
k=1

mn

1

=~
~
—_

t

). (a+0b) Z rptgrr < na+b Z COS Tg,
k=1

). Ifz,y > 0 T + /2% + 4xy > 2y, then in all acute triangle ABC' holds
Y (x+ycosA)tgA > (x+y)w

8). If x,y >0, z + \/x2 + 4xy > 2y, then in all acute triangle ABC' holds
A 2sr
)Y sy = iy

9). If z,y > 0 and = + /22 + 4zy > 2y, then in all acute triangle ABC holds
(x+1y)> AtgA < 3x+y(1—|—%)

EN{

Theorem 16. If:ze[O ) a,b >0 and a > 4b, then

(a—bcosx)sinz < (a—b)x

Proof. It f (z) = (a —b)x — (a — becos x) sinx, then

I () =2b(1 — cosx) <a2bb - cosa:) >0,

therefore f (x) > f(0) =

Corollary 16.1. If x; € (0

n

) _n_
1) Z (a—bcoszy) sin z z a—b
_n_

) (k=1,2,...,n) and a > 4b > 0, then

wolR

k=1
2) Z (a—bcoscc;Q)sinxg > a—
cyclic
n n
3). > (a—beosxy)sinxy < (a—0b) Y.
k=1 k=1

4). (a—0b) 21 Sy = na—b Z COS T,

5). In all acute triangle ABC’ holds > (x —ycosA)sin A < (z — y) m, where
z >4y >0
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6). In all acute triangle ABC holds (z —y) 3. =4 oA = 3T — (R;:T) y for all
x >4y > 0.

7). In all acute triangle ABC holds (z —y) > Hﬁ > & for all

x >4y > 0.

Theorem 17. If z > 0, then

x(x+2)>2(x+1)In(z+1)

Proof. 1f f (z) = ggﬁ% —In(z+1), then f'(z) = m > 0, therefore
flx) = f(0) =
Corollary 17.1. If 3, >0 (k= 1,2,...,n), then

&L k(T +2)
1). 1;:31 e (e 50 = 2

1 (24+22)
2 X ey m(iren = 20
cyclic

n n
3). S @t 5 oop 4o S gy
k

- In(zp+1) =
0. e (45 ””’zﬁ:iﬁ?)) I (et 1)
k=1 k=1

5). If H (a,b) = t27, then H (a,b) < L(a,b) (b>a > 0)

6). 1 (ab)<exp<b+—a— 50 a)ln ) where b > a >0

Proof. 5). Inln(x +1) < < 242 wotake z > — Lsolnz < x L after then

2(z+1)
x = b so we obtain %f; < lng_ﬁm or H (a,b) < L(a,b)
6). (b—a)l(a flnxdx<jx—1d oo’ 1l

Theorem 18. If = > 0, then

(z+1D)'> (@ —2+1)(z+1)’+a
Proof. The inequality is equivalent with

z(32° +5243) >0
Corollary 18.1. If x;, >0 (k= 1,2,...,n), then

n

(zr+1)
1). kz::1 (22 —zp+1) (zp+1) >+, 2

(x1+1)
2) Z (m%—x2+1)(a}2+1)2+$2 zn

cyclic
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Theorem 19. If z € (0,1), then
T > (1 — x2) arcsin x
Proof. If f (v) = %5 — arcsinz, then

142?12 Vi-a? (-t (P +2642)

(1—a2)? t

f'(x)

where t = V1 — 2.
Therefore f (x) > f(0) =0.

Corollary 19.1. If 24 € (0,1) (k=1,2,...,n), then

=1 k) arcsin zg

2). X2 (=27 arcsinas ="

. x5 ) arcsin x:
cyclic 2) 3

Theorem 20. If z € (O7 \/g) , then

sin (a:2) > sin’ z

Proof. If f (x) = 2> — arcsin (sim2 :17) , then

! : T COS T T COS T
z)=2sinz [ =% — —=2Z_ | > 0 because == > 1 and —=LX_ <1 so
f ( ) <S1n$ /1+Sin2 I) - sSinx 1+Sil’l2 T -

f(z) > f(0) =0 or 2? > arcsin (sin® ) and finally sin (z?) > sin® .

Corollary 20.1. If z; € (0,/%) (k=1,2,...,n), then

1) i sin(mi) >n
’ P sin?(xy) =
2). Z sm(;:%) >n

3). 1> (sinz)! + (sin (5 — xz))4 for all z € [0, /7]
4). y/sin (222) > V2sinxsin /5 — a2
Proof. 3). If in sin (562) > sin® ¢ we take z — /5 — 2, then we get

cos (xQ) > (sin 5 - :c2) , therefore

4
1= (sin (+2))® + (cos (22))” > (sina)* + (sin T x2>
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Theorem 21. If x € (O, g) , then

cos (sin ) cos (cos z) > sinx cos z > sin (sin x) sin (cos z)

Proof. We have sinz < x, cos (sinx) > cosx, and sin (cos ) < cosz,
therefore sin (cosx) < cosx < cos (sinz) .

If  — 5 — x, then we get

sin (sinz) < sinz < cos (cos x)

therefore

sin (sinz) sin (cos x) < sinx cosx < cos (sin ) cos (cos z)

Corollary 21.1. If z; € (0,5) (k=1,2,...,n), then
1) i cos(sin zy) cos(cos ) >n

sin x cos T

k=1
cos(sin z1) cos(cos z2)

2) Z sin x3 cos x4 > n

cyclic

n .
sin zj, cos T
3) : kzl sin(sin ) sin(cos xy) Zn
sin x1 Cos T2

4) ’ Z sin(sin z3) sin(cos z4) Zn

cyclic

i cos(sin zy,) cos(cos )

k=1

5).
). Z cos(sin z1) cos(cos z2) >n
)-

sin(sin zy,) sin(cos zy,) Zn

(=)

sin(sin z3) sin(cos z4) —
cyclic

7). In all acute triangle ABC holds
> cos (sin A) cos (cos A) > &5 > 3 sin (sin A) sin (cos A)

Theorem 22. If £ > 1, then

r—1>zlnhz

Proof. it > 1 and f (t) =t — % —2Int, then f/'(t) = (t;21)2 >0 so
f(t) > f(1) =0 in which we take t = /.
Corollary 22.1. If x> 1 (k=1,2,....,n), then
zp—1
) Z \/ilnmk - n
2) Z \/ﬂlnl.tg Zn

cyclic
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3). If G (a,b) = Vab, then G (a,b) < L (a,b)
- 1o <o ()

Proof. 3). Inlnz < \/z — ﬁ we take 2 = 2 so we obtain

Glab)=vVab< —2"% _ L(ab)

“ Inb—Ina

b
4). (b—a)InI (a,b) = flnmd f( :E——)dz—
-4 i-ot) 215 )
Theorem 23. If z > 1, then

el T > 1

Proof. If f (z) =1+ 2zInz — z, then f'(z) =Inz > 0so f(x) > f(1) =

Corollary 23.1. If , > 1 (k=1,2,...,n), then
n

1). kzlsvikel_xk >n

2). Y aftel ™2 >n

cyclic
Theorem 24. If z > 0, then

2¢° > (z+ 1)+ 1 and 6¢” > (z + 1)° + 3z — 1

—(a:+1)2—1,thenf’(a:):2(e””—x—1)2050

Proof. If f (z) = 2e
=0.1f g(z) =6e* — (x+1)> =3z +1, then ¢ (z) = f (z) >0

f(z) > £(0)
etc.
Corollary 24.1. If x;, >0 (k=1,2,...,n), then

n
1). _ ek . n
) k§1 (zp+1)°+1 = 2
2). _ e sn
) cy%ic (:c2+1)2+1 — 2
n

3). 3 ((xk +1)° + Bay, — 1) e~ < 6n
k=1

4). ¥ ((azl +1)° 4 321 — 1) e < 6n

cyclic
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Theorem 25. If x € (O, g) , then

z (tgr — x) > In? (cos z)

Proof. If f (z) = \/z (tgx — x) 4+ In (cos z) , then
s (Vatge—yigr—z)® B
(@) = LB 50 1 0) 2 £ 0) = 0.
Corollary 25.1. If 2, € (0,5) (k=1,2,...,n), then

1) zn: ok (tgTr—Tr) ~ n
> >

= In?(cos zy)

2) Z ml(tgngxz) >n

1 2 5 -
cyclic n*(cosz3)

3). In all acute triangle ABC holds m > ln;(jio_szf)
Theorem 26. If x € [-1,1], then

2V/2 -2 -z -

V2+z

Corollary 25.1. If x4 € [-1,1] (k=1,2,...,n), then
1)‘ i 2v2—/2—w) >n

1

=1 V2+xy -
2v2—2—x1
2 2, A Zn
cyclic
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On Hardy-type integral inequalities
involving many functions

0.0. Fabelurin, A. G. Adeagbo-Sheikh!?
In memory of Professor C. O. Imoru

ABSTRACT. In this paper, we use Jensen’s inequality, and a modification of an
inequality involving some constants, to obtain a Hardy-type integral inequality
involving many functions. Our inequality features a refinement term and is sharper
than the inequality of Cheung, Hanjs and Pecari¢(2000) in the segment (1, co) of
the real line.

1. INTRODUCTION AND PRELIMINARIES

The classical Hardy’s inequality (1920) states that, for any p > 1 and any
integrable function f(x)>0 on (0,00), if F(z) = [ f(x)dx, then

[P s [pﬂ | rwras Wy

Unless f = 0, where the constant here is best possible.

In view of of the usefulness of the inequality 1.1 in analysis and its
applications, it has received considerable attention and a number of papers
have appeared in [1-12], which deal with its various

improvements, extensions, generalizations and applications.

Of particular importance, relevance and great motivation for this research, is
the following work of Cheung, Hanjs and Pecarié¢ [6][Theorem 1]:

For any i = 1,...,n, let f;: (0,00) — (0,00) be absolutely continuous, let

gi : (0,00) — (0,00) be integrable, and p; > ¢; > 0, m; > g; be real numbers
such that ¢ = 1 and

Di )xf{(ﬂf) .-

1+(mi_Qi filz) ~

2Received: 13.02.2009
2000 Mathematics Subject Classification. 26D15.
Key words and phrases. Arithmetic-geometreic inequality, Convexity, Jensen’s
inequality.
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for some constants ~; > 0. If we denote p = > p;, m =>_ m; and

o L [TROEO, 0
n@) = 5 [ 2O v e .00

then

| T @)de <

< chfpj Zq@'cfi/qi [M}/ l‘_(mi/ql’)gfi/%(x)dx. (1.2)
0

; p ms; — q;

In establishing their result, Cheung et al made use of Holder’s inequality. In
this work, our main tool is the inequality of Jensen for convex functions.

2. MAIN RESULTS

For our main result we shall need the following lemma

Lemma 2.1. Let p > q > 0 and r # 1 be real numbers. Let
f :]a,b] — (0,00) be absolutely continuous and let g : [a,b] — [0,00) be
integrable with 0 < a < b < co. Let

T b
eoto) = [ L8t nto) = [ LD a5 = = rfor v 21,

2 ’
1+<p> < ! )mf(m)>i>0 ae forr > 1 (2.1)

and

2 !
1—<§> (117") xf(a:)zil\>0 a.e forr>1 (2.2)

for some constant A > 0.

Then ifr > 1

’ / PY_A i p/
~7 ,P/q v =T PlA(p) <
[ eren@ant () e <
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(L) [rron

b
[t () {2at et <

<A ((2) : i T)p/q /abx_rgp/q(x)d:v (2.4)

Proof. The following adaptations of Jensen’s inequality for convex functions
[1 -4] will be used in the proof of the Lemma 2.1

[[ dA(t)} o [/: h(a:,t)idA(t)]T < /x h(z,t)d\(t) (2.5)

[/zb d)\(t)] o U: h(x,t)idA(t)]T < /: h(z,t)d\(t) (2.6)

where h(z,t) >0 for x > 0, > 0, A is non-decreasing and 7 > 1.

and for r < 1

Let h(z,t) = 20¢7(110) [%]T,dw) — =)t and 6§ = 1=

Using the above definitions of h, A and J in 2.5 and 2.6, we obtain

1—71

[—571] 7 {xf‘; — af‘s] x‘scpg(x) < 1‘60,1(56) Vx € [a,b]. (2.7)

1-7

[5_1]1_T [l’_é - 5_5} o7 (x) < 2°0y(z) V€ [a, D). (2.8)
T (e &g 1" b (r— f@®g®) 1"
Where 0a(x) = [ ¢ | L8|t 0y (2) = [ 4000 [E088) a

Multiply through 2.7 and 2.8 by z~! and then integrate with respect to x
on [a, b] to get

[—5_1]1_T /b [;1:_5 — a_5] o 207" (2)de < /b 20710, (x)da (2.9)

a

[5_1]1_T /ab [:B_(S - b_‘s] o 2] (x)da < /ab 20710y () dux. (2.10)
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Integrate the RHS of the 2.9 by parts and then factorise to obtain

b 2 !
-1 ™ xf'(z) iy 7( 2701
/ag; Ga(x)<1+r_1 f(x))d = 51090, (b) — 6~ /f dx

Suppose that for some constant A > 0,

m zf'(@)) _ 1
<1+T_1 @) ) > ae (2.11)

/ab 20710, (x) (i) dr < /ab 2210, (x) (1 + rT_21 x}f(lg)> do =

b
=6 10°0,(0) =07 | fT(x)a™ Yda. (2.12)

then

Whence on arranging

’ 0—1 51\ 10 51 ’ T T0—1
Mo ()dz + A (=6 1) 0°0,(b) < A (=67") [ ()2 Tdw.  (2.13)

a

Now it follows from 2.7 and the fact that A [—5_1] >0 for r>1 that

(=67 T b0 - 0] TTHOI0) < A (=57 ) D0.(0),  for be [a,b].

(2.14)
Combining 2.13, 2.14 and 2.9 yields
- (01 s 51T o1
[—671] / |:ZE_ —a” ] or (x)dx+
_r 1—7
HA (=01 [zré—aﬂ BT (b) < A ( / Fr(@)a™ . (2.15)

Use the fact that [270 — a_‘s]l_T > [x_5]1_T V x € [a,b] and [—5_1]1_T >
0 for 7>1and r > 1 to reduce 2.15 to

b
/ Lo (@)dr + N (=671 Bl (b) < A (— / fT(2)a™  dx. (2.16)
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Similarly, for the case r < 1, start with inequality 2.10 and follow the same
arguements with slight modifications to the conditions. Specifically, use

2 e
(1 =7 f@)

with [671] > 0, [:U*‘s — b*‘s] T [1‘*5]177 YV z € [a,b] to yield

1
> > ae for some constant A > 0, (2.17)

b b
/ 1o (x)dae + A\ (=6~ )a%g(a)gA(—a‘l)T/ fT(@)a™ . (2.18)

Finally, observe that if p > ¢ >0, then p/q > 1. Thus. Inequalities 2.1,
2.2, 2.3 and 2.4 follow immediately from 2.11, 2.17, 2.16 and 2.18
respectively by recalling that § = (1 —r)/7 and letting 7 = % .

The following Theorem is an improvement over the result of Cheung, Hanjs
and Pecarié¢[6,Theorems 1 and 2].

Theorem 2.1. For any i =1, ...,n, let f; : [a,b] — (0,00) be absolutely
continuous, let g; : [a,b] — [0,00) be integrable with 0 < a < b < co. Let
pi > q; > 0,m; # ¢; be real numbers such that > ¢; = 1,

P} zf (x)
1 0 . 2.19
o) T 20 (219
and
_ 5 fu(z) _ 1
1 (qi(q. 3 mi)) Fw 270 e (2.20)
for some constant A; > 0. If we denote p = > p;,m = > m,; , and
fi(t)gi(t) fi(t)gi(t)
‘Paz / fz / fz z € (0,00),

then for m; > ¢;

n

/b ﬁ [x*mchglz(x)} dz + ﬁ Cj_Pj Z sz/ql Api pl- ml/qltpzzz/ql (b) <

j=1 i=1 — %
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0

n n Pi/d 00
—P; i/ i y4 —m;/a; s
< | | C’j Pi E qu’f /@ A <mZ — qi> / T I/ngi(:v)p‘/qldx (2.21)
7=1 =1

and for m; < g;

n n

/abﬁ [:D_m‘@ﬁ(x)} dx + HC;pJ Z sz/qzq imzbl mi/q; pz/qz'(a) <

i=1 =1 i=1
< ﬁ O P i .Cpi/‘h'/\. Di pifti oo o™i/ 4 ,(x)pi/q'idx (2.22)
= | j : qiC; i % — M ) gi .

Proof. Firstly, observe that m; > ¢; implies that m;/q; > 1 . Consequently,
it follows from Lemma 2 for the case r =m;/q; > 1 that

b
AiDi 1 1-m,
/ mz/‘]zgpilz/‘h( )dx_'_ p bl mz/%goglz/%(b) S
a mi — q;

i pi/% b »
S/\z‘< - > /x_mi/Qigf’/q’(:c)dx (2.23)

mg; — q; a

Now for any C; > 0, we have by the arithmetic-geometric inequality [6], that

ﬁ [$_mi90§fz‘($)] = H ([(x—(mi/pi)cicpa,i(x))pi/ql} " C'ipi> —

i

:HCj—Pj n |:<x(mi/pi)OiSOaJ(l’))pi/qi] -

n n
< H Cj—Pj Z Qiniqix_mi/qzwzll/ql( ) (2.24)

J=1 i=1

Integrate both sides of 2.24 with respect to x on [a, b], to obtain

/H xm b (x }dm<

b
STLe™ Soaer /s [ ammingelr @yae (225)
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We combine inequalities 2.25 and 2.23, expanding and rearranging(letting
m =Y_.m; ) to obtain

n n n

LU"THﬁmﬂM+HGﬂ§ZCmﬂf“b“wwﬂwws

i=1 j=1 i=1 i

0

n n ) Pi/q% poo
H Zqchl/q’)\ (p_q) / x_mi/qigi(x)pi/%dx. (2.26)

For the case when m; < ¢;, it follows from Lemma 2.1 by using silimar
arguments to those in the proof for the case m; > g;.

Remark 2.2. Ifwelet a— 0T and b — oo then 2.26 reduces to

|”| 5" Cpi/qi)r _ b rifa —Mi/Qi (2P T
i x gi(x)Pildide.  (2.27)

We claim that under certain conditions, the above inequality is sharper than
the one by Cheung, Hanjs and Pecarié[6, Theorem 1]:

/ H )] da <

< | TIe;™ ) o acr™ [m] /OOO “(mifa)g? " @)dz.  (2.28)

i i mi —q;
Precisely, if ~; € (1,00)

To justify our claim, we recall the following conditions:

Di Di $f/ (90) 1
1+%Qw—m>ﬁu>ZM>0 e
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and

pi \af(x) 1
bt (mz - Qi> fi(z) = ¥i =0 e

By comaparison, it is obvious that
H_pi( pi )xf(HT)ZlJr( pi >37f(37)
¢ \(mi—aq)) fi(z) m; —q;) fi(z)

0< X <.

Finally, we now note that if +; € (1,00), then

0< A\ <y < (%’)pi/qi'

for pi/q; > 1.
We make similar claim for 2.22.
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A method to generate new inequalities in
triangle

Mihdaly Bencze'?

ABSTRACT. In this paper we present a method which generate new inequalities
in triangle.

MAIN RESULTS

Theorem 1. Let ABC be a triangle, I the center of incircle, A; = 4,
Bi=% 1, ="¢ AB=c, AT=4RsinZsin§, BI = 4Rsin§sin§,
denote Rp,71,s1 the circumradius, inradius, semiperimeter of triangle AIB.
Then we have the following relations.

C

Rlsting,
A . B c . C
r1:4RsinZsinZsin7rZ sin .

oRrsin & (s A+‘ B sl
S1 = S1n — | S1n — Sin — COS —
! 2 2 2 2

Proof. In triangle AIB we have

AB 2Rsin € cos €
sin (AIB) PO T i il 1
finally R; = Rsin % In same way we have:
B C A B C C
ri = 4Ry sin -sin - sin T Z = 4Rsin - sin 7 sin T Z sin -

257 :AB+AI+BI:c+4R<sin§sin§—i—singsing) =

3Received: 27.03.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Triangle inequalities
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. . C/ . A . B . C C
= 2Rs1nC’+4Rsm5 <s1n2 + sin 2> = 4Rsm§cos 5—1—

. C /. A . B L C /. A . B C
+4Rsm§ <sm2 + sin 2) = 4Rsm5 <51n2 + smE + cos 2)

Corollary 1. In all triangle ABC' holds

and his permutations.
Proof. First we show that in all triangle ABC' holds

Zcosg > ZsinA:%

We have

. . : . B+C B-C A
frnd frnd < —_
2 g sin A E (sin B +sinC) =2 E sin ——cos —5— < 2 g cos 5

Using this relation in triangle AI B we obtain

B C
cosz—l—cosz—kcoswz 2;11:2(

Corollary 2. In all triangle ABC' holds

. A+. B+ C
sin — + sin — + cos —
in o +sin 5 5

B C
sim——&—sim——ksin7T 21—|—4sin—sin—sin7r+

4 4 4 4 4 4
Proof. In all triangle ABC holds

Zsin?ZZcosAzl—&—%

We have

B+C B-C A
2 g cos A E (cos B+ cosC) =2 g cos ——cos —5— < 2 E sin

Using this relation in triangle AIB we have

. i +.7T+C>1+7“1 1+4.A.B.7T+C
Sin — Sin — S11 -—_— = Sl — S1n — Sin
4 4 4 - Ry 4 4 4
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Corollary 3. In all triangle ABC holds

9 — A 97 — B _c A B c
sin? ”8 + sin? W8 +sin27r8 §1—QSinZsinZsinﬁz

and his permutations.
Proof. In all acute triangle ABC' we have

If f: R — R is convex, then Y f(A)>> f (‘”TB) because

Zf Zf Zf<A+B>

If we take f (z) = sin? £, then we obtain the affirmation. Using this for the
triangle AIB we obtaln

A B ) g + n+C C T+A -~

.29 2 . 02 2 2
S1n 4+ sin 4+ sin 4 9 )

1 9si A B . n+C
=1 —2sin = sin — sin
4 4

Corollary 4. In all triangle ABC' holds

COS

2 — A 2r — B - C A B C
2 ﬂ8 + cos? il +COSQ7T 22<1+sin4sin4sin7r—£ >

and his permutations.
Proof. In all acute triangle ABC' we have

A+ B
Zcos2 Z EZCOSQ——Z—&-é
We using the function f (z) = cos? 5 which is concave. Using this in triangle

AIB we obtain

+ n+C C 7r+A

2 2 2
2 2 7>2 ——
1 + cos 1 +2R1

_ 1+.é.§.7r+0
= sin - sin —- sin —

[N]ss)
[N]ss)

A
23 T 2

cos -+ cos
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Corollary 5. In all triangle ABC holds

2r — A 2 — B T—C 2(1+51n451nfsm”zc)
tg + tg +tg < c
8 8 8 sin 5 —i—sm +cos 5

and his permutations.
Proof. The function f (z) = tg5, x € (0,7) is convex, therefore in any
triangle ABC we have

A+ B A 4R+
Ztg 4 §Ztg§: s :

Using this in triangle AI B we get

roli

2t 2 B e GG ARitn 2(14singsin fsin )
4

+tg-2 +t =
g 4 g 2 - S1 51n§+sm§+cos%

Corollary 6. In all triangle ABC' holds

2m — A 2m — B T—C sin%—ksing—kcosg

+ct +ct <
8 g 8 g 8 2sm‘251nfsm”+c

ctg

and his permutations.
Proof. The function f (z) = ctg3, x € (0,7) is convex, therefore in any
triangle ABC' we have

thgA+B Sthgé :;

Using this in triangle AIB we get

g +Z 5 ot 4 % 1 sin g +sinZ +cos§
Ctg + ctg + Ctg <—= A B IC
4 4 4 1 2sin T sin T sin 7

Corollary 7. In all triangle ABC' holds

W21 — A 227 — B om—C 1+sm‘25mfsm”+c
+tg +tg <4 ol -2
8 8 3 sin 5 44 sin 5 B 1 cos 3
and his permutations.
Proof. The function f (z) = tg?%, z € (0,7) is convex, therefore in any
triangle ABC holds
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A+ B A AR +1\?
S T - (520

Using this in triangle AIB we have

M\b

+tg

. +5 25T 2;”+’§<<4R1+r1>2_2_
g 4 > =

4

B w+C
_ 4 1—|—Sln4SID4SID T _ 9
sm + sm + CcOs g

Corollary 8. In all triangle ABC' holds

—A 921 — B om —C

+ ctg + ctg <

2
ct92 T

-2

1<sm + sin = —&-Cosgj
<
— 4

2
2
sin ‘2 sin f sin ”+C sin ‘2 sin Jf sin “+C

and his permutations.
Proof. The function f (z) = ctg?%, z € (0, ) is convex, therefore in any
triangle ABC holds

A A
N

Using this in triangle AI B we have

A B B T+C +7 A 2
448 By Cim p 4 (s 8R
Ctg22 0 2 —|—Ctg22 I 2 +Ct92 2 5 2 < ( 1> 1

2
_1 sm —i—sm —i—cosg B 2 9
4 sin 12 sin E sin “+C  sin 2‘ sin f sin 7r+0
Corollary 9. In all triangle ABC holds

C2n—A 2r—B . w—-C . A . B 7w+C
sin sin sin > sin — sin — sin

8 8 g8 = 4 4 4

and his permutations.

Proof. The function f (z) =In (sin %) , ¢ € (0,7) is concave, therefore in any
triangle ABC holds
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A . A+B
Zln <sm2>221n (sm 1 >or

HsinAZB ZHSingzé

Using this in triangle AIB we get

NS
(Sl
[N]ss)

sin jL7T;CsinﬂgcJr > " —sinésingsinﬂ+c
4 4 T 4R, 4 4 4

vl

sin *
4

Corollary 10. In all triangle ABC holds

COS COS COS

8 8 8

and his permutations.
Proof. The function f (z) =1In (cos 2), = € (0,7) is concave, therefore in any
triangle ABC holds

A . A+ B
Zln(cos2>§21n(sm 1 >or

HCOSAZB ZHCOS?zﬁR

Using this in triangle AIB we get

2r— A 2r — B 7T—C>1 A . B C
Z n=— n=— -
2 S1 2—1—51 2+6082

COS COS COS

A B B +C +C A
9ty sttt o ts s 1
4 4 4 T 4R, 2

. A+. B+ C
sin — + sin — + cos —
i3 +sin 5 5

Corollary 11. In all triangle ABC holds

A B C A B C
<1+cos4> <1+cos4> <1+cos7r+ > > 142 <sin2+sin2—|—c082>—l—

W

A B _14C (. A _ B 2
+4smzsmzsm + sm§+s1n§+cos— +

+4 sin® ésim2 ESin2 7T+C—|—4 Siné —|—SinE —I—COSQ sinésingsimﬂ—i_(j
4 4 2 2 2 4 4 4
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and his permutations.

Proof. The function f (z) =In(1+sinz), x € (0,7) is concave, therefore in
any triangle ABC holds

A+ B
Zln(1+sinA)<Zln<1+sin ; >0r

H<1+cos‘;1> EH(l—I—SinA):l—l—%—i-<%)2+<é)2+%+%

Using this in triangle AI B we get
%)
>

A B T+
1+COSZ 1+cosz 1+ cos

2 2
S1 1 S1 1 S17T1
>14 =+ — — — —
- +R1+R1+<2R1> +<2R1> +2R%

Corollary 12. In all triangle ABC holds
%)
>

A . B . om+
1—|—5an 1—|—smz 1+ sin

A b % A ,B c
Z5<Sin2+Sin2+cos2> +1251n2zsin2231n2ﬂz -3

and his permutations.
Proof. The function f (z) =In(1+cosz), x € (0,7) is concave, therefore in
any triangle ABC we have

Zln(1+cosA) gZIn <1+COSA;B) or
H(l—ksin;l) EH(l—i—COSA):Z(%)Q—i—Z(%)Q—S

Using this for the triangle AIB we get

A . B T+ C 5
— — >
<1+s1n4><1+sm4><1+sm 1 >_4

Corollary 13. In all triangle ABC holds
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A B T+
(1 — cos 4) <1 — cos 4) <1 — cos

180

C)z

>1-9(s A+ ) B+ C 4 dsi A . B . 7r—|—C'+

— S — S — COS — SIn — S1n — S

= 11’12 11’12 9 11’14 11’14 111 4

cafsin? an By CQ+4.2A.QB.2W+C
mn — 1mn — - m- —Ssm- —Ssim ————
S 5 S B 0052 S 45 4S 4

4 .A+.f{% C\. A B 7+C
—4 | sin — + sin — — | sin — sin — sin
sin o +sin o +cos o | sin = sin —-s 1

and his permutations.
Proof. The function f (z) =1In(1 —sinz), = € (0,7) is concave, therefore in

all triangle ABC holds

Zln(l—sinA) < Zln <1—sin

A+B>
or

ST

H(l—cos?) ZH(l—sinA):l—%+%+(%)2-&-(%)2—27]%2

Using this for the triangle AIB we get

A B T+ C
l—cos= ) (1—cos=)(1-
( cos 4) ( cos 4) < cos

2
S1 71 S1 1 S1T1
>1— =+ = —_— — | - —=
- Ry + Ry + (2R1> + (2R1> QR%

Corollary 14. In all triangle ABC holds

A B T+ C A B C\?
U b o > A . b o
<1 sm4)<1 sm4><1 sin 1 )_3<sm2+sm2—|—0082> +

A B C
+20 sin? 1 sin® i sin? il Z -3

and his permutations.
Proof. The function f (z) =In(1 —cosz), x € (0,7) is concave, therefore in

all triangle ABC holds
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Zln(l—cosx) §Zln (1—COSA—;B> or
I (1-smg) =TT -eost = 3 (3)+ 5 ()"

Using this in triangle AI B we get

A . B .+ C 3
— — — - — >
(1 sin 4> <1 sin 4) <1 sin 1 > Z
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Some Related Results to CBS Inequality

José Luis Diaz-Barrero and Eusebi Jarauta-Bragulat 4

ABSTRACT. In this paper elementary numerical inequalities are used to obtain
some additive inequalities related to the classical Cauchy-Bunyakowsky-Schwarz
inequality.

1. INTRODUCTION

Cauchy-Bunyakowsky-Schwarz inequality, for short CBS inequality, plays a
very important role in some branches of Mathematics such as Real and
Complex Analysis, Probability and Statistics, Hilbert Spaces Theory,
Numerical Analysis and Differential Equations. Many discrete inequalities
are connected in some way with CBS inequality as it has been extensively
documented by Mitrinovic ([]1), [2] and more recently by Dragomir [3]
among others. In this paper we derive some real additive inequalities, related
to classical CBS, using elementary numerical inequalities similar the ones
obtained in ([4], [5]). Furthermore, their complex companions are also given.

2. MAIN RESULTS

In the sequel we present some additive counterparts to CBS inequality that
will be derived using elementary numerical inequalities. We begin with a
generalization of CBS inequality extending the one appeared in [4].

Theorem 1. Let aj,a9,...,an; b1,b2,...,bp; c1,C2,...,¢cp and dy,da, ..., d,
be positive real numbers and let r{,79,...,7, and s1, S2,..., S, be
nonnegative numbers. Then, for all integer p, holds:

1 n n n n
3 <Z riak Z kbt + Z rech Z sde) >
k=1 k=1 k=1 k=1

“Received: 11.03.2009
2000 Mathematics Subject Classification. 26C15, 26D15.
Key words and phrases. Finite sums, discrete inequalities, inequalities in the
complex plane, CBS inequality.
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> (o) (St )
k=1

k=1

Proof. Applying mean inequalities to positive numbers a and b, we have
al + bP > 2aP/2pP/2
valid for all integer p. Therefore, for 1 <14, j < n, we have
a0+ b > 2a? PP P A

Multiplying up by r;s; > 0, (1 < ¢, < n), both sides of the preceding
inequalities yields

risjazl?b? + risjcfc@? > 2risjaf/2b§/20?/2d§/2

Adding up the above inequalities, we obtain:

n n

n n n n
D23 (resgeltf + riseld)) = 3o ma 3 sutf + 3o 3w >
k=1 k

i=1 j=1 k=1 k=1 =1

NE

> i i (QTiSjGIZ/Qb?/QCf/Qd?/Q) =2 (ki rkaz/chﬂ) (
=1

2 p/2
sib? 2 dl )
i=1 j=1

S
Il

1

and this completes the proof.

Notice that when p =2, 1, = s, = 1 and ¢ = by, d, = ag, (1 < k < n), we
get CBS inequality.

In what follows the same idea is used to obtain some related results to CBS
inequality. We start with

Theorem 2. Let ai,as9,...,a, and by, b, ..., b, be positive numbers and let
c1,Co,...,C, and dy,do, ..., d, be nonnegative numbers. Then, for all integer
p, holds:
(¢ - p/2 - - p/2 - p/2 - p/2
5 deZCkak + ch dkbk > chak debk
k=1 k=1 k=1 k=1 k=1 k=1

Proof. Applying mean inequalities to positive numbers a and b, we have
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P bP > 2aP/2pP)
valid for all positive integer p. Therefore, for 1 <, j < n, we have
p/2;p/2
af + b*;’ > 2a, bj
Multiplying both sides by ¢;d; > 0, (1 < 4,5 < n), we obtain
cl-djaf + Cidjb‘]v- Z QCidjazp/Qb?/Q
Adding up the preceding inequalities, yields

Z Z (Cidjaﬁj + Cidjb§> Z dp Z ckak + Z Ck Z dk >
k=1 k=1 k=1

i=1 j=1 k=1

> 2355 () =2 (et (S
k=1

i=1 j=1
and this completes the proof.
The complex version of the preceding result is stated in the following

Corollary 1. Let aq,as,...,a, and by, bs,...,b, be complex numbers and
let ¢1,c¢9,...,¢, and di,ds, ..., d, be nonnegative numbers. Then, for all
integer p, holds:

(dez%laklp/ +Z%de|bk|p/2>
=1 P R
2 (iCk!ak!W) (idk\bk!”/z>
k=1 k=1

Now, we state and proof our second main result.

Theorem 3. Let a1,a9,...,a, and by, bo, ..., b, be positive numbers and let
€1,€2,...,Cn and dy,da, ..., d, be nonnegative numbers. Then, for all integer
p > 1, holds:

SIS IUES WAL E

k=1 k= k=1 k=1

> <i Cka£71 i dkbk> + (i Craj i dkbil)
k=1 k=1 k=1 k=1
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Proof. To prove the preceding inequality we need the following
Lemma 1. Let a,b be positive real numbers. Then, for every integer p > 1,
holds:

aP + b > aP~ b+ abP!

Proof. We will argue by mathematical induction. The cases when p =1 and
p = 2 trivially hold. Suppose that the given inequality holds for p — 1, that
is, it holds that a?~! + P~ > aP~2b + abP~2. Writting now

a? + v =a (ap_l —l—bp_l) + P — abP!
and taking into account the inductive hypotheses, we get
a’? + b > a (ap_Qb + abp_2) + 0P —abP P =aP o+ PP P — abPL

Since a?pP~2 + WP — abP~t = P72 (a? + b* — ab) > bP~%(ab) = abP~ !, then
aP + b > aP~1b + abP~! as desired. We observe that equality holds if, and
only if, @ = b and the proof is complete.

From the previous lemma, we have for 1 <i,j < n,
-1 -1
af—i—bﬁ-’ > al bj+aib§
Multiplying both sides by ¢;d; > 0, (1 <i,j <n), we obtain
cl-djaf + Cidjbg-) > cidjaf_lbj + Cidjaibi-;_l

Adding up the preceding inequalities yields

n n n n n n
Z dp Z ckai + Z Ck dkbi = Z Z (Cidjaf + Cﬂljb?) >
k=1 k=1 k=1 k=1 i=1 j=1
n n
> Z (cidjaf_lbj + caidjaib§_1> -
i=1 j=1

= (Z Ckazil Z dkbk> + (Z CrQf Z dk:bz1>
k=1 k=1 k=1 k=1
as claimed, and the proof is complete.

The complex counterpart of the previous result is given in the next

Corollary 2. Let aq,as,...,a, and by, bs,...,b, be complex numbers and
let ¢1,c¢9,...,¢, and di,ds, ..., d, be nonnegative numbers. Then, for all
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integer p > 1, holds:

n n n n
cr Y dlbel? + Y di Y cklal” >
k=1 k=1 k=1 k=1
n n n n
> (ZCH%VH dk|bk!> + (Z Ck|@k|zdk\bk|p_1>
k=1 k=1 k=1 k=1

Finally, we will use a constrained elementary inequality to obtain the
following result.

Theorem 4. Let ai,as9,...,a, and by, bo,...,b, be positive numbers and let
c1,C2,...,cn and dy,do, ..., d, be nonnegative numbers. If o, 3 are positive
numbers such that a = 1+ 3, then

n

é <Z dk Z cka% + ﬁ Z Ck Z dkbk> > <Z ckak> (Z dkb£>
k=1 k=1

k=1 k=1 k=1 k=1

Proof. We begin with a Lemma.

Lemma 2. Let a,b,a and (§ be real numbers such that a > 0, b,a, 3 > 0
and a = 1+ 3. Then,
a® + BGb” > aab’®

with equality if, and only if, a = b.
Proof. The inequality claimed can be written in the equivalent form

v’ (aa — Bb) < a®

When a = 0 the inequality is strict, and when a = b the inequality becomes
equality. Hence, we can assume that a > 0 and a # b. Set A = a/b. Then,
the inequality is equivalent to aA — 3 < A% for X # 1.

Therefore, we have to prove that holds A* —aA+a —1> 0 for any

0 < XA # 1. Indeed, let f be the function defined by f(A) = A* —aX+a — 1.
It is easy to see that f'(1) =0, f/(A\) < 0in (0,1) and f'(A) > 0 in (1, +0c0).
This implies that f(A) > f(1) =0 if XA # 1 and this completes the proof.

Now carrying out the same procedure as in the previous results, we can write
for 1 <4, <mn,
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a;’ + b > aaibf
Multiplying up both sides for ¢;d; > 0,1 <4, j < n, yields

cidjait + Beid;bf > acid, azb

Adding up those inequalities, we get

dechak+ﬁchdebk_ZZ cidjaf + Beid;b}) >
k=1 k=1 k=1 k=1

=1 j=1

>0 33 adjat! = a (Z M> (; dkb§3>

=1 j=1

from which the result immediately follows and the proof is complete.
Likewise, the complex version of the about inequality is presented in

Corollary 3. Let ay,as,...,a, and by, bs, ..., b, be complex numbers and
let c1,c9,...,cq and di,da, ..., d, be nonnegative numbers. If o, 3 are
positive numbers such that o = 1 + 3, then
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One some new type inequalities in triangle
Mihély Bencze and Wei-Dong Jiang!®

ABSTRACT. In this paper we present some new type inequalitie in triangle,
giving a generalization of D. Milosevic inequality.

MAIN RESULTS

Theorem 1. Let ABC be a triangle, and g; : R — (0,+00) a log-convex,
g2 : R — (0,+00) a log-concave and f,h: R — (0,+00), then for all
x,y,z > 0 we have

z a A T 3 a
 Sh el ) 1

y+z  f(a) 6 sy /(a)
22 mwn@  n @ i@
Proof. Using the AM-GM inequality we have:

y h (b) r  h(a) =

therefore

z a A A B) f(a)f(b
stz f@al >222\/gl< D)) 1),

because

5Received: 17.02.2007
2000 Mathematics Subject Classification. 26D15, 51M16
Key words and phrases. Geometrical inequalities
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In same way we get:

y+z. f (a) 3 f
>, x gg(A)h(a)26 ng(A)h(a)_fh(%)

because

o)<t (5504) -4 5)

Corollary 1.1. In all triangle ABC for all A\, x,y,z > 0 holds

1), YUtz AA(‘;_G) > 6 (%)’\ f/a a refinement of [1] and [2]
2). LU s 26 (2) Y,
3). S g 2 6 (8) { e iam
. A
4). o u=. AA(SmS;Ingmz% >6( %) \/ SR—7) sZJEgrQer) 2R
5)- ZyTJrZ ' A’\(cos(;osgiosQ <) =6 % "2 4R+r)2f(;R+r)s2
6). S g 2 6(2)" V3
N S8 it 2 6(3) e

Proof. In Theorem 1 we take go () = 2 and

1). f(a)=a,h(a)=s—a

2). f(a) =rq,h(a)=r,+r.

3). f(a):h,a,h(a):hb—i—hc

4). f(a)zsinQQ,h( ) = sin? 2+s1 %
5). f(a) =cos® 4, h(a) =cos? 2 +cos? §
6). f(a)=a,h(a)=ry,+r.

7). f(a) =rah(a)=hy+ he

Corollary 1.2. Let ABC be a triangle, then for all x,y, z, A > 0 we have:

D TR et 26(F )\r

ytz . Ta T
2) z  (rp+re)sin A = ( ) \/47
yt+z | hg
3)- Z z (hy+he) si A ( ) 52+r2+2Rr
4) y+z sin % S6(2 A 2Rr2
) (sm 7+81n2 %)sm V3 (2R—r)(s24+r2—8Rr)—2Rr?
) Z yt+z | cos” é > 6 2 A 2Rr
’ T (cos2 5 +cos? g) sin® A V3 4R+r +(2R+r)s2



6).

Proof. In Theorem 1 we take go (x) = sin

+
S

) Y
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A
__a _ >g(2) 3T
(rp+re)sin® A — V3 s
a

se(2) o/
(hy+he)sin* A — V3 s24+r2+2Rr

Az and use the situations from

Corollary 1.1.

Corollary 1.3. Let ABC be a triangle, then for all A, z,y,z > 0 we have:

w N

S

5).

(=)

6).

)
)
)
).
)
)
)
)

. e
+
LY

a-ch? A>6(Ch7r) 3/4TR

-Tzlfi/“_6(ch”) Vir
Y
>
YU
T
>
7). Y v

hoch* A >\ 3 2Rr
l;lerh > 6 Ch s2+r2+2Rr

sin? % ch*A

> 6 (Chl )‘ 3 2Rr?
sin2 ngsinQ % = 3 (2R—r)(s24+r2—8Rr)—2Rr2
052 AchAA >6 (Chz))\ 2Rr2
cos2 cos? Btcos2 § = 3 (AR+1)°+(2R+7)s2
a chAA hE A g7
ry+re ( 3 ))\ \/;
a- ch>‘A W 3 /T
Tp+7e ( §) s
TaChAA LS A3 R2
hy+he > 6 (Ch 3) s24r242Rr

Proof. In Theorem 1 we take g () = ch*z and we use the situations from
Corollary 1.1.

Corollary 1.4. Let ABC be a triangle, then for all A\, z,y,z > 0 we have:

7).

ytz |

X
L
Sy
L
=R

A A
Ta(l"'eA) z 3 R2
Chrhe - 200t es ) e

+
Z ygjz

a(l-l—eA))\ o\ A AR
= 26(1+63> Vs
ra(lJreA))‘ A

“rptre 26 (1 + 63) V1R

ha(1+eA) z A 3 2Rr
hy+he 26 (1 + 63) 52+r2+2Rr
(1+e )A sin? 2 > 6 g 2Rr2
sin? 7+sm % = lte (2R r)(s?2+r2—8Rr)—2Rr?
(1+et) eos 5 32
cos? §+cos % =6 (1 tes ) \/(4R+r (2R+71)s2

a(1+e4)> . (1+6§>/\ 5 /T
- S

Tp+Te

Proof. In Theorem 1 we take g1 (z) = (1 + ¢*)* and we use the situations
from Corollary 1.1.
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Two geometric inequalities involved two
triangles

Yu-Lin Wul6

ABSTRACT. In this short note, we prove two geometric inequality conjectures
involved two triangles posed by Liu [9].

1. INTRODUCTION AND MAIN RESULTS

For AABC, let a, b, c be the side-lengths, A the area, s the
semi-perimeter, R the circumradius and r the inradius, respectively. Denote
by wg, wp and w, the interior bisectors of angles, and hg, hy, b the altitudes,
respectively.

It’s has been a long time since the scholar studied the inequality involved
two triangles. The very famous one is the following Neuberg—Pedoe’s
inequality [11].

a'2(b2—|—c2 —a2)—|—b’2(62—|—a2 _b2)+612(a2+b2 —62) 2 16&&’

Recently, Chinese scholar studied some geometric inequalities involved two
triangles. For example, Zhang [14] and Gao [4] proved the inequalities as
follows, respectively.

a2a/2 +62b/2 —I—C2c,2 > 16&&’

adb+c—a)+b(c+a—b)+c(a+b—c)>\ABA N

An [1] obtained several inequalities as follows.

! / /
aa/+bb,+cc/24\/(w+bb+w)ﬁﬁ,
aaq

6Received: 03.02.2009
2000 Mathematics Subject Classification. 51M16.
Key words and phrases. Geometric Inequality; Triangle.
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1 N 1 n 1 < 9
aad'bt)  bbed  ccdaa’ T 16 A A

a(s—a)+V(s—b)+d(s—c)> 4\/<Z sin? g . Zsin2 /21/> YAWAY

Wu [12] proved the following two inequalities.
3
hahl, + hyhy, + hehl, < i(aa' + bt + )

1 n 1 n 1 S 12
hohl, ~ hyhy — hchl — aad’ 4 b + cc

Leng [8] showed the proof of the inequality as follows.

3
Wawl, + wpw), + wew!, < Z(aa’ + b’ + cc)

Jiang [6] proved the following inequality.

a b . S3\r"r

J. Liu [9] posed the following two interesting geometric inequality conjectures
in 2008.
Conjecture 1. For AABC and AA'B'C’, prove or disprove

sin A’ N sin B’ N sin C’ < 1 (1 1)

!/ /! !

(b+ ¢) cot A? + (c+ a) cot 5 + (a + b) cot % > A(wg +wp +we).  (1.1)

Conjecture 2. For AABC and AA’B’'C’, and real numbers z,y, z, prove or
disprove

4
z2ad 4 y*ob + 2%cd > g(yzwaw; + zzwpwy, + TYWwW,). (1.2)

We prove the two conjectures in this paper.
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2. PRELIMINARY RESULTS
Lemma 1. ([3, 5]) For real numbers x1, x2, 3, Y1, Y2, y3 such that

122 + xox3 + 2371 > 0

and

y1Y2 + y2y3 + y3y1 > 0,

the following inequality holds.

(Y2 +y3)z1 + (y3 + y1)w2 + (y1 + y2 )23 >

> 24/ (2122 + Tox3 + 2371) (Y192 + Yoys + Y3y1) (2.1)

With equality holds if and only if % = % = z—g
Lemma 2. ([2]) In AABC, we have

A B
cot 3 cot 5 cot % > 3V/3. (2.2)

Lemma 3. (10, 13) In AABC, we have

WaWp + Wpwe + Wewq < 3r(4R + 1) (2.3)
Lemma 4. In AABC, we have

3
Wq + wp + we < 5\/ab+bc+ca. (2.4)
Proof. With well-known inequalities [2] w, < y/s(s — a), etc. We have

w2 4+ wi +w? < s(s—a)+s(s—b)+s(s—c) = s> (2.5)

From inequality (2.5) and Lemma 3, we obtain

(wq + wy, + we)? < 5% + 24Rr + 612, (2.6)

With known identity ab + bc + ca = s% + 4Rr + 2, we get

9 5
Z(ab +be+ ca) — (s* + 24Rr + 6r2) = Z[SQ —16Rr 4 5r% +4r(R —2r)]. (2.7)
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From identity (2.7), Gerretssen’s inequality s> > 16 Rr — 512 and Euler’s
inequality R > 2r, we can conclude that

9
Z(ab—l— be+ ca) — (s> + 24Rr + 6r?) > 0 <= s° + 24Rr + 612 <

< g\/ ab + bc + ca. (2.8)

Inequality (2.4) follows from inequality (2.6) and (2.8) immediately. Thus,
we complete the proof of Lemma 4.

Lemma 5. (Wolstenholme’s inequality, see [7]) For AABC and real
numbers x,y, z, we have

22 +y? 4+ 22 > 2yzcos A + 2zx cos B + 2zy cos C, (2.9)
with equality holds if and only if z : ¢y : 2 =sin A : sin B : sin C..

3. THE PROOF OF CONJECTURE 1

By Lemma 1, we get

! / /

A
(b—i—c)cot?+(c+a)cot?+(a+b)cot% >

A B B c A
> 2\/(ab + bc+ ca) (cot 5 cot 5 + cot 5 cot 5 + cot Y cot 2) (3.1)

By Lemma 2 and AM — GM inequality, we obtain

/ / / ! ! /
cot — cot — + cot — cot — + cot — cot — >
2 2 + 2 2 + 2 2~

2
A B C\s
> J— _— = . .
_3<cot 5 cot 5 cot 2) 9 (3.2)

With inequality (3.1)-(3.2), together with Lemma 4, we can conclude that
inequality (1.1) holds. The proof of conjecture 1 is complete.
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3. THE PROOF OF CONJECTURE 2

With known inequalities w, < v bccos g, etc, we get

= (yzwaw), + zzwpw), + ryw.w,) <

3

A A’ B B’ C C’
(yzv beb' ! cos 5 Cos o + zxVeada cos 5 008 5 + xyvaba'b’ cos - cos 2> =

C«O\rb-

4 A+ A A—A B+ B’
== [yz\/ beb' ! (cos ; + cos 5 > + zzVeada' <cos + +

3 2

+ cos

- B ! e/
> + zyvaba'b/ (cosc—gc +COSC 20 >] (4.1)

’ ’ 4
For 444 4 BEE 4 C4C — 7. then by Lemma 5, we have

A+ A B+ B’ c+
yzVbeb'd cos + + zxVcacda' cos + + xyVaba'b’ cos +T <
1
< §(x2aaf + 32bb + 2%cd). (4.2)
From cos 4= 2 L < 1,cos 2 ' < 1,cos € ' < 1, and

22 >y yz+ zx we obtam

— A B —
+ zxV ecacda cos

A _ !
yzVbeb'c! cos + zyV aba't! cos 5 C

< yzVbel'd + zzvVeadd + zyVaba'tl < z?ad + yPbb + 22 (4.2)

Inequality (1.2) follows from inequalities (4.1)-(4.3) immediately. Thus, we
complete the proof of Conjecture 2.
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Some applications of certain inequalities
Mihdaly Bencze and Nicusor Minculete!”

ABSTRACT. The purpose of this paper is to show several geometric inequalities.
Which are based on the algebric inequalities.

1. INTRODUCTION

Bellow, we present three lemmas which will help us find several geometric
inequalities for the triangle, for the bicentric quadrilateral and for the

polygon.
Note that in [2] M. Dinca proved the inequality

2
r+y+z 3> Jry+yz+2x ) [2? +y? + 22 (11)
3 - 3 3 '

where z,y, z > 0. From this inequality we will deduce two inequalities for
which we will establish several geometric inequalities.

2. MAIN RESULTS

Lemma 1. If x and y are positive real numbers, then

4 2 2
(x;y>zaw<$gyl)zx%2 (2.1)

Proof. For y = xt, the first inequality of the statement becomes
4 2
1+t >t 1+t
2 - 2

(t—1)* >0,

which means that

which ig tr211e. s
Since T > zy, it is easy to see that xy (%) > 2242,

"Received: 17.02.2009
2000 Mathematics Subject Classification. 51M04
Key words and phrases. Geometric inequalities, triangle.
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Lemma 2. In any triangle ABC, the inequality

A_b+ec
2R cos — > 2.2
cos 5 2 —5— (2.2)
holds.
Proof. Since
B+C B-C
b+c=2R(sin B+sinC) = 4Rsin ; cos —5— =
A B— A
= 4R cos — cos ¢ < 4Rcos —,
2 2
it follows that
A
b+ c<4Rcos 3
which implies the statement required.
Lemma 3. In any triangle ABC, we have the inequality
A b2 4 2
R (b+¢)* cos” 3 > be ( ‘2” ) > b2e?, (2.3)

and it‘s permutations.
Proof. Making the substitutions £ = a, y = b, z = ¢ in Lemma 1, we deduce

that
b+c\* b+ ¢ -
> >

But, by using Lemma 2, we have

2 2 2
R26052§(b+c)2:4R2c082A(IH_C) Z(b—;c) (b;c) =

b—|—02 b2 + 2 9 9
= > >
(o3 (¢ 3)-

Theorem 4. There are the following inequalities:

R V2(a? +b%) (12 + c2) (2 + a?)
dr (@a+0)(b+c)(c+a)

1
>77
-2



Some applications of certain inequalities 201

2 2 2\ (12 2\ (2 2
E Z\/2(a +b6%) (b +A2) (c +a)21 (2.5)
T abe 4
AR? (AR +1) > Y \/2bc (b + ¢?) > 2 (p* +1* + 4Rr) (2.6)
R MaMpMe
— >4 ————>1 2.7
2r = SaSpSe (2.7)
A
32R? Z COS45+CL4+Z)4+C4Z (a® + >+ %) (a+b+c) (2.8)

cyclic

or

2R (4R+7)*+2(s*—1r2—4Rr)?>+165>Rr > R?s*+(s*+r?+4Rr)*425%(s*—3r*—6Rr)

and

A JAN
Z a cos® B > W (a2 + b+ 02) (2.9)

cyclic

where sq, 8p, S are the lengths of the symmedians of the triangle ABC.
Proof. Making the product of inequality (2.3) and its permutations, we
obtain

2
RS <cos g cos g cos C;) [(a+b)(b+c)(c+ a)]2 >

> £ (abo)? (o +87) (1 + ) (& + o)
But, we know the equalities

A B C S
cos 3 cos 5 cos 3= 1R and abc = 4R/ = 4Rsr,

which means that the above inequality becomes
R4s?

16
Hence we deduce that

[(a+b) (b+c)(c+a)]* > 2R*s%r% (a® + b?) (b% + %) (2 + a?)

R® _ 2(a?+0%) (0 +¢2) (¢ +a?)
16r2 — (a+b)(b+c)(c+a)
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Therefore, inequality (2.4) holds.
By using Andrica‘s inequality [3]

@Z (a+b)(b—|l;c)(c+a)

and inequality (2.4), we obtain

(R)2 V2@ AP P+ ) (@ + )

T - abe

From Lemma 1 and Lemma 2, we have

2 2 1 2
4RQCOS2§Z<b;C> > Vbe b ;C > be,

so, making the cyclic sum of these, we obtain

4R? ZCOS2§Z Z \/bc(bQ;_CZ)Z Zbc

cyclic cyclic cyclic

Therefore

2 r 1 D) D) 2 2
AR (4+§) > 5 > VWP ) 22 (0 + 07 + 4k
cyclic
it follows that inequality (2.6) holds.
We used the equalities

A 1 r
2—:7 — — 2 2
E cos 5 2<4+R) and g bc = s+ 1r“+4Rr

cyclic cyclic

From [13], we know the equality

_ 2bemg
b2 42

Sa

It follows that,

a b2 2
(bC)Qwac< re )

Sa 2

From Lemma 1, we find the relation

4
(bgc> > (be)? ™2, so

Sa
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[(a+b)(b+c

Therefore

> 1

(a+b)(b+c¢)(c+a)] o Mampme
Sabc SaSbSe

By using Andrica‘s inequality, we deduce the following inequality:
LAY > MalpMe
2r T SaSpSe

Consequently, inequality (2.7) is true. It is easy to see that

A b+c\? b 4 2
16R* cos* = > > 2.1
6Rcos2_<2>_bc( 2 (2.10)
Hence
16R* Zco é 1 b3c—|—bc +adc+ ca® + a®b + b3a )
cyclic 2 2

:%[(ag—{—b?)—l—c?)) (a+b+c)— (a*+0" + )],

which means that

32R4Zcos +at+b'+ct > (P00 +P) (a+b+o)

cyclic

From inequality (2.10), by multiplying with ¢ and making the cyclic sum of
these, we deduce that

A
16R4Zacos4§ > abc(a2 + v? +02) = 4AR(@2 + b2 —i—cz) ,
so, we obtain inequality (2.9).

Proposition 5. If x1, xo, ..., ,, are real numbers with x; > 0, for all
k€ {1,2,...,n}, then there are the following inequalities:

H (:Ell—lJ-rﬂ;QZ (H xk) (2.11)

cyclic



204 Mihaly Bencze and Nicugor Minculete

and

(@1te)’ oy 2.12
yZl: v ; ; (2.12)
Proof. By using Lemma 1, it is easy to see that inequalities (2.11) and (2.12)
hold.
Proposition 6. In any cyclic polygon AjAs...A, with the lengths of sider
A1A2 = ai, A2A3 = az, n-,An—lAn = adp—1 and AnAl = Qp, WE have the
inequality

V(@3 +a3) (a3 +a3) . (a2 +a})
(a1 + a2) (a2 + a3) ... (an + a1)

Proof. In the triangle Ay_1 A A1, we apply Lemma 3 and we have the
inequality

25 R"sin" ~ > (a1as...an) (2.13)
n

A
2R? cos® 7k (ap—1 + ag)? > ax_1ap (az_i +aj) .

for k € {1,...,n}.
Making the cyclic product of these inequalities, we obtain

2 2
A
2N RN cos ?k H (ag—1+ ak)2 > H ag H (a%,l + a%)

cyclic cyclic cyclic cyclic

From Jensen‘s inequality, we have the relation

T
cos =L cos 2. cos =X < sin™ — (2.14)
n

Consequently, we obtain

Q%R”sin”% H (ag—1 + ag) > H ay, H (ai_l—kai),

cyclic cyclic cyclic

from where we deduce the statement.
Corollary 7. In any bicentric quadrilaterals ABCD with the lengths of
sides a, b, ¢ and d, the following inequalities:

(RQ>2 N@ R F+ A (2 + P) (P + a?) (2.15)

A (a+b)(b+c)(c+d)(d+a)
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and

2R* > A (2.16)

hold, where R is the circumradius and A is the area of the quadrilateral.
Proof. For n = 4 in the relation (2.13), we deduce that

a? +b2) (b2 + ?) (¢ + d?) (d? + a?)
(a+0b)(b+c)(c+d)(d+a)

But we know that in any bicentric quadrilateral we have

4R*sin? % > abed \/(

A = Vabed, so A? = abed.

Therefore

o p2 V(@ +0) 07+ ) (P + P) (& + a?)
= (a+b)(b+c)(c+d) (d+a)

it follows that inequality (2.15) holds.
Since 2 (a? +b?) > (a + b)?, we can say that

R4

16 (a® + %) (b? + ) (® + d?) (d® +a®) > [(a +b) (b+¢) (c+ d) (d + a))]?,

which implies the inequality

V(a2 +02) (b2 + 2) (2 + d?) (d? + a?)
(a+b)(b+c)(c+d)(d+a)
Therefore, using inequality (2.15), we deduce

1
> —.
4

4R* > A% s0 2R* > A
Corollary 8. In any triangle ABC, there are the inequalities:

2 (.2 2 4
s (8 +r +2R7°) 1652R22 >

29 2
>2(s? — 1% 4Rr) [ (s + 72 + 4Rr)” ~ 165" Rr | (2.17)
and
8;124 +shr? > [(4R +1)? — 232} (s — 8Rr — 212 (2.18)
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Proof. For n = 3 in inequality (2.11), we deduce

(21 + x2) (22 + x3) (23 + 21)]* > 27 (212923)° (23 + 23) (23 + 23) (23 + 23)

Taking the substitutions

($1> €2, 1‘3) S {((1, ba C) ) (’I“a, Tb,, TC)}
we deduce inequalities (2.17) and (2.18).

Proposition 9. If x,y, z > 0, then there is the inequality

3
(W) > (Yryz)? — 5 > xyz (2.19)

Proof. From inequality (1.1) and from the inequalities

[ 22 2
1/$y+yz+zx>\3/@and +y tz > Yryz,

we deduce the inequality (2.19).

Corollary 8. In any triangle ABC, there are the following inequalities:

(238)3 > (3/@)2 \/2 (s° — r; —4B) S sy, (2.20)

s\3 3 2\/32—27“2—8Rr

) > 2 2T T > .

(3) > ( sr ) 3 > sre, (2.21)
2

s2 4+ 72+ 4Rr\’ - 328272 (s2 4+ r2 +4Rr)* — 16s2Rr - 2522

6R - R 3 -~ R’
(2.22)

4 ’ 2 (4 2 282

( R3+r> - (v) \/( R+2 2o 023

. 2
2R —r\? i,/ r2 \/8R2+7’2—52 r2
> > 2.24
( 6R ) = ( 16R2> 4R~ 16R? (2.24)
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and
2
4 3 2 4 2_ 2 2
R+r > (92 (AR+1r)" —s 5 S (2.25)
6R 16 R? 24R? 16 R?
Proof. For (x, y, )
{(a,b,¢), (s — —b,s—c), (ha,hw, he) , (ra, p,7c) , (sin? ‘g,st 5 sin? g)

s —
(cos2 ‘;‘,0052 g , C082 %)} in Proposition 9, we obtain the above inequalities.

Proposition 11. If z,y, z > 0, then there is the inequality

AN /W > vo5 (2.26)

Proof. Since 3 (:z2 + 9%+ 22) > (zy +yz + za:)2 , we have

[22 + y? + 22 STy tyz e
3 - 3

and, by using inequality (2.19), we deduce the inequality from the statement.

Corollary 12. In any triangle ABC, there are the following inequalities:

2 2 2 4 .
g > \/# > ¥/4sRr, (2.27)

% . \/32—27“32—8}% > Vsr2, (2.28)
W N 2;; N 2827“2 (2.29)
AR+ \/572 e (2.30)

3 3
e > i @31

and

4R +r s2+ (AR+71)? _ 4] s2
> >
6R — 48 R? — V 16 R?

(2.32)
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Proof. For (:U y, )
(cos2 ‘;‘,cos 5 ,(3052 %)} in Proposmon 11 we obtain the above 1nequaht1es.
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A refinement of Jensen‘s inequality
Mihdly Bencze and Zhao Changjian'®

ABSTRACT. In this paper we give a refinement and some applications of the

inequality 1+I > (H—Tx)” which is a particular case of the Jensen‘s inequality

MAIN RESULTS
Theorem 1. If z > 0, n,k € N, k <n, then
1). ok 4 2nF < 1+$
2) (1 4 xn+1) > 2 Z xn+1 k
3). 2n(14+z+a%+.. +x"+ )>(m+2)(1+z)(1+z+a?+ ... +a")
4) 1+a™ > 14z4az?+.. 4 > ( +x )n
. 2 - n+1

Proof.
1). zF 4+ 2"k <14 2" is equivalent with (a:k — 1) (x"*k — 1) >0, or

(x—1)2(xk_1+xk_1+...+x+1) (x"_k_1+ nh=2 4 o+ > 0

Using 1). we have

n n n
2). n(1+a2" ) = 3 (L427H1) > 32 (aF +am+1-k) = 2 37 gn+ih
k=1 k=1 k=1
3). The inequality
n(l+z+a?+..+2")>n+1)(1+z)(1+a+a°+ .. +2")is

equivalent with

l+ax+22+.. "t - l4+x+...+z" 1+
n+2 - n+1 2 ’

After elementary calculus we get:

n
n (1 + xn+1) > Qan—l—l—k
k=1

8Received: 16.03.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Jensen's inequality.
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which result from 2).
Using 1). we get

n

4). (n+1)(1+2")=> (1+2") > i (2% +a2n7k) =2 i z* or
k=0 k=0

k=0
L+a” l+x+a?+.. +a"
2 n+1
The inequality M"%jfﬁw > (H‘Tx)n we prove by induction.

For n = 1 we have equality, if n = 2, then (x — 1)2 > 0, true. We suppose
true for n, and we prove for n 4+ 1. But from 3) we get

1+x+x2+...+x”> Ltat..tam\ (1t+a) _ (L1t Gan
n+1 = n+1 2 )=\ 2 ’

therefore is true for all n € N*.

Remark 1. The inequality

1+x”>1+x+x2+...+x"> 1+ 2\"
2 - n+1 - 2

is a new refinement of Jensen‘s inequality, for the function f (z) = x",

n € N.
Corollary 1.1. If z > 0 the

ﬁ (ﬂ?k + x”_k> <(1+az™"

k=0
Proof. From Theorem 1, point 1) we get

ety 2 Fltae - ey
k=0

k=0

If z = § then we have the following.

Remark 2. If a,b > 0 then

ﬁ (akbnfk —I—anikbk) < (an +bn)n
k=0
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Corollary 1.2. If a,b > 0 then

a + b - a4+ a" o+ .. a4 07 - a+b\"
2 - n+1 - 2

for all n € N.
Proof. In Theorem 1 we get z = §.

Remark 3. If n = 2, then we obtain a problem of M. Lascu.

Corollary 1.3. If f: R — R is a convex and increasing function and

g:R— Risa concave and increasing function, then
Y, Mttt s f (1))

1 x)+... n
2). a( )Jrg(n)ir1 +g(=") <g (14—2:c )
forall x > 0 and n € N.

Proof. From Jensen s inequality and from Theorem 1 we get
1). {4 )+f(x>+ G S <1+m+7+w) > ((32)")

2

2). ¢ g(1 )+g(9;)ii..+g( ) <g <1+a::¥.1+x ) <g (1+:c )

Corollary 1.4. If z,y,z > 0, then

2 2

sz > 2y z 4> wy > drt 4>y ZZSU?J
3 2

Proof. In Corollary 1.2 we take n = 2 so we obtain

a:2+y2>:c2+xy+y2> r+y\° | 2%+ 2wy + o
2 3 A B 4

and

szzzgﬂ;y? 22W2;<22x2+zxy> >

2 2 2
sz +2Zy—|—y Xz —;ny Zny
Corollary 1.5. In all triangle ABC holds

1). 2(s* —r* —4Rr) > 1 (5s* = 3r2 —12Rr) > 5 (35> — r? — 4Rr) >
> s2+1r2 +4Rr
2). 52 —2r2 —8Rr

3). (4R+r)* — 252

(252 —3r2 — 12Rr) > % (52 —r? - 4R7“) >
L (2(4R+r)2 —352) > 1 ((4R—i—r —s
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4). 2(8R? +r? — §?) > 1 (5r? — 8Rr + 40R? — 4s%) >
> 1 (3r2 —8Rr + 16R? — 232) > s+ 12 —8Rr

—

1
2

5). 2 ((4R ) 52) > 1 (5 (4R +7)? - 352) > 1 (3 (4R +7)? — 32) >
> 5%+ (4R + 1)’

Proof. In Corollary 1.4 we take

(r,y,2) € {(a, b,c),(s—a,s—b,s—c),(ra,rs,7ec), (sin2 %,Sin2 g, sin? %) ,
(cos? g, cos? £, cos? %)}

Corollary 1.6. If z,y,2z > 0 and a,b > 0, then
2
1). Ya? > W >y

). Ya? > ((La) (Saw)) ™ = Tay

Corollary 1.7. If > 0 and n € N,n > 2, then

n

<1+$—|—x2—|—...—|—:p"—1)"1 < 1+ 2"

n - 2

Proof. The function f (z) = 271,z > 0 is convex, therefore from Theorem 1
point 4) we get

<1+:U—|—x2—|—...—|—a:”1>"nl_f<1—|—ac—|—x2+...+x"1> -

n \n—1
<1+<.’E"1) :1+xn
- 2 2
Corollary 1.8. If f : (0,4+00) — R where f (z) = {/z, n € N*, n > 2, then
exist ¢ € <<M) ;“TH’> , 0 < a < bsuch that

fO)=f(a)=(—a)f (o)
Proof. We have f (b) — f(a) = (b—a) f' (c) or

Vo—ga 1

b—a nncnfl
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therefore

b—a
n (V- va)

B ({L/a"_l —1+ Va2 + ...+ Vab" 2 + %n—1>”1 - (%Jr %)n
B n - 2

which follows from Corollary 1.2 for a — {/a, b — Vb, n —n — 1.
In same way

n 2

o /b

which follows from Corollary 1.7 for z = {/ ..

Remark 4. Because (M)n > Vab, therefore for all n € N, n > 2,
ce (Vab ).

Open Question 1. If f: (0,4+00) — R is convex and xj > 0
(k=1,2,...,n), then

n L3
f(w1)+k2_31f<(zf) )

1) f(x1)+f($2) > _n+1 > f($1+332)
2. 4% F o) 2 ity (zf<xk>+ ) zf(gz)">zf<;ixk)
k=1 cyclic k=1 k=1

Open Question 2. If f: (0,400) — R is convex and n— time differentiable,
then exist pr > 0 (k= 1,2,...,n+ 1) such that for all x > 0 holds

n ‘,Ln_k
n o 2 (R
1) 1-5—2$ Z k;O - Z (1-52?)”
2 T
5 e f D (@)
Pk z
1 =
2) £( )+f()2 1n+1 Zf(l—gz)
> P
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Generalizations and analogues of the
Nesbitt’s inequality

Fuhua Wei and Shanhe Wu!?

ABSTRACT. The Nesbitt’s inequality is generalized by introducing exponent and
weight parameters. Several Nesbitt-type inequalities for n variables are provided.

Finally, two analogous forms of Nesbitt’s inequality are given.
1. INTRODUCTION

The Nesbitt’s inequality states that if x,y, z are positive real numbers,
then

x y z
y+z z4+x x4y
the equality occurs if and only if the three variables are equal ([1], see also
[2]).
It is well known that this cyclic sum inequality has many applications in the
proof of fractional inequalities. In this paper we shall establish some
generalizations and analogous forms of the Nesbitt’s inequality.

2. GENERALIZATIONS OF THE NESBITT’S INEQUALITY

>2, 1)

Theorem 1. Let x, y, z, k be positive real numbers. Then

T Y z 3
+ + > .
ky+z kz4+x kr+y  1+k
Proof. By using the Cauchy-Schwarz inequality (see [3]), we have

(key + 22+ kyz + oy +haz 4y (—— L F )
X zr z X xrz z
Y Y Y Y kxy+zx kyz+zy  krz+yz) "~

> (¢ +y+2)>

YReceived: 23.12.2008
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Nesbitt’s inequality; Cauchy-Schwarz inequality; Cheby-
shev’s inequality; power mean inequality; generalization; analogue
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Hence )
T LYz (x+y+2)
ky+z kz+xz kr+y— (1+k)(zy+yz+zx)

_ 22+ % + 22 4+ 2zy + 2yz + 22z S 3
N (1+k)(xy + yz + 2x) T 14k
The Theorem 1 is proved.

Theorem 2. Let z1,x9,...,x, be positive real numbers, n > 2. Then

T X2 TIn
+ +-+ >
Tot+x3+---+xy, T1tax3tas4t+-+ Ty r1+x2+ -+ Tp-1

n

> .
—n—1

Proof. Let s =1 + 9 + -+ + x,, one has

21 + L2 ey Ln
Tot+r3s+---+xy, T1taxztasat-o-+T, r1+x2+ -+ Tp-1

T Z2 Tn

+ + -+ .
s — 1 I ) S — Tn
By symmetry, we may assume that x1 > x9 > --- > x,,, then

X1 ) Tn
§—x1 < 8s—x2 < - < 85— Ty, > =2 .
s —x1 S — Iy S — Inp

Using the Chebyshev’s inequality (see [3]) gives

T Z2

s_ml(8—331)+S_x2(s—x2)+~-—|—3_xn(s—xn)
1 T T T
g( Ly 2 4. >[(s—ml)+(8—x2)+'~+(s—xn)},
n\s—x S§—2x9 s —xp
or equivalently
Tl + D) bt In > n ’
S—x1 S— X9 s—x, n—1

this is exactly the required inequality.
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Theorem 3. Let x1,x9,...,x, be positive real numbers, n > 2, k > 1. Then

T1 K ) k
To+ X3+ -+ Tpy r1t+ax3txa+---+

k
Tp n
+ > . 4
<331+962+--'+xn—1> T (n—1)k @

Proof. Using the power mean inequality and the inequality (3), we have

I b T2 k
To+x3+ -+ Tn r1tarstaxat+---+a,

x F o ’ n
+ n >n1_k ! >
(acl—i-xg—i--"—kxn_l) - (Zs—xi ~ (n—1)k

i=1

This completes the proof.

Theorem 4. Let x1,z9,...,x, be positive real numbers, and let
n
A>1,r>s5>0, > xf =p. Then
i=1
n T A A AT —1
S s ()
—\p— 7 n—1 n

Proof. Using the power mean inequality (see [3]), we have

n x’ A A n x’ A
L >npl- z .
Z(}?-fbf) - ZP—Q«“?

i=1 i=1

On the other hand, by symmetry, we may assume that x1 > z9 > -+ > xy,
then

i >a5> o >y >0, p—a >
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n r
r (X 7)s r
jé T _ ~ (a7)5 S p2-t . =l ' __n (g);—l
_ S S = n . )
L o) "
i=1
Therefore

n A n A A r
S (5) = (2 ) e ()
p—x; p—x; n—1 n

i=1 =1

The proof of Theorem 4 is complete.
In Theorem 4, choosing A=1,s=1,n=3, 21 =x, x20 =y, x3 = 2z, we get

Theorem 5. Let z, y, z be positive real numbers, and let
r+y+z=p, r>1. Then

T T

x Y 2" 3 (p)?”*l
> (= . 6
y+z+z+x+x+y_2 3 (6)

In particular, when r = 1, the inequality (6) becomes the Nesbitt’s inequality

(1).

3. ANALOGOUS FORMS OF THE NESBITT’S INEQUALITY

Theorem 6. Let z,y, z be positive real numbers, Then

3v2
\/m+\/y+\/z<f (7)
r+y Y+ z z+x 2
Proof. Note that

x Y z x
+ + =Vztax,|————F+
\/x+y \/y+z \/z—l—x (x+y)(z+x)

Y z
RS A Vi v S e SV s Y

By using the Cauchy-Schwarz inequality, we have

(m TR e SRV

)
@+ )+ o) DR
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* y—i—zv (z+2)( y+z>

s@Etototyty+2) [(x+y)(z+x) i (y+2)(fv+y) " (Z+fﬂ)(y+z)]'

Thus, to prove the inequality (7), it suffices to show that

T Y z ]

9
Gy Gte) Wraery Grawtal o4

(x+y+@[

Direct computation gives

T Yy z }

9
) e g e e e 6

(x+y+2)zy+z2)+yz+z)+ 2(x+y)] _9_
(z+y) (y+2) (2 + ) 4
dz+y+2)ey+2) +ylz+o)+2x+y)] -9

(z+y) (y+2)(z+7)

4(x+y)(y+2) (2 +2)
8(x+y+z2)(zy+yz+zx)-9(x+y) (y+2)(z+x)
(

4($+y)(y+2) z+ 1) B
_ bayz — 2ty — 2tz —ay? — yPia — 22—y22<0
a 4(x+y)(y+2) (2 + ) -

where the inequality sign is due to the arithmetic-geometric means

inequality. The Theorem 6 is thus proved.
Theorem 7. Let x,y, z be positive real numbers, o < 1/2, Then

($j—y)a+<yiz)a+<zix>a§23a (8)

Proof. It follows from the power mean inequality that
Gh) () (55)
r+y y+z z+x
2c 2«
_ z Y z 1-9 3 3
o () ()
- <\/x +y y+z z+4w - V2 20
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The inequality (8) is proved.

Remark. The inequality (8) is the exponential generalization of inequality
(7). As a further generalization of inequality (7), we put forward the
following the following conjecture.

Conjecture. Let z1,z9,...,z, be positive real numbers, n > 2, o < 1/2.
Then

I @ xT9 @ Tn—1 @ X @ n
+ Fob ) + . < —. (9
T1 + X9 To + X3 Tp—1+ Tp Ty + 21 2¢
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Various proofs of the Cauchy-Schwarz
inequality

Hui-Hua Wu and Shanhe Wu2°

ABSTRACT. In this paper twelve different proofs are given for the classical
Cauchy-Schwarz inequality.

1. INTRODUCTION

The Cauchy-Schwarz inequality is an elementary inequality and at the same
time a powerful inequality, which can be stated as follows:

Theorem. Let (aj,as,...,a,) and (b1, be,...,b,) be two sequences of real
numbers, then

n n n 2
i=1 i=1 i=1
with equality if and only if the sequences (a1, aq,...,a,) and (b1, ba, ..., by)

are proportional, i.e., there is a constant A such that ap = Aby for each
ke{l,2,...,n}.

As is known to us, this classical inequality plays an important role in different
branches of modern mathematics including Hilbert spaces theory, probability
and statistics, classical real and complex analysis, numerical analysis,

qualitative theory of differential equations and their applications (see [1-12]).

In this paper we show some different proofs of the Cauchy-Schwarz
inequality.

20Received: 23.12.2008
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Cauchy-Schwarz inequality; arithmetic-geometric means
inequality; rearrangement inequality; mathematical induction; scalar product
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2. SOME DIFFERENT PROOFS OF THE CAUCHY-SCHWARZ

INEQUALITY
Proof 1. Expanding out the brackets and collecting together identical terms
we have
n n n n n n n n
D) WOIETRIEES 9D SUED U EE) D SIS
i=1 j=1 i=1  j=1 i=1  j=1 i=1 j=1

, (é a§> (é b?) ) (:1 ain)Q.

Because the left-hand side of the equation is a sum of the squares of real
numbers it is greater than or equal to zero, thus

(£4)(59)= (E)

Proof 2. Consider the following quadratic polynomial

n

f(z)= (i a?) a? =2 (Zn: aibi> T+ z”: b = Z (a;x — bi)2.
i=1 i=1 i=1

i=1

Since f(x) > 0 for any = € R, it follows that the discriminant of f(x) is

negative, i.e.,
n 2 n n
) (54) ()
i=1 i=1 i=1

The inequality (1) is proved.

n n

Proof 3. When Y a? =0 or Y b? =0, (1) is an identity.
i=1 i=1

We can now assume that

a; b;

\//17”1 Yi =

n n
An=>a; #0, By=> b #0, a;=
=1 =1

5
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then

n n
SEED SN
i=1 i=1
The inequality (1) is equivalent to

T1Y1 + Ty + - TpYn < 1,
that is

2(m1y1+x2y2+--~$nyn)Sa:%+x§+---+x%+y%+y§+---+yi,

or equivalently

(x1 —3/1)2‘1'(9”2 _3/2)2+"'+(5Un_3/n)2 >0,

which is evidently true. The desired conclusion follows.

Proof 4. Let A=\/af+ a3+ --+a2, B=bj+b3+ - +0b2
By the arithmetic-geometric means inequality, we have

n 2

aibi " 1 a; b2
<N "2 (%) g
z,ZIAB-—ZI2<A2+32) !

1=

so that
n
> aibi < AB = \/a%+a%+---+a%\/b%+b%+---+b%.
=1
Thus
n 2 n n
(Sen) = () (3]
=1 =1 =1
Proof 5. Let

Ap=al+a3+---+a2, B, =aib+agba+---+apby,, Cp =02 +b34- - +b2.
It follows from the arithmetic-geometric means inequality that

A,C, " a2C, D p2 & <azCn b? ) "L ab;
tl=) ot 7 = e ] 22 =2,
B3 i=1 B i=1 Cn ; B Cn ; By

therefore
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A,C, > B2,
that is

(af +a3+- - +as) (T + b5+ +b2) > (a1by + agba + -+ + anby)*.

Proof 6. Below, we prove the Cauchy-Schwarz inequality by mathematical
induction.

Beginning the induction at 1, the n = 1 case is trivial.

Note that

(a1by + agby)? = a?b? + 2a1braghy + a2bd < a?b? + a2b? + adb? + a2b? =
= (af + a3) (b7 + b3),

which implies that the inequality (1) holds for n = 2.
Assume that the inequality (1) holds for an arbitrary integer k, i.e.,

(B) < () (55%)

Using the induction hypothesis, one has

k+1 k+1

k k
Za?- Zb?: Za?—i—azﬂ- Zb?+bi+12
=1 =1 =1 =1

k k k k+1
>3 "a2 (D00 + lakpaben | =Y laibi] + lakpabe | = laibi].
=1 =1 =1 =1

It means that the inequality (1) holds for n = k + 1, we thus conclude that
the inequality (1) holds for all natural numbers n. This completes the proof
of inequality (1).

Proof 7. Let

A = {albla"'albn)a2b17”' 7a2bna"' 7anb17"'anbn}
B = {albla' "Glbn,Gle,' te 7a2bn7' o 7anb17"'anbn}
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C == {a1b17' "albn,CLle,‘ T 7a2bn7' o 7anb17"‘anbn}
D= {albb"'anblaale?'“ ,(Ian,"‘ 7a1bn7"'anbn}

It is easy to observe that the set A and B are similarly sorted, while the set
C and D are mixed sorted.
Applying the rearrangement inequality, we have

(albl)(albl) + -+ (albn)(albn) + (azbl)(agbl) + -+ (agbn)(azbn) + -
+(anbi)(anbi) + -+ + (anbn)(anby) > (a1bi)(aibr) + - + (a1by)(anb1)+

+(azb1)(arbz) + - - + (a2bp)(anbz) + - - + (anb1)(arb,) + - - - + (anbn)(anby),

which can be simplified to the inequality
(af +a3+- - +a2) (T + b5+ -+ +b2) > (a1by + asby + -+ + anby)?
as desired.

Proof 8. By the arithmetic-geometric means inequality, one has for A > 0,

1/, 5 b
la;b;| < 5 <)\aZ + /\)

Choosing A =

n n
S v? / >~ a? in the above inequality gives
i=1 i=1

n

> b7 > af

|laibi| < A 2%2 + | = 253
> a; > b;
=1 =1

Hence
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or equivalently

n 1 n n n n n n
Z\aibz‘|§§ IBLDINEEN DD DA ENDIENDI
i=1 i=1 =1 i=1 =1 i=1 i=1

The desired conclusion follows.
Proof 9. Construct the vectors a = (a1, a2, ,an), = (b1,ba, -+ ,by).

Then for arbitrary real numbers ¢, one has the following identities for scalar
product:

(a+t3) - (a+t3) =a-a+2(a-B)t+(8-0)t? <= |a|* +2(a - B)t+|3)°t* =

=la+t8]*>0.
Thus

(- B)° = a8 < 0.

Using the expressions

n n
a-fB=a1b; + asby + -+ - 4+ apby, |a|2:Za?7 ’ﬂ‘QZZb?’
i=1 =1

@; aibi>2 : (é a?) (é b?) <.

Proof 10. Construct the vectors o = (a1, a2, ,a,), = (b1,b2, - ,by).
From the formula for scalar product:

we obtain

a-f=lal|B|cos (),

we deduce that

a-f<|af|s].

Using the expressions
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n
a-f=aiby + agby + -+ + apbp, Za’w 2:2[)?’
we get the desired inequality (1).

Proof 11. Since the function f (z) = 22 is convex on (—o0, +00), it follows
from the Jensen’s inequality that

(p1a1 + Powa + - -+ + Ppan)® < P1o] + poxs + - + o, (2)
where z; € R, p; >0 (i=1,2,....n),p1+p2+--+pp=1.

Case I. Ifb; #0 for i =1,2,...,n, we apply x; = a;/b; and
pi = b2/(b3 + b3+ - +b2) to the inequality (2) to obtain that

<a1b1—|—a2bg+-~+anbn)2< a2+ad+-+a?
bi+bs+--+02 T4 402
that is

(a1by + agbo + -+ + apby)? < (af + a3 + - +a2) (b7 + b3+ - +b2).
Case II. If there exists b;, = b;, =--- = b;, = 0, one has

2

(ﬁém@>2= S ab] <

i=1 i1, i, 1<i<n

N

oz e x o w)e(ne)(xn)

i1k, 1<i<n i1k, 1<E<n i=1

This completes the proof of inequality (1).

Proof 12. Define a sequence {S,} by

Sp = (a1by + asby + -+ apby)® — (a3 + a3+ +a2) (b + b3+ +b2).

Then
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Spt1— Sn = (arby + agby + -+ + @ns1bns1)? — (af + a3+ +ad ) -

(DR b2 — (arby + asby + -+ anbn)? + (aF a3+ - +al) -

(B B3+ b))

which can be simplified to

Sn—l—l - Sn -

= - (alanrl - blan+1)2 + (a2bn+1 - b2an+1)2 +o+ (ananrl - bnan+1)2 )

SO
Sn+1 §S’n (neN)

We thus have
Sp <81 <--- <851 =0,

which implies the inequality (1).
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About a trigonometrical inequality
Mihély Bencze?!

ABSTRACT. In this paper we present a trigonometrical inequality and after then
we give some applications.

MAIN RESULTS

Theorem 1. If y;, € (0, %} (k=1,2,...,n), then

n
Zﬂ ==
+ tg%yx n
\/+t2<}12yk)
k=1

Proof. The function f () = cosz is concave for = € (0, %), therefore from
Jensen’s inequality we get:

n 1 n
Ccos <ncos| — or
oo (15

k=1
n
<
+ 9%y, n
\/1+t92 <}L > yk>
k=1

Z \/1
Corollary 1.1. If 5, >0 (k=1,2,...,n), then

- 1 n

> =<
2 n
k=1 /147 \/1 + tg? (:L > arctgwk>
k=1

Proof. In Theorem 1 we take y = arctgzy (k=1,2,...,n).

2'Received: 18.06.2008
2000 Mathematics Subject Classification. 26D15, 51M16
Key words and phrases. Inequalities and inequalities in triangle
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Corollary 1.2. If z; € (0,1] (k=1,2,...,n), then

n

- 1
e AR
k=1 z n
k \/1—|—<H:Uk>
k=1

Proof. If zy, € (0,1], then y; € (0,5] (k=1,2,...,n) and g (z) = Intgz is
concave, therefore from Jensen’s inequality we get

n 1 n
1] towr <tg" (n kzlyk>

k=1
and from Theorem 1 we get

Z\/l < n < n

AL \/—l—tg (}123 )_\/1+<ﬁtgyk>i

k=1
after then yields yx = arctgzy (k= 1,2,...,n) and we are finish the proof.

Corollary 1.3. If z,y > 0 and xy < 1, then
1 1 2
\/1+a:2 V1+y? \/l—i—xy

Proof. If y1 +y2 < 5, then tgyitgys < tg? (y1+y2) therefore from Corollary
1.2 we obtain the result

Corollary 1.4. If 2, € [0,1] (k=1,2,...,n), then

n

1 1

- < Z -
k=1 14/ 1+ CC% cyclic 1+ 112
Proof. Using the Corollary 1.3 we obtain

L <
\/1+z2 \/1+x3 — Vidzazs
1

< 2
\/1—1—:1:2 \/1+£U1 = Vitzpz:
After addition we finish the proof.
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Corollary 1.5. If 2, € [0,1] (k=1,2,...,n), then

2n on

1
Z S 21—n
=1+ a3 \/1+<ﬁzk)

k=1

Proof. Using iterative the Corollary 1.3 we get

D12 \WVItal V1423 Vitad  V1+a]

2 2
< + +
VIt zizas 1+ x3ay
4

n
< +..< 2
1+ Tizarszs on 2t-n
1+ (H a:k)
k=1

Corollary 1.6. In all triangle ABC holds

A 1
cos — < _—
D ooy <) il

Proof. In Corollary 1.4 we take n =3, 1 = tgé, To = tgg, T3 = tg%

Corollary 1.7. If x, € (0,ln (1 + \@)] (k=1,2,...,n), then

n

1 1
Z% = Z V1 + shxishxs

k=1 cyclic

Proof. In Corollary 1.4 we take x — shxyp (k=1,2,...,n).

Theorem 2. If z,y,z > 0 and zyz < 1, then

{ 9 1 9 1 9 1
max

+ ; + ; +
Vitay  V1i+22 Vityz Vi+a22 Vidzz o /1492

3
L+ (yyz)”

<

E
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. 2y/z
Proof. If u = ¥xyz and f(z) = \/1~2th + \/1;2 = \/14—22 + \/Z‘J/F;S, then
flz)= (z—u)((l—u2)z—|—r) = 0 if and only if z = u but 11{1(1)]‘(30): 1

and f (u) = \/— > 2, therefore f(2)<f(u)= \/117 or
2
Vitzy +

\/1+22 - \/1-1- :cyz '

Corollary 2.1. In all triangle ABC holds:

2
max { —— + cos —_— cos —_— + cos
\1+tggtgl M1+m§m2 M1+m§m2
< E
3 82 + 3 T2

Proof. In Theorem 2 we take x = tgg,y = tgg, z= tg% etc.

Corollary 2.2. If z,y,z > 0 and zyz < 1, then

1 1 1 3
¢L+2+¢1 2+¢L+2§ 2
z +y % 1+ (¥zyz)

(see [1])

Proof. From Theorem 1 and Theorem 2 we have:

1 1 1 2 1
+ + <
Vita?  J1+y2 V1+22 \/1+35Z/ V14227 \/1

Jryz myz
Corollary 2.3. If z,y,z > 0 and zyz < 1, then

1 1 1 3
+ + <
V1 + 26 \/1+y6 V1426 \/l—i—nyzzz

Proof. In Corollary 2.2 we take z — x2,y — 33,2 — 2.

Corollary 2.4. In all triangle ABC holds

3 3
1. 1 3Y2R2 9). A . 35
) 2 Vitsin2 A =/ Ysr+ V2R? ) 2cos g < %/?2+\3/72
« _ 3VI16R? 4). T 1 < 3\/16R2

1
\/1+sin4 % - \/\3/r2+ Y16R2
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Proof. In Corollary 2.2 we take

(z,y,2) € {(sinA sin B,sinC') ; (tg%,tgg, tg 2) (sm2 % sin? g, sin? %) ;
(cos2 ‘;‘,0052 5,0052 g)}

Corollary 2.5. In all triangle ABC holds

1 6R2 1 652
1) Z \/1+sin6A S \/82T2+4R4 2) Z S

1 48R? 1 48R2

3).- 2 1+4sint2 4 < Vri+256 R4 4. 2 < V514256 R%
Proof. In Corollary 2.3 we take

(z,y,2) € {(sinA sin B,sinC') ; (tg 5 tgB 5,195 ) (sm2 g, sin? g, sin? %) ;

(0052 ‘g,cosz J5,(}052 g)}

Corollary 2.6. If z,y,z > 0 and zyz < 1, then
1 1 9
1)- 2% VIitay +2 Vita? < \/l—l—(W)Q

1 1 9
2) 2 Z \/1*‘1’1'3:'}3 + Z \/1+x6 S \/1+x2y2z2
Proof. 1). Using the Theorem 2 we get:

1 1 2 1
22\/1+azy+2\/1+x2 :Z<\/1+xy+\/1+22> :

\/1+ Sxyz \/ 3:cyz

2). In 1) we take z — 23,y — 33,2 — 23

Corollary 2.7. In all triangle ABC' holds

1 1 9Y/2R2
1. 2% V/1+sin Asin B +2 V/1+sin? A < V Ysr+ V2R?

.2 + > cos 4 < _ 95
DD v \/1+tg Atg2 2085 < V2t 2
3 N
9 1 + < 9 V16R?
) Z \/1+sm £ sin g Z \/lJrsm % \/\B/ﬁ+ Y16R2
9 1 4 1 < 9Y/16R2
) Z \/1+C082 30082 g Z \/1+cos4 4 \/\ﬁ+v16
Proof. In Corollary 2.6 1). we take
(z,y,2) € {(sinA sin B,sinC') ; (tg2,tg§ g%) (sm % sin? %,sin2 %),

(cos2 ‘;‘,0052 5,0052 g)}

Corollary 2.8. In all triangle ABC holds ,
18R

1). 2 1 1 <
) z \/1+sin3Asin3B + Z \/1+sin6A — Vs2r244R*%
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% 1852
2). 2% \/m \/1+t o2 S oo
2 1 + ' < __144R?
) Z \/1—|—sm £ sin g Z \/l—l—sin12 % — Vri+256R%

.2 1 + 1 < _ _144R?
) z \/1+0056 g cos® % Z \/1+C0512 % — Vs%+256R%

Proof. In Corollary 2.6 1). we take
(r,y,2) € {(sinA sin B,sin C') ; (tg%,tgg,tg 2) (81112 ’3,81112 5,81112 g)

(cos2 ‘;‘,cos2 5,0052 g)}

Theorem 3. If y, € (0,7) (k=1,2,...,n), then

ntg <i > yk>
Z t9yx E=1
V1

o \/+t9< Zyk>

Proof. The function f (z) = sinx is concave, therefore from Jensen’s
inequality we have:

n 1 n
sinyr < nsin | — or
Lo zvn (i)

k=1

ntg <}L > yk>
Z tgyk k=1
\/1 + tg%yx
\/ +tg? ( Z yk>
Corollary 3.1. If y;, € (O, g) (k=1,2,...,n), then
Z 1+ tgyx < k=1

\/1+t9?/k_ \/+tg< Zyk>

Proof. We adding the inequalities from Theorem 1 and Theorem 3.

Corollary 3.2. If 2, >0 (k=1,2,...,n), then
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n ntg < Z arctgmk>

Tk
n
k= 1\/1+$k \/1+tg <}L2arctg$k>

k=

—

Proof. In Theorem 3 we take y;, = arctgzy (k=1,2,...,n).

Corollary 3.3. If x;, >0 (k=1,2,...,n), then

n
1+tg (L arctgx
14z ( g( Igl g k>>

n
Ly L+aj \/1 + tg? Z arctgxk>

Proof. In Corollary 3.1 we take yr = arctgxy (k =1,2,..,n).

Open Question. If 0 <z <a (k=1,2,...,n), then determine all a > 0
and a € R such that

67

[T 2

k=1

1+ af - n o
=)
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On Bergstrom’s inequality involving six
numbers

Jian Liu 22

ABSTRACT. In this paper, we discuss the Bergstom inequality involving six
numbers, four refinements and two reverse inequalities are proved. Finally, two
conjectures are put forward, one of them is actually generalization of Schur’s
inequality.

1. INTRODUCTION
Let z,y, z be real numbers and let u, v, w be positive numbers, then

2 2 2 2
x z r+y+z
P G bk (1.1)
U v w u+v+w

with equality if and only if z :y: z =w: v : w.

Inequality (1.1) is a special case of the Bergstrom inequality (see [1]-[5]).
Also it is a corollary of Cauchy-Buniakowsky-Schwarz inequality. In this
paper, we will prove its four refinements and two reverse inequalities.

In the proofs of the following theorems, we denote cyclic sum on

x,y, z,u,v,w by Y, for instance,

2 2 2

Zu:u"“v"‘wazgf:a;-i-%}+;,Z(Uz—wy)2:

= (vz — wy)? + (wz — uz)* + (uy — vz)>

2. FOUR REFINEMENTS

Firstly, we give the following refinement of Bergstrom inequality (1.1):

22Received: 21.02.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Bergstrom‘s inequality; real numbers; positive numbers;
Schur‘s inequality.
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Theorem 1. Let z,y, z be real numbers and let u, v, w be positive numbers.
Then

2 )2
LS (uy — vx)

2
w T utv+w | 2ewlw4w) 2wu(w+u) 2uv(u+v)

(2.1)

:i_i_?L 2 (r+y+2)? (vz—wy)? (wr—uz2)
u v

with equality if and only if x : y: 2 =w: v : w.
Proof. 1t is easy to check that

thw v+w Zi_ ?Zzifu ’ (2:2)

Using the identity, we see that inequality (2) is equivalent to

L2 (S

2 v+w du

which follows from (1.1) by replacing z — y + z, u — v + w etc., Thus
inequality (2) is proved.

Clearly, equality in (2.1) holds if and only if

(y+2):(z+z):(x+y) =@w+w): (w+u): (u+v), namely
T:y:z=uwu:v:w and this completes the proof of Theorem 1.
Applying inequality (1.1) to (2.1) we get

2
> :
+ +w_ utv+w  2vw(v+w)+wu(w+u) + uo(u + v)]

N ST (LSS Ul VRS SRS

u
Further, we find the following stronger result:

Theorem 2. Let z,y, z be real numbers and let u, v, w be positive numbers.
Then

2 gt [ wed oyt (=)
v v w  utvtw vw(v + w) + wu(w + u) + vo(u +v)’

(2.4)

with equality if and only if z :y: z =w: v : w.

Proof. We set )

foy s (e Sl wp

v Su Sovw(v+w)’

It is easy to get the following identity after some computations:
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2
P - a1z’ +bix + ¢ 7 (2.5)
wow Y udy vw(v + w)

where

a1 = v2w? (4u? + 0% + w? + 2vw + 2wu + 2uw),

by = —2uvw [wy(2u® + 20° — w® + vw + wu + w) + v2(2w® + 2u® — v
+ow + wu + wv)],

c1 = u® [(40? + w? +u? + 20w + 2wu + 2uv)w?y? — 2vwyz(20* + 2w? — u?
+ow + wu + uv) + (4w? +u? +v? + 20w + 2wu + 2uv)v?z?] .

2

Now, we shall show first that ¢; > 0. Note that

Ai(y) = [~20wz(20 + 2w* — u? + vw + wu + uvﬂ2 —4[(4v? + w? +u?
+2vw + 2wu + 2uv)w?] [(4w? + u? + v* + 20w + 2wu + 2uv)v?2?]

= —24v?w?2? Z u Z vw(u+v) <0,

hence the following inequality:

(4v? + w? + u? + 20w + 2wu + 2uv)wy® —
—2vwyz(20* 4 2w? — u? + vw + wu + ww)
+(4w?® + u? + v? + 20w + 2wu + 2uv)v?z? > 0

holds for arbitrary real numbers ¥, z and positive numbers u, v, w. Therefor
c1 > 0 1is true. Since a; > 0,¢; > 0 and

Ai(z) = b2 — daje; = —24uv*w? (vz — wy)? Z u Z vw(v 4+ w) < 0.
We conclude that

a1z® + bz +c1 >0 (2.6)

holds for arbitrary real numbers . Thus F; > 0 and (2.4) are proved.
Equality in (2.6) occurs if and only if b3 — 4ajc; = 0, hence the equality in
(2.4) occurs iff yw — zv = 0. Because of the symmetry, we know that equality
in (2.4) also occurs if and only if zu — 2w = 0,zv — uy = 0. Combining the
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above argumentations, the case of equality in (2.4) holds iff
x:y:z=u:v:w. This completes the proof of Theorem 2.
From the identity:

(Zu)3—421}w(v—|—w) :Zu(u—v)(u—w)—}—?)uvw (2.7)

and the special case of Schur’s inequality (see [6]):

Z u(u —v)(u—w) >0, (2.8)

we see that
1 3
va(v +w) < 1 (Z u) . (2.9)
Therefore, we obtain the following conclusion from Theorem 2:

Corollary 2.1. For any real numbers x,y, z and positive numbers u, v, w,
we have

2?2 y? 22 (zt+y+2)? Av—w)r+ (w—u)y+ (u—v)z]?
v v w u+v+w (u+v+w)? .

(2.10)
with equality if and only if z :y: z =wu: v : w.
Remark 2.1 The constant coefficient 4 in (2.10) is the best possible(We

omit the proof).
In addition, it is easy to prove that

2(u? + v* + w?) > vw(v + w) + wu(w + w) + uv(u + v) (2.11)

from this and inequality (2.4) we get again

2?2y 22 (r+y+2)? [(v—wz+ (w—u)y+ (u—v)z]?
uoov o w u+v+w 2(ud + 03 + w3) '

(2.12)

We further find this inequality can be improved as following;:

Theorem 3. Let x,y, z be real numbers and let u, v, w be positive numbers.
Then
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2?2y 2 (aty+2)? | [(v—wzt (w—uwy+ (u—v)2)
il +
U v w u+v+w ud 4+ v3 + w3

. (2.13)

with equality if and only if z :y: z =w: v : w.
Proof. Letting
22 2 22 (r4y+2)? [v—wz+ (w—u)y+ (u—v)z]?
Fp=—t"-t+ - - 31 3 3
u v w u+v+w U’ +v° 4+ w

By some calculations we get

21
Fy= BTttt (2.14)
uwow Y Uy, u

where

az = vw{v[(w+u)w? + (2u? + v +v?)w+ (u+v) (u—v)?]+ w(u+w)(w—u)?},
bo =

—2uvw{ [(v*+uv+v?)w+ (u+v) (u—v)?y+ [v(w? +wutu?) + (w+u) (w—u)?)z },
c2 = u (wmiy? + moyz + vmgz?)
moreover, the values of mi, mg, mg are

my=w [(u+ v)u? + (202 + vw + wHu + (v +w) (v — w)2] +u(v +u)(u —v)?,

my = —20w [(v2 +wv + wu + (v + w)(v — w)Q] ,
mg =u[(v+ w)v? + (2w? + wu + u?)v + (w + u)(w — u)Z] + (v +w)(v —w)?

First we show that co > 0. Since wmi > 0,vmg > 0 and

As(y) = (mgz)? — 4(wmy ) (vmsz?)
= —4uvauZu3 [Z u(u —v)(u —w) + 3uvw} 22 <0,

where we have used Schur’s inequality (2.8), so that ca > 0. Taking into
account as > 0,co > 0 and

Ay(z) = bs—4dagey = —duvw(vz—wy)? Z u Z u? [Z u(u —v)(u—w) + 3’LL’U’LU} <0,

hence asz? 4 bax 4 ¢2 > 0 is true for all real numbers z, inequality F» > 0 is
proved. Then, the same argument in the proof of Theorem 2 shows that,
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equality in (2.13) holds if and only if z : y : 2 = w : v : w. The proof of the
Theorem 3 is complete.

Before giving the next result which is similar to Theorem 3, we first prove
two inequalities.

Lemma 2.1. Let u,v,w be positive real numbers. Then

> u(w? —0?)(w? —w?) >0, (2.15)

with equality if and only if u = v = w.
Proof. For any positive real numbers u, v, w and real number k the following
inequality holds:

> wF(u—v)(u—w) >0, (2.16)

this is famous Schur’s inequality (see [6]). Putting k = 2 and replacing

2
u — u?,v — v?, w — w?, the claimed inequality follows.

Lemma 2.2. Let u,v,w be positive real numbers. Then

Z(u—v)(u—w)(v+w)u2 > 0. (2.17)

with equality if and only if v = v = w.

Proof We will use the method of difference substitution (see [7], [8]) to prove
desired inequality. Without loss of generality suppose that © > v > w,
putting v = w + p,u = v+ ¢q(p > 0,9 > 0), then plugging

v=w+ p,u=w+p+ q into the right-hand side of (2.17). One may easily
check the identity:

> (u—v)(u—w)(v+wu® =2(p* + pg+ ¢*)w® + (2p + ¢) (p* + pg + 4¢°)w +

+2¢°(2p + ¢)*w + p*(p + 9)(2p + q), (2.18)

since p > 0,q > 0,w > 0, we get the the inequality (2.17).
Now, we prove the following Theorem:

Theorem 4. Let z,y, z be real numbers and let u, v, w be positive numbers.
Then
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. (z+y+2)? N 4 [(vz — wy)? + (wz — uz)? + (uy — vx)?]
T utvtw (u+ v+ w)?

L (2.19)

with equality if and only if z :y: z =w: v : w.
Proof. Letting

2

O LA VDL > e i

2u (X )’

After some computations we get the following identity

asz? + b3z + c3

F =
T ww(u 4 v+ w)d

(2.20)

where

az = vw[(3v + 3w + 4u)vw + v(u — v)* + w(w — u)?,
by = —2uvw((y + 2)u? — 2(v — w)(y — 2)u + (y + 2)(v + w)?],
c3 = u{w[(3w + 3u + 4v)wu + w(v — w)? + u(u — v)?]y?
—2vwyz[u? + 2(v + w)u + (v — w)?
+o[(3u + 3v + dw)uv + u(w — u)* + v(v — w)*]2? }.

To prove F3 > 0, we first prove that c3 > 0, it suffices to show that

w [(3w + 3u + dv)wu + w(v — w)* + u(u — v)?*] y*—

—20wyz [uQ +2(v+w)u+ (v— w)z] +

+v [(3u + 3v + dw)uv + u(w — u)? + v(v — w)?| 2% > 0. (2.21)
Note that

As(y) = {—2vwz[u® + 2(v + w)u + (v — w)Z]}2

—4vw [(3w + 3u + 4v)wu + w(v — w)? + u(u — v)?] [(Bu + 3v + dw)uv
+u(w — u)? + v(v — w)?]
= —4uvwM2?,
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where

M = Zus + Z(v +w)ut —2 Z(v + w)v?w? + 20uvw ZuQ + 6uvw Z vw.

Again, it is easy to verify the the following identity:

Z u’ + Z(v + w)ut — 2 Z(v + w)v?w? + 3uvw Z vw =

= E:u(u2 —v?)(u? —w?) —I—Z(u— v)(u—w)(v+w)u? + 2uvw Z u?. (2.22)

By Lemma 2.1 and Lemma 2.2 we see that M > 0, hence A3(y) < 0, thus
inequality (2.21) holds for all real numbers y, z and positive numbers u, v, w.
Since ag > 0,c¢3 > 0 and

Asz(z) = b3 — dages = —duvwM (vz — wy)? < 0.

Thus agz? + bsx + c3 > 0 holds for arbitrary real numbers z. So, the
inequality of Theorem 4 is proved. As in the proof of the Theorem 2, we
conclude that equality (2.19) holds if and only if z : y: 2z =w: v : w. Our
proof is complete.

Remark 2.2 Applying the method of undetermined coefficients, we can
easily prove that the constant coefficient 4 in the right hand side of the
inequality of Theorem 4 is the best possible. In addition, the analogous
constant coefficients of others five Theorems in this paper are all the best
possible.

TWO REVERSE INEQUALITIES

In this section, we will establish two inverse inequalities of Bergstrom’s
Inequality (1.1).

Theorem 5. Let x,y, z be real numbers and let u, v, w be positive numbers.
Then

+—< , (3.1)

v 2 (@ty+z)? (vz—wy)? | (wr—uz)®  (uy —vx)’
voow utv+w  vwvtw) wulw+u)  ww(u+v)

1'2
—+
u

with equality if and only if x : y: 2 =u: v : w.
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Proof. Setting

2 —w
AT

then we get the following identity:

42 + byx + ¢4
wow(v + w)(w + u)(u + v)’

Fy = (3.2)

where

as = (v +w)(v 4w + 2u)v*w?

by = —2uvw(v + w)(yw? + 20* + uyw + uzv),

cy = u? [(w+ u)(w+u+ 20)w?y? — 2vwyz(u + v)(w + u)+
+u+v)(u+v+ 2w)v222} .

First, we will prove that ¢; > 0. Since

Ay(y) = [-2vwz(u + v)(w +u)]* — 4 [(w+uw)(w+u+ 2v)w2] .
[+ ) (u+ v+ 2w)?R?] =
= —8(v+w)(w + u)(u +v)(u + v+ w)w?z? <0,

it follows that

(u+v)(u+ v + 2w)v?2% — 20wy (u 4 v)(w + u) 2+

+(w 4 u) (w + u + 20)y*w? > 0. (3.3)

Hence ¢4 > 0. Note that again a4 > 0 and
Ay(z) = b5 —dases = —(u+v+w) (v +w)(w +u) (u+v) (uow)? (yw —vz)* <0,

so we have aqx? + byx + ¢4 > 0. Therefore Fy > 0 and (3.1) are proved.
Equality in (3.1) holds when x :  : z = u : v : w and the proof is complete.

Remark 3.1 From identity (2.2), the inequality of Theorem 5 is equivalent
to
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2 2 2 2 2 2 2
T z rT+y+z + z z+x x+
U v w u—+v+w U+ w W+ U U+ v

(3.14)

Remark 3.2 Combining Theorem 1 and Theorem 5, we get the following
double inequalities:

2

(vz —wy)?  (wxr —uz) (uy —vz)? 22 9?2 (z+y+2)> <

2yz(y +2z)  2zx(z+w) 2zylt+y) T u v ow u+v+w

(vz —wy)?  (wr—uz)?  (uy —vz)?
T oyAly+2)  zm(ztr) wylety)

In the sequel we give another reverse inequality:

Theorem 6. Let x,y, z be real numbers and let u, v, w be positive numbers,
then

2 2 2 2 2 2 2
x rT+y+z vz —wy) + (wxr —uz)” + (u VT

z
uw w u+v+w 2uvw
with equality if and only if z :y: z =wu: v : w.

Proof. Letting

du 2uvw

POk UL

then we have the following identity:

2
Py = asx’ + bsx + ¢y ’ (3.7)
2uvw(u + v + w)

where

as = u(v? +w?) + (v +w)(v — w)?,

bs = —2ufu(zw + vy) + (v — w)(vy — 2w)],

s = [v(w? +u?) + (0 + u)(w — u)?] y* — 2vwz(v +w — )y
+ [w(u? +v?) + (u+v)(u — v)?] 2%
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First we prove that c¢5 > 0. Since

As(y) = [2vwz(v +w — u)]* — 4 [v(w? + u?) + (w + u)(w — u)?] [w(u® +v?)
+(u+v)(u—v)?] 2?

— 422 [Z ud — Z(v + w)u? + 4uvw} Z U
= —4u?2? {Z u(u —v)(u—w) + uvw} Zu <0,

where we have applied Schur’s inequality (2.8). Therefore, we know that
As5(y) < 0 holds for arbitrary real numbers y, z. Hence ¢5 > 0 is true. On the
other hand, since a5 > 0,c5; > 0 and

As(z) = b2 — dases = —4(vz — wy)? [Z u(u —v)(u—w) + uvw} Z u <0,

thus asz? 4+ bsx + ¢5 > 0 holds for arbitrary real number z. Inequality F5 > 0
and (3.6) are proved. Clearly, the equality in (3.6) holds if and only if
x:y:z=u:v:w. Hence Theorem 6 has been proved completely.

Let ABC be an acute triangle. In (3.6) we take

u =tan A,v = tan B, w = tan C', multiplying by tan A tan B tan C' in both
sides, then using the well known identity:

tan A 4+ tan B + tan C' = tan A tan B tan C, (3.8)

we get,
Corollary 3.1. Let ABC' be an acute triangle and x,y, z > 0, then
z*tan Btan C' + y? tan C'tan A + 22 tan Atan B < (z + y + 2)*+

—i—%[(y tan C' — ztan B)? + (ztan A — xtan C)? + (2 tan B — ytan A)?], (3.9)

with equality if and only if x : y : z =tan A : tan B : tan C.

4. TWO CONJECTURES

Finally, we propose two conjectures. The first is about the triangle:

Conjecture 4.1. Let z,y, z be positive real numbers and let a, b, c be the
sides of AABC, then
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(b+c)? N (c+ a)? N (a+ b)? S 2@ +b+c)®  (bz—cy)? (cx—az)?

y+2z z4x r+y — xty+tz dy+2)3  4Az+2)3
(ay — bx)?
28 4.1
4(x +y)3 (4.1)

with equality if and only if z :y: z2=a:b:c.

The second is a generalization of Lemma 2.2.

Conjecture 4.2. Let k be arbitrary real numbers and let x,y, z, p, ¢ be real
numbers such that ¢ > 0,y > 0,2 >0,p > 0,p > g+ 1. Then

> @ =Pk - Ry + 202 >0, (4.2)

Sk — yF) (k- )y + 2)%a? > 0. (4.3)

If we take k = 1,¢ = 1,p = 2 in the conjecture, then both (4.2) and (4.3)
become the inequality (2.18) of Lemma 2.2. If we put ¢ = 0, then we obtain
actually Schur’s inequality (2.16) from (4.2) or (4.3).
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New refinements for some classical
inequalities

Mihély Bencze and Yu-Dong Wu??

ABSTRACT. In this paper we present new refinements for some classical
inequalities.

INTRODUCTION

First we study the following inequality:

$+y z>x+y+z

y 2 x Jryz
where x,y, 2z > 0. Using a new proof we give an extension for this. This
inequality was studied by S. Arslanagic too.

MAIN RESULTS

Theorem 1. If z,y,z > 0, then

x
- > —F— >3
y+z+m* Jryz

z oz Y 3/z?2 _ =z
Lpzt) > /e =

((+2+3) 2 v

1(E+i+5) 2 v
After addition we get the desired inequality.
Corollary 1.1. In all triangle ABC holds
a 2s
1) Zb = V4sRr 23
2)‘ Z —a+b+c > 33 > 3

a—btc = Yg2 —

— Qo=

w

2Received: 23.12.2007
2000 Mathematics Subject Classification. 26D15
Key words and phrases. AM-GM inequality etc.
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3) Z% 4R+T > 3

37"
4). Yetgdtgs > \3/ >3
4R
5). Ztggctg2 > \/ﬂ >3

2
sin 4
6). > <n§> >(2R—r) {32 >3

7). Z<COS§>2 (4R + ) \/523

Ccos

Proof. In Theorem 1 we take (z,y, z) €

{(a,b,c%(s a,s —b,s—¢);(rq,rp,7e); (cth,ctQQ,ctgz)
(tg%,tg%,tgg) (st é,sm 5, Sin 2) (0052 ‘g,cosg ]'23,cos2 g)}
These are new refinements for a lot of classical geometrical inequalities.
Theorem 2. If

[CI
\UU
[OR
I &F

F(a,b,c) =

3v/a ’ 3Vb ’ 3/c

where a,b,c > 0, then

B {a%+ Vab2c+ Va2c® bi/c+ Vbc2a+ Vb2a? c/a+ Vea?b+ V c2b2}

GEVEC S Flabe) > Vabe,

3
which offer a new refinement for AM-GM inequality.
i r _ _a y __ b PR
Proof. I;l Theorembl we consider ¥ = i, L= b 2= ot or
_ __abz bz
P=Tawae VT Ve therefore

a+b+c av/b+ Vab2e +\/a202
> Va
3 3Ja
and his permutations.
Corollary 2.1. In all triangle ABC holds
1). 2 > F(a,b,c) > V4sRr
L E>F(s—a,s—bs—c)> Vsr?

SErARE > F (hg, by, he, he) > 3 2502

)
)
). 4R+T > F(ra,mh,7e) > Vs2r
)
)

[\

w

[SAENTN

. —>F(ct92,ct9270t92) = €/§
. 4I§jr2F(t927t927t92)— {)/g

(=)
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2R— 2 A 2B :,2C 3 2
7). 2= > F (sin® 4,sin® 2,sin* § ) > 60

4 A B 2
8). % > F (cos? 4, cos? &, cos? %) >\ Tom2
which are new refinements for a lot of classical geometrical inequalities.
Theorem 3. If xz,y, z,t > 0, then

T+ +z z4+t t4+x 2 +y+2z+t
y, ute N > (z+y )
z t x Y Jaxyzt

Proof. Using the AM-GM inequality we obtain.

>3

Srrrierz g
bilpgezs iy
Pritit g
Brieleiz gl

After addition we get

x x4 x r+y _ 2> x
) d > > > 8
Z Y +Z z — Yxyzt o Z z T Yxyzt —

Corollary 3.1. In all tetrahedron ABCD holds

1). 3 Gethodhe > 2 4/ Ryhche > 8

2). Yot > oo, > 8

Proof. In Theorem 3 we take (x,y, z,t) € {(ha, ht, hey he) 5 (Ta, b, 7o, 7e) } and
we consider the relations

11 12
P =D Dt

Theorem 4. If

Flab,e.d) = {ab%+ bV abc2d + Va2b2c3d? + \4/a3b3d3;
2+/ab*abed

bevd + evbed?a + Vb 2d3a? + Vb3 c3aP
2/ be2v/ abed ’

cd/a + dVeda®b + VAd?a3h? + VAdPa®
2v/cd?\/abed ’

dav/b + avdab®c 4+ Vd2a2b3c2 + Vd3a3b3 }
2v/ da?/ abed
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when a, b, c,d > 0, then

a+b+c+d+ (a+c)(b+d) S
4 Vabed N

Proof. In Theorem 3 we con81der 2

F (a,b,c,d) > 2V abed

a [ — L-
\/ bed’ # \/abcd7 t \/abcd7

t d abct bet x Za
Lt =442 and r = = , 2= then =
z Yabed Va33c3d3’ y= Va2b2c2d2’ Vabed’ Z = Yabed’
Z £ (a+c)(b+d) and

z K /azbzczdz ’

oy s 2(abie+ bVabPd+ VS + Vb )

Voyzt v ab2vabed - abed

therefore

Sa  (ate)(b+d) _ 2 (ab{%—l— bV abc2d + Va2b2c3d? + {4/a3b3d3)
> >8
Vabed VaZb2c2d2 v ab2v/abed - Vabed B

or

a+b+c+d+ (a+c)(b+d)
4 Vabed

which offer a new refinement for AM-GM inequality.
Corollary 4.1. In all tetrahedron ABCD holds

1) 1 (hathe)(hpthe) > p(1 1 1 1) ___ 2
" dr N ha’ by’ he? ha ) = Yhahphcha

> F(a,b,c,d) > 2Vabed

1 (ratre)(ry+ra) 11 1 1 -2
2) 2r + r3rdrdrd = T Ty T Tg = Yrarprerg

Theorem 5. If z;, >0 (k=1,2,...,n), then

2Z%+Zi ¥ +Z e +2Z N

xnl

Proof. Using the AM-GM inequality we obtain:

fua IS I 4 Tl 4 T2 5 nE
vy Ty T Tt 5+

Tn — n
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After addition we get the desired inequality, because ) -~

— § z2
Tn—1 Tn*

Theorem 6. If ap >0 (k=1,2,...,n) and P = p| [] ak, then
\/ k=1

n
2 Z ag
k=1

- +3 a;;;z . +27a1a;$;’3 +23°

S n (alag...an,l +as...ap 1P+ ...+ an_1 P72+ P”_l)

o Jpn-1irn/, 2,3 . n-1
P a1a503...0,, |

i Tl _ a1 zp _ ag
Proof. In Theorem 5 we consider T = Porae = B
a1as...an—1Tn

n—1 9

and 1 =

Tn—1 __

Tn

a2a3...apn—1Tn Gn—20n—1Tn An—1Tn

T2=—""p  euTpn2=" pr  Tp-1=
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On the equation axz? + by? = 2%, where
a+b=c?

Jozsef Sandor and Ildiké Bakesi2?

ABSTRACT. Let a, b, ¢ begiven positive integers such that a + b = ¢2. We offer a
simple method of solving the diophantine equation ax® + by2 = 22, based on the
Euler-Bell-Kalméar lemma.

Let a + b = ¢?. Then remark tat the equation az? + by? = 22 may be written
equivalently as

ax® +by? = 22 — 2y ie (1)

(az —ay) (z +y) = (2 = cy) (z + y)
According to the Euler-Bell-Kalmar lemma (see [1]), the general solutions to
(1) may be written as follows:

ar —ay =mn,r +y=kp,z —cy =mp,z+cy =nk (2)

where m, n, k, p are arbitrary positive integers, with (n,p) = 1. Solving
equations (2) we get:
mn + akp akp —mn mp + nk nk —mp
T = ) - y R = Yy = (2)
2a 2a 2 2c
Therefore we must have

akp —mn _ nk —mp
N 2a 2
implying ¢ (akp — mn) = a (nk — mp); or also p (cak + am) = n (ak + cm) .

As (n,p) = 1; we obtain that

cak + am = tn, ak + cm = tp;t arbitrary (3)

24Received: 04.03.2009
2000 Mathematics Subject Classification. 11D09
Key words and phrases. Quadratic equations; diophantine equations.
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Here a, ¢ are given. Solving this system of unknowns k and m, we get:

t (cn — ap) t(ct—n)

k= = 4
il - (4)
Replacing these values of k,m from (4) into (2); after some transformations,
we get:
_ t(n® —nct—cpn+ap?)  t(n® —nct+ cpn — ap®)
T 2ab = 2ab ’
t (cn? — 2nap + capt

. p+ capt) (5)

2ab

Here (n,p) = 1 and ¢ should be selected in such a manner that z,y, z of (5)
to be integers. For example when ¢ is a multiple of 2ab, etc.
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About Dumitru Acu‘s inequality
Mihdly Bencze and Yu-Dong Wu?®

ABSTRACT. In [1] is presented the following inequality

1+a22+ .. + o™ ontl
r+ad+.. 22l T
for all > 0. In this paper we give new proofs, refinement and some applications.

MAIN RESULTS
Theorem 1. If x > 0, then

l+x+a22+.. +2" S 4D (@+1)
l+x4a2+.. +ant ™ 2n
Proof. After elementary computations we get

(n—1)(1+2") >2(x+22+ ... +2")

or

-1 "' =)+ (-1 @" =1 +..+ @ =1)(z-1) >0

and after descomposition we obtain:
(-1 @"2+2" 3+ +o+1)+
+@-1)%@+1) @ P +a" ot + 1) +..>0
Corollary 1.1. If x > 0, then

14+a2+at+ ..+ - n+1
c+ax3+ .. Fxn-l T

2Received: 15.10.2007
2000 Mathematics Subject Classification. 26D15
Key words and phrases. AM-GM-HM inequality.
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(see [1]).
Proof. Because # > x, then from Theorem 1 with substitution z — 2, we
get:
2 2n -1 241
L+a?+.. 2% (n ) (22 +1) S+ Do
1+a24 .. a2l — 2n - 2

1422+ .. 4220 S n+1
z+ax34 . 22l —

)

therefore Theorem 1 is a refinement of inequality from [1].

n xnfl T n
If f(z)= %, then f/(z) = (xnigl()g), where g (z) = 2" —

—(n+Dz4+n=(z—1)>° ((z" 42" 2+ . +z+1)+

+ (" 242" 3+ . +x+1)+..+(z+1)+1) >0 thereforezx =1 is a
minium point for the function f and f (z) > f (1) = 2t which is a new
solution for [1], but this method no offer a stronger result like Theorem 1.
Corollary 1.2. If a,b > 0 and

n(an+1ibn+l .
F, (a7 b) = (n+r1)(am—d") if a#b
a if a=5b

then F, (a,b) > %52,
Proof. In Theorem 1 we take x = 7.
Open Question 1. If a,b > 0, then determine all £ € N for which
a2’ + 2

(Fa(a.b)* =

for all n € N.
Open Question 2. Determine all x > 0 for which

n (z" — 1)2 (2" —1) < (n+1) (2" = 1) (z>"2 - 1)

for all n € N.
Open Question 3. Determine all a,b > 0 such that

F, (a®,b%) > F? (a,b)

for all n € N.
Open Question 4. Determine all ag, by, >0 (k = 1,2,...,m) for which
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m

m m
Fy (ap,bp) = B [ 2 [T aws 2| T ow
k=1 k=1 k=1

for all n,m € N*.
Corollary 1.3. If 0 < a < b, then exist ¢,d € (a,b) such that

Ck:n-‘rk:—l ak: + bk
>
dknfl — 2

for all k,n € N.

Proof. In Theorem 1 we take x = (g)k and we obtain

akn—l—k _ bkn+k N (n € 1) (ak 4 bk)
akn —pkn = 2n

but from Lagrange theorem exist ¢,d € (a,b) such that
akn+k _ bkn+k — ((1 _ b) (kn 4 k‘) ckn+k71 and akn _ bkn — (a _ b) (k‘n) dknfl‘
Corollary 1.4. If z > 0, then

xkn+k xkn :Ek
-H|———=-1)> 1 —
(n )<(k:n+k‘+1)p >—(n+ )<(Im+1)p (k:+1)p>
for all n,k,p € N.
Proof. The inequality from Theorem 1 can be written in the following form:

(n—1) (m”'H 1) > (n+1)@" -

if z = t*, then

/(n—l) (tk””“—l) dtz/(n+1) (t’m—t) dt or
0

xknJrk xkn .%'k
(- 1) >l -
(n )</~m+k+1 >—(”+ )<kzn—|—1 k+1)

and

fhntk y tkn ik
-H|—-——-1])dt> 1 — dt
/(n )<kn+k+1 > —/(n+ )<kn+1 k:+1> o
0
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(n=1) ((szfkjlf ) 1) =ty ((knxinlf NC jklf)

and this iteration can be continued.

for all n € N*.
Proof. In Theorem 1 we take z = tg>t.
Corollary 1.6. Ift € (—%, g) , then
1— (sint)®™? 1 — (cots)?""? 23 (n+1)
1— (sint)®" 1—(cots)™ ~—  2n

for all n € N*.
Proof. In Theorem 1 we take the substitutions z = sin?t and x = cos®t and
we obtain

1— (sint)®™ 1 — (cots)*"t? - (n+1) (1+sin®t) N
1 — (sint)*" 1— (cots)*™ — 2n

2n 2n
Open Question 5. If x > 0 then determine all ag, b, >0 (k=0,1,...,n)

(250 (5] = (3) ()

for all n € N*.

Ifay=by,=1(k=0,1,....n—1), a, = 1,b, = 0, then we obtain Corollary
1.1.

Open Question 6. If x > 0 then determine all ay, b, >0 (k=0,1,...,n)
such that

() (350) = (S ) (350)

for all n € N*.

+(7’L+1)(1+C082t) 3(n+1)

\Y
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Corollary 1.7. If 0 < a < b, then exist ¢,d € (a,b) such that

n+1) (a+b)

(n—l)c”“—i—( 5 >n+1)d"+n—-1

for all n € N*.
Proof. We have b"*2 — a"*2 = (b —a) (n + 2) "1,
bt — gt = (b—a) (n+1)d" and

b b
/2n(m"+1—1)d932/(n+1) (2" 2" — 2z —1)da

a a

Open Question 7. If x > 0 then determine all a, >0 (k=0,1,...,n+m)
and all m € N, b, >0 (p=0,1,...,n) such that

n n+m
5 by) (5 k)
p=0 k=0 - ™4l 41

(E)(gee) 7

for all n € N, which offer a genertalization of Theorem 1.
Theorem 2. If x > 0, then

l+z+22+.. +2" - n+1)z
l+x+224+. . F2m 1~ n-1
foralln € N, n > 2.
Proof. From Theorem 1 we get

LA | - (n+1)(x+1)
-1 2n

or

(n—1) (2" —1) > (n+1) (2" — 1)z or

o1 GRS E:
-1 = n-—1

and finally

l+z+22+.. +2" S n+1)x
l+z+224+ .. +27 1~ n-1
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CONNECTIONS WITH IDENTRIC MEAN

1
(£> *"* where 0 < a < b is the identric

a

Corollary 1.8. If I (a,b) = 1

&
mean, then

b 2 2n

n / 1+ (Inz)"+ ...+ (Inx)
x

n+1) 14+ @nz)?+... + (Inz)* 2

a

Proof. In Corollary 1.1 we take £ — Inx so we obtain

exp > (I (a, b))’

b
1+ (Inz)? + ...+ (Inz)*™

n/ +(nx2)+ +(nx2)_2dm2/lnxdx:(b—a)lnl(a,b)

n+1/) 1+ (Inz)*+ ..+ (Inz)™"

a a

Corollary 1.9. If 0 < a < b, then

b
2n / l+lnz+..+ (Inz)"
n+1) 1+mz+ ..+ (nz)""

a

Proof. In Theorem 1 we take x — Inx and so we obtain

exp dz —(b—a) | > (I(a, )"

b
2n / l+lnz+..+ (Inx)
n+1l/) 1+nz+..+ (Inz)"

a

Corollary 1.10. If 0 < a < b, then

—dx > /(1 +Inz)dr =b—a+(b—a)Inl(a,b)

I (a,b)*=) >

>exp [bIn?b—aln®’a+b—a—

b
2n / 1+ (Inz)® + ...+ (Inz)*
x
n+1/) 14+ @nz)’*+..+ (Inz)* 2

a

Proof. In Theorem 1 we take x — In? z, therefore

b 2 2
2n / 1+ (Inz)*+ ...+ (Inz)™"
n+1/) 1+ (nz)*+.. 4 (nz)* 2

a

b
da:Z/(1+ln2x)da::

=b—a+(zln*zr —2(zlnz — z)) > =b—a+bn*b—aln®a—2(b—a)Inl (a,b)
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Corollary 1.11. If 0 < a < b, then

bIn?b —alna
b—a

I3 (a,b) < exp <1 +

Proof. We start from

b b
In? 1
/nz—i_dmZ/lnxdx

a

Corollary 1.12. If 0 < a < b, then
(—1)"n! " (=Inbd)" " (=lna)" "
exp(n—l—i—b_a b;r!_a;r! > 1" (a,b)
Proof. We have

b b

/n_H_n(ln:C)dx > /lnxd:v, and

a a

/(hl:x) dr = (— n'xz lnx

Corollary 1.13. If 0 < a < b, then

b2 2 (12 2 1 )
i — - — - >

Proof. We have

b b
1
/<$1n2:p—|—x> da:>2/lnxdx, and

a a

At =T Lan= 0

Inb—1Ina
Corollary 1.14. If0<a <band m € N, m # n — 1, then

lnb —lna
e pm+1 _ gmtl 4
P <( " m+1 ( Z m+1 Z (m+1)"
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i n—1 (bli% o a1nm1>> > (I ((I, b))n(b—a)

n—m-—1
Proof. We have

b

b
-1
/<xm(lnfn)"+n — >d1:2n/lnazdx
xn—l

a
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Euler and music. A forgotten arithmetic
function by Euler

Jézsef Sandor26

Dedicated to the 100" Anniversary of the famous musician David Lerner
(1909-)

ABSTRACT. We study certain properties of an arithmetic function by Euler,
having application in the theory of music.

MAIN RESULTS

1. Since the time of Ancient Greece, mathematicians and
non-mathematicians have tried to find connections between mathematic and
music. Especially are well-known the findings of Pythagora and his followers
on the relations of natural numbers, the lengths of a vibrating string, and
the pitches produced by this string.

The Pythagoreans were interested also in the number mysticism and studied
these relations by experimenting with a monochored.

They discovered that a string whose lenght is subdivided in a ratio
represented by a fraction of two positive integers produces a note that is in
harmony with the note produced by the full string: if the ratio is 1:2 then
the result is an octave, with 2:3 one gets a perfect fifth, with 3:4 a perfect
fourth, etc.

Of particular importance was the discovery of the so-called Pythagorean
comma. In all pitch systems that are based on perfect octaves and perfect
fifths there is a discrepancy between the interval of seven octaves and the

26Received: 04.02.2009
2000 Mathematics Subject Classification. 11A25, 00A69, 01A50
Key words and phrases. Applications of mathematics in music; arithmetical func-
tions
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interval of twelve fifths, although both have to be considered as equal in
musical terms.

In musical practice the Pythagorean comma causes serious problems. So in
the past numerous approaches were developed to find tunings for
instruments that reduce these problems to a minimum. The tuning that
today is known best and used most often in European music is the equal
temperament or well temperament tuning. Tjis tuning become popular
during the baroque are and most notably by ”The well-tmperated Clavier”,
Bach‘s grand collection of preludes and fugues that impressively
demonstrated the possibility of letting all keys sound equally well. Of course
one could say also equally bad, since in the equal temperament none of the
intervals but the octaves are perfect any more, i.e. the ratio mentoned above
are no longer valid.

In the equal temperament every octave is subdivided into twelve half-steps
allof which have the same frequency ratio of 21/12, where in the terminology
above the 2 is to be reads as 2:1, i.e., the frequency ratio of an octave. All
frequencies of the pitches of the equal tempered twelve-tone scale can be
expressed by the geometric sequence

fi = fo- 2112,

where fy is a fixed frequency, e.g., the standard pitch a’ (440Hz) and i is the
half-step distance of the target note from the note with the frequency fp.
Then, f; is the frwquency of the target note.

In odern times, Leonard Euler (1707-1783) was one of the first who tried to
use mathematical methods in order to deal with the consonance/dissonance
problem. In his work, too, ratios of natural numbers, reflecting frequency
ratio of intervals, play an important role. In his paper ” Tentamen novae
theoriae musicae” (see [1]) of 1739, Euler defines the following arithmetic
function (” Gradus-suavitalis function”). Let n be a positive integer and
suppose its prime factorization is

n = pi'ps*..p% (p; distinct primes, a; > 1)

Put

E(n) =1+ ar(pr—1) (1)

k=1
Let
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E (1) =1, by definitin

In what follows, we will study this forgotten arithmetical function by Euler,
but first note that for musical application Euler defined the function F also
for the reduced fraction % by

£(5) st

Inserting fractions that represent ratios of musical intervals into his formula,
we obtain the following values:

octave : E (

fifth: E

fourth : (%

major third: FE

E

E

E

[l o
o 3

manor third :

PRCNISISTIN

major second : ﬁ) =10
manor second : i—g) =11
tritone : FE (2—5) =14

According to Euler, these numbers are a measure for the pleasentness of an
interval; the smaler the value the more pleasing the interval. Indeed, this is
more or less in a accordance with our European listening habit, with one
exception: the perfect fourth is heard as a dissonance in some contrapuntal
and functional harmonic contexts (see [3]).

Remark. Fuler used the notation I' (n) for his function, in place of E (n).
We have adopted this notation, as there is another important function
introduced also by Euler in mathematics, the famous ”Gamma function.”
2. In what follows we will study the arithmetical function E (n) of positive
integers, defined by relation (1).

If the canonical factorization of n is n = pj*...p%", then there are some
well-known arithmetical functions, which are connected to the function

Let p(n), P (n) denote respectivelly the least and the greates prime factors
of n.

Let w (n),Q (n) denote the number of distinct, respectivelly total number, of
prime factors of n. Then clearly, w (n) =r, Q(n) = a1 + ... + a,.

The following arithmetical function B (n) has been intensively studied, too

(see e.g. [4], [2]):
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T
B(n) =Y am
k=1
Proposition 1. One has forn > 1

E(n) =1+ B(n)—Q(n) 2)

E(n)>1+Q(n) (3)

Proof. Relation (2) is a consequence of (1) and the above introduced
arithmetic functions. As

B(n)=> ar-2=20(n),
k=1

inequality (3) follows by (2).
Proposition 2. For n > 2 one has the double inequality

1+ Q) (p(n) —1) < E(n) <1+9Q(n)(P(n)—1) (4)
Proof. Remark that

B (n) < max{pi,...,pr} Zak =P(n)Q(n),
k=1

and similarly

B (n) > min{p1,...,pr} Zak =P (n)Q(n)
k=1
From identity (2) we can deduce the double inequality (4).
Remark. (4) may be written also as

E(n)—1

— 7~ <P 5
G <P )

Remarking that E (p) =1+ (p— 1) = p for each prime p, one could ask for

the fixed points of the function E.

Proposition 3. The fix points of the function E are only the prime

numbers. In other words, one has

p(n) <1+

E(n) =nif n = prime
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Proof. We need the following two lemmas.

Lemma 1. p® > pa for all p > 2, a > 1; with equality only for p =2, a = 1.
Proof. The inequality p®~! > a is true, as p®~! > 2971 > q, which follows at
once by mathematical induction.

Lemma 2. Let z; > 1 (i =1,7). Then one has

r+zix0.. % > 14+ 21+ ...+ T (6)

with equality only for r = 1.

Proof. For r = 1 there is equality; while for r = 2 the inequalityis strict, as
24 xx9 > 1+ 21 + 22 by (21 — 1) (22 — 1) > 0, valid as 1 — 1 > 0,
x9—1>0.

Assume now that (6) is true for r > 2 fixed, with a strict inequality. Then
for x,41 > 1 one has

r+1+xze..zprpyr >r+ 1+, (l—r+ao1+...4+z,) =

=r—rxpp1+ 1 +zr1+o14+ o+ 2) + (41 — 1) (21 + oo+ 20) >

>14+z4+ .42+ 241

as

r—1Trp1 + (1 — D) (1 + oo+ 2p) = (Xpp1 — D) (1 + .+ 2, —7) >0

as 1 + ... + & > r and x,41 > 1. By induction, we get that (6) is true for all
T
Proof of Proposition 3. One has

E(n) =1+a1 (p1 — D) +...4+a, (pr — 1) < arp1+...+a,pr—r+1 < pi*..py” = n,

with equality only for r = 1,a; = 1, i.e. when n is a prime. We have used
Lemma 1 and Lemma 2.
Proposition 4. One has for n > 2,

En!) <14nm(n), (7)

where 7 (n) denotes the number of all primes < n.
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Proof. Let n! = [] p®™ be the prime factorization of n!.
pin!
By Legendre‘s theorem one has

Em)=14+> ay(p—1)

where in the sum we have w (n!) terms. Remark that w (n!) = 7 (n), as in
n!=1-2-...-n the number of distinct prime divisors is exactly the number
of primes < n. As a, < %7, relation (7) follows.

Finally, we will obtain the overage order of the function E (n) :

Proposition 5. One has
2 2

=200 =35 gz +© () ®

n<x

Proof. By the famous result of Hardy and Ramanujan (see e.g. [1]) one has

ZQ(n)::nloglgx+K-x+O<lozx> 9)

n<x
where K is a constant.
On the other hand, by a result of Alladi and Erdés (see [2], [4]) one has

2 2

7'('2 X X
ZB(n):lz~lgz+O(m2x> (10)

n<x

Now, by Proposition 1, relation (2) the expression (8) follows by remarking
that

22
xlglgac—l—K-x:O( 5 >
log“ x

2
(i) = (o)
lgx log” x

and




Euler and music. A forgotten arithmetic function by Euler 271

REFERENCES

[1] Euler, L., Opera omnia. Series tertia: Opera physica., Vol. 1,
Commentationes physicae ad physicam generalem et ad theoriam soni
pertinentes. Ediderunt E. Bernoulli, R. Bernoulli, F. Rudio, A. Speiser,
Leipzig, B.G. Teubner, 1926.

[2] Alladis, K., and Erdés, P., On an additive arithmetic function, Pacific J.
Math. 71(1977), pp. 275-294.

[3]. Mazzola, G., Geometrie der Tone. Elemente der mathematischen
Musiktheorie, Basel: Birkhauser (1990).

[4]. Séndor, J., Mitrinovic, D.S., and Crstici, B., Handbook of number theory
I, Springer Verlag, 2006

Babes-Bolyai University,
Cluj and Miercurea Ciuc,
Romania



OCTOGON MATHEMATICAL MAGAZINE
Vol. 17, No.1, April 2009, pp 272-274

ISSN 1222-5657, ISBN 978-973-88255-5-0,
www.hetfalu.ro/octogon

272

About a partition inequality
Mihaly Bencze?”

ABSTRACT. In this paper we present a new type inequality cathegory generated
from a partition.

MAIN RESULTS

Theorem 1. If x >0 (k=1,2,....,n) and f : R"™ — (0,400)
(k=1,2,...,n), such that

(Z xk) = Z fr (1,22, ..., )
k=1 k=1

then

n % n
1 1
< g xk> >pal E (fr (x1,29, ...y xn))
k=1 k=1

for all @ € (—00,0]U[1,400) and if o € (0,1), then holds the reverse
inequality.
Proof. Using the Jensen‘s inequality we have:

(Zxk> = ka (x17x27 ..-;xn) = Z ((fk‘ <w17$27 71.”))%)04 Z
k=1 k=1 ot
> nl—o (Z (fi (x1, 22, ,xn))i>
k=1

or

Q=

(Z:Ek) Z niilz(fk ({1}1,1}2,...,23”))
k=1

k=1
for all o (—o0,0] U [1,4+00). If a € [0, 1] holds the reverse inequality.

2TReceived: 18.02.2006
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Jensen inequality.
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Corollary 1. If x, >0 (k=1,2,...,2n + 1), then

2n+1
Von+1 Z Tk > Z \/a:% + 2z, 14 + .+ 23,15,
k=1

cyclic

where 1 < it,jt < 2n + ]., it ?’é]t (t = 1,2,...,n), 7:1 75 7:2 75 75 in,
J1 # j2 # ... # jn and the cyclic sums explicited form is the following

\/.’E% + ZIEil.le + ...+ 2$in$jn+ l‘% + 225,41 + Tj41+ ..+ 2z; 41+ Tjpp+1teee

Proof. In Theorem 1 we take m = o = 2,
fi (l‘l,CEQ, vy $2n+1) = IE% + 2.’L’Z‘ICL‘]’1 + ...+ 2Iinl’jn etc.
Corollary 1.1. If z,y,z > 0, then

V3 (@ +y+2) > Va2 + 2yz + Vy? + 2za + /22 + 22y

Proof. In Corollary 1 we take n =1,
T =x,00 =y, 23 = 2, 1 (z,y, 2) = 2% + 2yz etc.
Corollary 1.2. If z,y, z,t,u > 0, then

\/5(9:+y—|—z+t+u)zz\/:E2—|—2(y+u)z

Proof. In Corollary 1 we take n = 2,
T =2,00 =y, 03 = 2,04 = t,x5 = u, f1 (T,y, 2, t,u) = 2% + 2 (y + u) z etc.
Corollary 2. If x, >0 (k=1,2,...,2n), then

2n
\/Qank > Z \/x% +2 <wi1x]~1 + .+ winflivjn,l) + X5, 5,
k=1

cyclic
Proof. In Theorem 1 we take m = a = 2,

fi(z11, o @on) = 2f + 2 (2,25, + .+ @4, 25, ) + @i, x5, ete.
Corollary 2.1. If z,y > 0, then

V2(z +y) >Vl +ay +Vy? +ya

Proof. In Corollary 2 we take n = 1 and fi(z,y) = 2% + zy.
Corollary 2.2. If z,y,z,t > 0, then

2@ +y+z+t)> Va2 +yRe+t) VY2 +22t+x)+ 22+t (2 +y)+
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+Vt2+ 2 (2y + 2)

Proof. In Corollary 2 we take n = 2 and fi (x,v,2,t) = 2% +y (22 + 1) etc.
Corollary 3. If z,y,z > 0, then

VI(x+y+2)> Z Va3 +3 (x4 2)y2 + 2zy2
Proof. In Theorem 1 we take
n=3m=3,a=3,f(r,y,2) =23+ 3(z+ 2)y* + 2zyz etc.
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A divisibility property of oy (n)
Jézsef Sdndor?®

ABSTRACT. Let 0, (n) be the sum of k™" powers of divisors of n. We will prove
that if p is a prime of the form 4m + 3 (m > 0), with 2m + 1 = prime, then
09m+1 (pk — 1) is divisible by p for any k > 1.

MAIN RESULTS

Let 0, (n) = Y. d® be the sum of a* powers of divisors of the positive integer
dn

n. The main result of this note is contained in the following.

Theorem. Let p be an odd prioe of the form p = 4m + 3, where m > 0 is an

integer. Assume that 2m + 1 is prime. Then for any integer k > 1,

oom+1 (pk — 1) is divisible by p

Proof. Let g=2m+ 1. Thenp—1=4m+ 2 =2q, sop=2q+ 1. By
Fermat‘s divisibility theorem we have that

2% =1 (mod p) for any 0 <z < p (1)

Indeed, as (x,p) =1 and 2¢g = p — 1, (1) holds true.

Now, let d and d’ two complementar divisors of pk — 1, i.e. pk —1=d-d’,
where d =pA+r,d =pB+7r" (0<r, ¥ <p).

Since d? 4+ d'? = r9 + 1’ (mod p) ; and as clearly rr’ = —1 (mod p); it is
sufficient to prove that

r9 +1r'7 = 0 (mod p) (2)
Since ' = —1 (mod p) and ¢ is odd, so to have (2) satisfied, we have to be
true the following:
724 = 1 (mod p) (3)

28Received: 12.03.2009
2000 Mathematics Subject Classification. 11A25.
Key words and phrases. Arithmetic functions, divisibility.
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As 0 <7 < p, (3) holds true by relation (1).

We have finally to notice that pk — 1 cannot be a perfect square, as if

pk — 1 = t2, then p would be a divisor of t* + 1. This is impossible, since

p =3 (mod 4) (see e.g. [1]).

Asogs(n)= > (d?+d7), by (2) the proof of the theorem is finished.
dn,d<+\/n

Corollaries.

1). 7 divides o3 (Tk — 1) (m =1)

2). 11 divides o5 (11k — 1) (m = 2)

Remark. Though 2m + 1 =1 for m = 0 is not a prime, the proof above

works, so we get that

o (3k — 1) is divisible by 3

For an application of this result, see e.g. [2].
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New refinements for AM-HM type
inequality

Mihély Bencze and D.M. Béatinetu-Giurgiu?’

ABSTRACT. In this paper we present a new generalization, and a new refinement
for AM-HM inequality based on ideas of [1] and [2.]

MAIN RESULTS

n
Let be ag, bg,zx >0 (k=1,2,...,n) and A, = % > xg, Hy = 2—,
k=1

S~ L
k§1 Tk
n B n bk .
E akTp, Dp = - 7% It is known that
k=1 k=1
n n
A, > H, & (Z xk) (Z ;) > n2.
k=1 k=1 ""

Theorem 1. Holds the following inequalities

n n b =
CuDn > aby 17 HW
k

k=1 k=1

Proof 1. We have:

CDn—Zakkaerk ' — QpTk) >Zakbk+n ﬁwz

i
k=1 k=1 k

n

bi _ L a12L1...AnTy

k=1

29Received: 11.02.2009
2000 Mathematics Subject Classification. 26D15
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Proof 2. We have:

Corollary 1.1. If x5, >0 (k=1,2,...,n), then

n n
<;xk> <Zl> St H x2+x3;...+xn an

T
k=1 k cyclic

Proof. In Theorem 1 we take ap = by, =1 (k=1,2,...,n).

Corollary 1.2. If z, a5 b, >0 (k=1,2,...,n) and

n n
Hak: ku:L then
k=1 k=1

- b - b et anTy
k=1

k=1 k=1 cyclic

Proof. It‘s immediately from the Theorem 1.
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Corollary 1.3. If z; >0 (k=1,2,...,n) and a € R, then

(Zk> <Zk) 2D Y RIACEE
k=1

X
k=1 "k =1

(n!>2a

Proof. We take ay = b, = k® (k=1,2,..,n). fa=1% a=1,a

Nl

then we obtain the followings:

2). <i kxk> (f fk> > w—l—n(n—l) o/ (n1)?

k=1 k=1

4)‘ (Z k2$k) (Z zi) > n(n+1)(2n+;z](3n2+3n—1) +n(n . 1) n

Theorem 2. We have the following inequalities:

; (b (Co - ) )
CnDnZZakbk+n1_a<Z<W>>
k

k=1 k=1

for all a € (—o0,0] U [1,400) and

N

(n!)!

>

n n 1\ @
C,D, < Z arby + nl—@ <bk (Cn — akxk)) :
< 2 o

k=1 =1

for all a € (0,1).
Proof. We have

ZakkarZ ((
S (35 (L

k=1

279
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n
> apbp+n(n—1) 7
k=1

n
CnDn > Z akbk + (n - 1) nl_a
k=1 k=1

3

Zakbk—f—n (n—1)n

k=1

for all & € (—o0,0] U [1,+00).
Proof. We have

CnDy = Zakbk + Z be (C akxk) >

n

> apbp+ (n—1)

k=1 k=1

Q=

v

A\

AV
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Characteristics of triangular numbers

K.P.Pandeyend?®
INTRODUCTION

In this paper we have studied about the characteristics of the triangular
numbers which are of course positive integers obtained by taking the sum of
consecutive positive integers starting from unity.

DISCUSSION

Theorem 1. The sum of any two consecutive triangular numbers is
necessarily a perfect square.
Proof. We have

n(n+1) N n+1)(n+2) m+1)(n+n+2) _

T, +1T, = =
n+ n+1 9 9 2

=(n+1)(n+1)=(n+1)
which is a perfect square for any positive integer n, hence the result.
Theorem 2. Any triangular number can never be expressed as the sum of
two consecutive squares.
Proof. Supposing contrary, let for any positive integer n, {n2 + (n+ 1)2} is
a triangular number, then definitely

8 {n2 +(n+ 1)2} +1 must be a perfect square,

:>8{n+n+ 2}+1 (say)
:>8(n +n? —|—2n+1 +1=m?
= 16n2 +16n+9=m
é(4n+2)2+5:m2
= (An+22=m?-5
=9-5=4 for m = 3,
=>4n+2=2=n=0

30Received: 17.03.2009
2000 Mathematics Subject Classification. 05A16
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which is a contradiction of the fact that n > 0, hence the result.
Theorem 3. The product of any two consecutive triangular numbers can
never be a perfect square.

Proof. For any positive integer n, we have

n 2 n2 n
TnTnH:n(n2+1)(n+1)2(n+2):( +1) Z(1 +2):
(n+1)2{(n+1)2—1}

4

due to the term {(n + 1)2 - 1}, the R.H.S. can never be a perfect square for
any positive integer n, hence the result.

Theorem 4. The product of any two consecutive triangular numbers is just
the half of another triangular number.
Proof. Let n be any positive integer, then we have

nn+1)(n+1)(n+2) (n+1)2(n2+2n)

TnTn+1 = 9 B = 1 =
{(n2+2n)+1}(n2+2n)_1 {(n2+2n)+1}(n2+2n) B
B 4 2 2 B
= ;W, where n? 4 2n = m (say) %Tm,

hence the result.
Theorem 5. Product of any two alternate triangular numbers is just the
double of another triangular number.
Proof. Let n be any positive integer, then
nn+1)(n+2)(n+3) nn+3)(n+1)(n+2)

TnTn+2 = 2 9 = 4 =

(n2+3n) (n2+3n+2) n2+ 3n n2+ 3n
- 4 - 2 5 1

a 2

<n2+3n) {(n2+3n> +1} 9
=2 2 2 = 2T,,, where <n ;?m) =m

Hence the result.
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Theorem 6. For n > 2, we have

T

mnin? — T2 = Ty — T,

n—1

Proof. We have

.- (n—|—1)2{(2+1)2+1} _nz (n;+1) _

T(n+1)2

(n2—|—2n+1) (n2+2n+2)—n2(n2+1) B 2(2n3+3n2+3n+1)

2 2

=22 +3ny+3n+1
And,

2o - {(n+1)2(n+2)}2_{(n—1)n}2 (n+1)% (n + 2)?

2 _ )2 3 2
(P-n)” _4(2n +3n4+3n+1)=2n3+3n2+3n+1

W

Thus

T

ni1)? — T2 = Ty — Ty

n

Hence the result.
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A double-inequality for oy (n)
Jozsef Sandor3!

ABSTRACT. Let oy, (n) denote the sum of k" powers of divisors of n. We prove
that for £ > 1 and n > 1 one has the double inequality

o® (n) /d*=1 (n) < op (n) < n* - ¢ (k), where d (n) is the number of divisors of n;
and ¢ (k) is the Riemann zeta function value at k. Certain corollaries, which
improve known bounds are pointed out, too.

MAIN RESULTS

Let oy (n) = >_ d* denote the sum of k" powers of divisors of n.

dln
Here k£ > 1 and n > 1 are positive integers; but we can assume that & is a
real number. The main aim of this note is to prove the following result:

Theorem. Let n > 1 and &£ > 1. Then

o0
where ¢ (k) = ) dik is the value of the Riemann zeta function ¢ at k.
d=1

Particularly, one has

(J (TL/))2 § 2 (2)

<02(n)<%-n

Proof. Since the function & — z* is strictly convex for k > 1 we get that

(l‘i>0,7‘21),

<l‘1—|—...—{—l‘r>k < o R

T T

we get that

31Received: 12.03.2009
2000 Mathematics Subject Classification. 11A25; 26D15.
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(21 + .. + ) < PF1 (xlf—i——l—xff) , (3)

with equality only for r =1 or z1 = ... = x,,. When z; = d; (2 =1, d(n)) are

the distinct divisors of n, then for n > 1 we get from (3)

(0 (n)* < (d(n)*"-ox (n),

which implies the left side of inequality (1).
On the other hand, remark that

NS (G) S s <t e

dln dln dln dn d=1

Remark. The proof shows that (1) holds true for any real number k > 1.
Since ¢ (2) = %2, for k = 2 we get relation (2).
Corollary. For any n > 1 and k£ > 1 one has

Particularly, as d (n) < 4n'/? (see [3]), for k = 2 we get fro (4) that

W i) T <[ 5)

Since ﬂ'\/g < 2,6; and % ~ 0,609 < 0, 7; inequality (5) refines the V.
Annapurna (see [2]) result
6
M<f2-nl/2f0rn29 (6)
n T
and of course the C.C. Lindner (see [2]) result
w<nl/2forn23 (7)
n
Remark. In paper [1] we have proved among others that if w(n) > 2, then

or(n) _n*
- 2

(8)

for any k£ > 1, and for any n,
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a result of M. Bencze.
By applying the left side of (1), combined with (8), we get that

nk

(o (n))F < > (d (n))* for w(n) > 2, ie.

o(n) < Qikd (n) < %d (n) (10)

n

for £ > 1 and w (n) > 2, where w (n) denotes the number of distinct prime
factors of n.
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Improvement of one of Sandor'‘s
inequalities

Nicusor Minculete??

ABSTRACT. The objective of this paper is to present an improvement of Sadndor‘s

. —(k—=1) ktl
inequality w <n & - T+1 , for any n, k,l € N*, where o (n) is
“5=(n)
the sum of kth powers of divisors of n, so o, (n) = S d".
dn
INTRODUCTION

Let n be a positive integer, n > 1. We note with o (n) the sum of kth

powers of divisors of n, so, oy (n) = >_ d¥, whence we obtain the following
din
equalities: o1 (n) = o (n) and o (n) = 7 (n) — the number of divisors of n.

n [1], J. Sdndor shows that

1
— z(n) <n 14 -T—i_, for any n,k,l € N* (1)

In [2] an inequality which is due to J.B. Diaz and F.T. Metcalf is proved,
namely:

Lemma 1.1 Let n be a positive integer, n > 2. For every
ai,as,...,a, € R and for every by, ba,...,b, € R* with m < 72 < M and
m, M € R, we have the following inequality:

Za —1—771]\422172 (m+ M) Za, i (2)

32Received: 25.03.2009
2000 Mathematics Subject Classification. 11A25
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powers of divisors of n
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1. MAIN RESULT

Theorem 1.2. For every n,k,l € N with n > 2 and k L ¢ N the following
relation

<n 1+ -—— istrue. (3)

Proof. In the Lemma 1.1, making the substitution a; = \/df and b; = ﬁ,

where d; is the divisor of n, for any i = 1,7 (n). Since
k—1

1< Z—: = df"” < n'3 and aibi =d,? , we take m =1 and M =n'5.
Therefore, inequality (2) becomes
() T T
St Y e (1)
=1 7 i=1
which is equivalent to
e+t 07 (n) ket
on(m)+nF UL < (1405 ) o ()
n 3
so that
ox(n) +n'T o (n) < (140% ) ot (n), (4)
2

for every n, k,l € N with n > 2.

The arithmetical mean is greater than the geometrical mean or they are
equal, so for every n,k,l € N with n > 2, we have

—1

\/nk%l@ (n) oy (n) < 2 () + ZTUI (),

Consequently, from the relations (4) and (5), we deduce the inequality

()

op(n)or(n) _n7 op( ‘
oot () = 204t (n) = 5

2 2

Remark For k — k +2 andl — k we obtain the relation

Voria(n) -ox(n) _ Jaokt2 () + Vo (n) 4 RIS
- 20 (n) n 2

o (n)
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for every n,k € N with n > 2.
For k =1, we deduce another inequality which is due to Sandor, namely,

g n 'nk
Tk((n)) = 2+ - (7)

for every n,k € N with n > 2.

REFERENCES

[1] Sandor, J., On Jordan’s Arithmetical Function, Gazeta Matematica nr.
2-3/1993.
[2] Drimbe, M.O., Inegalitati. Idei si metode, Editura GIL, Zalau, 2003.

“Dimitrie Cantemir” University of Bragov
E-mail: minculeten@yahoo.com



OCTOGON MATHEMATICAL MAGAZINE
Vol. 17, No.1, April 2009, pp 291-293

ISSN 1222-5657, ISBN 978-973-88255-5-0,
www.hetfalu.ro/octogon

291

About one algebraic inequality

Sefket Arslanagi¢®?

ABSTRACT. In this paper we present the error by the proof of one algebraic
inequality.

INTRODUCTION

In [2], p. 39, problem AQ.10.; in [3], p.15, problem 80. and in [4], p.5,
problem A1991-6. we have the next problem:
Prove the inequality

1172y

2 2
Yz 2z
+—

x

_i_i
z Y

for all positive numbers z,y, z.

Remark. In [2] and [3] in the place x,y,z we have a,b,c.
MAIN RESULTS

In [2], p. 69 and [3], p. 38, we have only this phrase as the solution:

With the Cauchy-Buniakowsky-Schwarzs inequality, we get:
2 2 2 2 2 2
x z  zx x°z x oz
<y+y+) <+y+y>2(z2+y2+z2)2 2)
z x Y Yy z x

But , I see not in what way to receive the proof of the given inequality (1)
from the inequality (2)?!
In [4], p. 41 we have this solution:

Without lost of generality we may assume that > y > 2z > 0. We have

33Received: 26.02.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Algebraic inequality; symmetric cyclic and homogeneous
inequality, contraexample.
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> z? + y2 +22 s x3y2 + y3z2 + 2322 > x3yz + y3zm + z3acy

oo y(y—z)+y222(y—z)+z3(y2—2yx+x2)—xyz(y2—22) >0

Sy—2)—2) [ty +yz@—y)]+2@—y)? >0

Then the last inequality holds.

Unfortunately, this proof is not complete. Why? The inequality (1) is cyclic
and homogeneous, but this inequality is not symmetric! We can not take
only that isxz >y > 2z > 0.

It is not heawily give one contraexample, i.e. show that this inequality is not
exact, for example so x =16, y =1, 2 =2 (z > z > y > 0); now we have:

256 1 1
7+§+642256+1+4<:>192§2261(?!)

In general, for x = n*,y = 1,2 =n; (n € i; n > 2) we have of (1):
n7+%+n62n8+1+n2<:>n10+n9+12n11+n5+n3<:>
en'®n-1)+n"1-nY)+n’-1<0&
@nlo(nfl)fns(n‘lfl)+(n71)(n2+n+1) <0«
< (n—1) [nlo—n‘r’(n—l—l)(n2+1)+n2+n—|—1] <0&
Smh-1)@n"%+n’+n+1-n*-n"—nf-n°)<0e

nO4+n2+n+1
n® +n’ +nb 4 nd

<:>(n—1)(n8+n7+n6+n5)< 1)§O<:>

6, .2
n®+n +n+1}§0

5 3 2
& ~1 1 -1)-1
n’(n—1)(n*+n*+n+ )[n(n N, S

what is not exact because n > 2.
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The inequality (1) not holds too for 0 < x <y < z, because for z =1, y = 2,
z = 16, we get of (1):

1 1
§+64+12821+4+256<:>192§2261,

what is not true.
Therefore, the inequality (1) not holds for all z,y,z > 0. This inequality
holds for z >y > z > 0.
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On certain inequalities for the c—function

Jozsef Sandor34

ABSTRACT. We prove that @ < pﬁz()n—)l’ where P (n) and p (n) denote the

greatest, respectively, least-prime factors of n
MAIN RESULTS

Let o (n) denote the sum of positive divisors of n. The main aim of this note
is to prove the following inequality

Theorem. Let n > 2 be a positive integer. Then
P
o) _ P "
n p(n)—1

where p (n) denotes the least prime factor of n, and P (n) the greatest prime
factor.

Corollary. For all n > 2 one has

o(n!) <n-nl (2)

p(nl) > (n—1)! (3)
where ¢ denotes Euler‘s totient function.
Proof. We shall use the following well-known inequality (see e.g. [1]):

s
n
Therefore, one has
o (n) n ()
n ¢(n)

On the other hand, it is well-known that,

34Received: 12.03.2009
2000 Mathematics Subject Classification. 11A25.
Key words and phrases. Arithmetic functions; inequalities.
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2m(-)

Let p1 < p2 < ... < p, denote all distinct prime factors of n. Then

n_o_ _pm pr_p2—1l ps—1  p
en) p—1"p—1"p1—1 pp—1"p —1
where we have used the fact that p;1 <ps—1,...,p.—1 < p, — 1.
Therefore, we have obtained that

< Pr _ P(n)
en) “p—1 pn) -1
By inequalities (4) and (5), relation (1) follows.
Letting n = m! in (5), and remarking that p (m!) =2, P (m!) < m, from (5)
we get (3) for n replaced with m.
From (1) applied to n = m!, we get similarly relation (2).
Remark 1. As n-n! < (n+1)n! = (n+ 1)!, we get the inequality

()

o(n!) < (n+1)! (6)
ie.o(1-2-...-n)<2-3-...-(n+1); ie. the inequality

o(aras...ap) < (a1 + 1) (az +1)...(ap + 1) (7)

is valid for the particular case a; = ¢ (z =1, n) .
As by (3),one has p(1-2-...-(n+1))>1-2-3-...-n, we get that

¢ (a1ag...ant1) > (a1 — 1) (a2 — 1) ... (ap41 — 1) (8)

is valid for a; =1 (i=1,n), n > 1.
Aso (k) > k+1and ¢ (k) <k—1, by (7) and (8) we can write also for these
particular cases:

o (a1az...an) < (a1 + 1) (ag + 1) .. (ap + 1) o (a1) o (az2) ...0 (an) (9)

respectively.

v (arag...an) > (a1 — 1) (a2 — 1) .. (apy1 — 1) > ¢ (a1) ¢ (a2) ..o (an)  (10)
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Remark 2. If n > 2 is even, we get from (1) that

o(n) <nP(n) (11)

while if n is odd, sivisible by 3, one has

(12)
REFERENCE
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A note on the inequality
(1 + 2o+ .4+ 2,)° <n (23 + ...+ 22)
Jézsef Sandor3®

ABSTRACT. A lemma proved in [1] follows from the inequality of the title.

Recently, Zlatko Udovicic [1] proved certain inequalities for the sequence of
arithmetical means. In his proof, he used a basic inequality, as follows:

Let 2 € R (1 <k <n), and suppose that 23 + ... + 22 < r2. Then

(14 .. +2)> <n-r? (1)

Instead the quite special and complicated proof of (1) shown in [1], we want
tooffer inequalities of the title, which trivially yield (1).

Let f:(0,00) — R, f(z) =2F, z € (0,00). As f"(z) =k (k — 1) 2*2, we
get that f” (x) >0, if k € (—o0,0] U [1,00) and f” (x) <0, if k € [0,1].

By Jensen‘s inequality for convex functions, we can write the inequality

; <x1 + xn> _f@) + et f () (x>0, T=1,n) (2)

n - n

so we get the inequality

(T1 4 ... + x,)" <0kt (x’f .+ x,’i) ; (3)

when k € (—o0,0] U [1,00).
Clearly, the inequality in (3) is rewersed, when k € [0, 1].

There are well-known facts.Put e.g. kK =2 in (3). Then we get the inequality

35Received: 26.02.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Algebraic inequalities, convex function.
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(21 + ... + 20)? <n(zi+..+27) (4)
Clearly, if soe of x; (or all) are < 0, then (4) holds true, by letting z; = —y;
(y; > 0) and using (4) for y; as well as the modulus inequality.

Inequality (4) implies at one relation (1).
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A note on inequalities for the logarithmic
function

Jozsef Sandor36

ABSTRACT. We show that the logarithmic inequalities from [1] and [2] are
equivalent with known inequalities for means

Let a,b >0 and A = A(a,b) = QT‘H’, G = G (a,b) = Vab,

L=1L(ab) ==t (a#b), =1I(ab)=21(/a)"""" (asb),
L(a,a) =1(a,a) =a

be the well-known arithmetic, geometric,logarithmic, respectivelly identric
means of arguments a and b.

In papers [1], [2] certain logarithmic inequalities are offered.

However these inequalities are well-known, since they are in fact equivalent
with certain inequalities for the above considered means.

The left side of Theorem 1 of [1] states that
3 (:c2 - 1)
2?2 +4r+1

Put 2 := /% in (1) (as in Corollary 1.14), where a > 1.
Then becomes

<lnz, z>1 (1)

2G+ A
- e)

where L = L (a,b), etc. This is a known inequality of Pélya and Szegé (see
the References from [4], or [7]); and rediscovered by B.C. Carlson.

L <

But inequality (2) implies also (1)! Put a = 22b in inequality (2). Then

36Received: 26.01.2009
2000 Mathematics Subject Classification. 26D15, 26D99
Key words and phrases. Inequalities for means of two arguments.
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reducing with b, after some easy computations, we get (1).
The right side of Theorem 1 is

(22 =1)(z+1)
33z (224 1)

Letting x = \/% , where a > b; we get that (3) is equivalent with

Inz <

, x> 1 (3)

3AG
2A+ G

(and not L > %, as is stated in Corollary 1.14 of [1]).

L>

As 2?4A+GG > @, inequality (4) is stronger than L > G, but weaker than the

inequality

L>VG2A (5)

due to Leach and Scholander ([4]). This is exactly Theorem 2 of [1],
attributed to W. Janous.

To show that vVG2A > 2?4A+GG> one has to verify the inequality

843 — 154%G + 6AG? + G2 > 0, or dividing with G2, and letting

A
5:t:8t3—15t2+6t+1>0

This is true, as

(t—1)%8t+1)>0

We do not enter into all inequalities presented in [1], [2] but note that the
identity

A I

L ‘G ©)

in page 983 of [2] is due to H.J. Seiffert ([5]). The proof which appears here
has been discovered by the author in 1993 [5]

REFERENCES

[1] Bencze, M., New inequalities for the function Inz (1), Octogon
Mathematical Magazine, Vol. 16, No. 2, October 2008, pp. 965-980.

[2] Bencze, M., New inequality for the function Inx and its applications (2),
Octogon Mathematical Magazine, Vol. 16, No. 2, October 2008, pp. 981-983.



A note on inequalities for the logarithmic function 301

[3] Carlson, B.C., The logarithmic mean, Amer. Math. Monthly 79(1972),
pp. 615-618.

[4] Séndor, J., On the identric and logarithmic means, Aequationes Math.
40(1990), pp. 261-270.

[5] Séandor, J., On certain identities for means, Studia Univ. Babes-Bolyali,
Math., 18(1993), No.4., pp. 7-14.

[6] Sandor, J., Some simple integral inequalities, Octogon Mathematical
Magazine, Vol. 16, No. 2, October 2008, pp. 925-933.

Babes-Bolyai University of
Cluj and Miercurea Ciuc,
Romania



OCTOGON MATHEMATICAL MAGAZINE
Vol. 17, No.1, April 2009, pp 302-303

ISSN 1222-5657, ISBN 978-973-88255-5-0,
www.hetfalu.ro/octogon

302

On the inequality (f (z))" < f (z")
Jézsef Sandor37

ABSTRACT. Let f : [0,a] — 1, where a > 1 and f (a) < 1, f (0) = 0. We prove
that if f is a two-times differentiable, strictly increasing and strictly concave

function, such that 0 < f (z) < x for all € (0, a], then the inequality of the title
holds true for any z in (0, /a] for any k > 1.

MAIN RESULTS

Let a > 1 and f a real-valued function defined on (0, a] . Suppose that

0< f(z) <z If1 <z < a,then as ¢ < 2, and f is strictly increasing, we
can write f (z) < f (2*). Thus (f @) < fx)<f (z%), as (f ()t <1,
by k> 1, f(x) >0 and f(z) <1, since f (z) < f (a) <1 for x < a. Clearly
a # a”, so there is strict inequality.

Assume now that z € (0,1). Then remark first that (f (¢))*™' < t*1 for

t € (0,z). This follows by 0 < f (t) <t and k > 1. On the other hand, as f is
strictly concave, we have f” (t) < 0 on (0,2), so f’'(t) is strictly decreasing,
implying f/ (t) < f’ (t*) since 0 < t¥ <t < 1. Therefore we can write

RO @) <kt g () (+)
for any t € (0, ) ; on base of the above two inequalities.
Integrating the inequality (*) on (0, ) ; and remarking that
L) =k(f @) f(t) and Lf (%) = kt*=1f' (¢*) , and using
f () =o.

This proves the theorem.

Remark. Without assuming f (0) =0, we get the relation

3TReceived: 29.01.2009
2000 Mathematics Subject Classification. 26D99
Key words and phrases. Inequalities for real variable functions; convex functions.
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(f @) < f (%) + (0D (1)
Application. Put f(z) =sinz,a =5 >1. As f(0) =0, f(a) =1 and
f'(xz) >0, f"(z) <0and 0 < sinz < z, we get by (1)

(sinz)® < sina® for any z € (0, v g] (2)

Babes - Bolyai University, Romania
E-mail: jjsandor@hotmail.com and jsandor@member.ams.org
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A note on Bang‘s and Zsigmond‘s theorems

Jézsef Sandor38

ABSTRACT. In a recent note [2], an application of the so-called Birkhoff-Vandier
theorem was given: We offer a history of this theorem, due to Bang and Zsygmondy.

Recently, in note [2], the following theorem of Zsygmondy from 1892 (see [4])
has been applied:

Theorem. If a,b and n are integers with a > b > 0, gdc(a,b) =1 and n > 2,
then there is a prime divisor p of ¢ — b™ such that p is not a divisor of a¥ — b*
for any integer with 1 < k < n, except for the case a =2, b =1, n = 6.

The case b = 1 is due to Bang [1], who discovered it in 1886.

Both Bang's theorem and Zsigmond‘s theorem have been rediscovered many
times in the XX century. A partial list of references is given in [5], p. 361.
It should be noted that Zsygmond‘s theorem has itself been generalized to

algebraic number fields. A list of references on generalizations of Zsigmond‘s
theorem can be found in [3], from which earlier references may be obtained.
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Jozsef Wildt International Mathematical
Competition

The XIX" Edition, 2009 39
The solutions of the problems W.1-W.30 must be mailed before 30.October 2009, to
Mihaly Bencze, Str. Harmanului 6, 505600 Sacele-Négyfalu, Jud. Brasov, Romania,

E-mail: benczemihaly@yahoo.com

W.1. Let a,b, c be positive real numbers such that a + b+ ¢ = 1. Prove that

J(1+a\ 5 [14+b\ @ [1+c %264_
b+c c+a a—+b

José Luis Diaz-Barrero, Barcelona, Spain

W.2. Find the area of the set A ={(z,y)|1 <z <e,0<y< f(x)}, where

1 1 1 1
Inz 2Inx 3lnzx 4Inzx

f )= (nz)? 4(nz)®> 9(nz)® 16 (nz)?
(Inz)®> 8(Inz)* 27(nz)® 64(nz)’

José Luis Diaz-Barrero

W.3. Let & and ¥ denote the Euler totient and Dedekind‘s totient,
respectively. Determine all n such that ® (n) divides n + ¥ (n).

Jozsef Sandor and Lehel Kovacs

39Received: 22.02.2009
2000 Mathematics Subject Classification. 11-06
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W.4. Let ® denote the Euler totient function.Prove that for infinitely many
k we has ¢ (2’“ + 1) < 2= and that for infinitely many m one has
d(2m+1) >2m L

Jozsef Sandor

W.5. Let p1,p2 be two odd prime numbers and a,n integers with o > 1 and

2
integer solutions in the case p; = po, then the equation does not also have

integer solutions for the case p; # ps.

p1 p1
n > 1. Prove that if the equation (m + % = o does not accept

Michael Th. Rassias, Athens, Greece
W.6. Prove that

p) =2+ (p )+ +p([5] 20 0) + ($h () + ety ()

for every n € N with n > 2, where x; (n) denotes the principal character
. : 1, i (nk)=1
Dirichlet modulo 2, i.e. x; (n) = { 0. it (n.k)=0

the number of partitions of n in exactly m sumands.

with p’(n) we denote

Michael Th. Rassias
W.7. If 0 < a < b, then

> 0.

b (:L‘2 — (GTH’)Q> In % In %d:p
/ (22 + a?) (22 + b?)

Gyorgy Szollosy, Maramarossziget, Romania

W.8. If n,p,q € N, p < q then

<(p +nCI) n) é(_l)k <Z> ((p ;;1_—]{1) ”) -
(5]

(R @)

Gyorgy Szollosy
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W.9. Let the series

s(nz) = (1_55)(1—7213!:)...(1_713;)
n>0

Find a real set on which this series is convergent, and then compute its sum.
Find also  lim  s(n,z).
(n,z)— (00,0
Laurentiu Modan, Bucharest, Romania
W.10. Let consider the following function set
F={fIf:{1,2,...,n} — {1,2,...,n}}

1). Find |F]|
2). For n = 2k, prove that |F| < e (4k)"
3). Find n,if |F| = 540 and n = 2k.
Laurentiu Modan

W.11. Find all real numbers m such that

1—m
2m

€{ze Rim2zt + 3ma® + 227 + x = 1}.

Cristinel Mortici, Tirgoviste, Romania
W.12. Find all functions f : (0,+00) N Q — (0, +00) N Q satisfying the

following conditions:

1). f(ax) < (f (x))*, for every x € (0,+00)NQ and a € (0,1) N Q
flx+y) < f(z)f(y), for every x,y € (0,400) N Q.

Cristinel Mortici

W.13. If ap > 0 (k=1,2,...,n), then prove the following inequality

5

Robert Szasz, Marosvasarhely, Romania
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W.14. If the function f : [0,1] — (0,400) is increasing and continuous, then
for every a > 0 the following inequality holds:

1

1
x0Tl a+1 [ 2%z
[T a+20/f<m>'

0

Rébert Szész

W.15. Let a triangle ABC and the real numbers z,y, z > 0. Prove that

Q

n
2

A B n n
x"cos — + y"cos — + 2" cos — > (yz)2 sin A + (zx)2 sin B + (zy) 2 sin C.

2 2 2~
Nicugor Minculete, Sfintu-Gheorghe, Romania

W.16. Prove that

n

Z% Vn+1-1,

1

k=
for every n > 1, where d (n) is the number of divisors of n.

Nicusor Minculete

W.17. If a,b,c > 0 and abc = 1, « = max {a,b,c}; f,g:(0,400) — R,
2
where f (z) = 2(7”“) ,g9(z)=(xz+1) (%—Fl) , then

(a+1)(b+1)(c+1) >min{{f (2),9(@)}|x € {a,b,c}\{a}}.
Ovidiu Pop and Gyorgy Szollésy

W.18. If a,b,c > 0 and abc = 1, then

a+b+c" 41 11 11
2. 25 L 2 L ab = A

for all n € N.

Mihély Bencze
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W.19. If z, >0 (k=1,2,...,n), then

n
n 2 Z xi
T k=1
. AT
k=1

Mihély Bencze

W.20. If z € R\ {&|k € Z} , then
2 2

Z sin(2(j+k)x) | + Z cos(2(j+k)z)| =

0<j<k<n 0<j<k<n

sin? nasin? (n + 1) x

sin?

x sin? 2z
Mihély Bencze

W.21. If ¢ denote the Riemann zeta function, and s > 1, then

— 1 ¢ (s)
;kSH 140

Mihaly Bencze

W.22. Ifa; >0 (i=1,2,...,n), then

k k k
a a a a a a
<1> + <2> + ot (”> >4 2442
as as al ag as ai
for all k € N*.

Mihaly Bencze

W.23. If xy € R (k=1,2,....,n) and m € N, then
n
1). > (x% — T1T9 +1:%)m <3m xim
k=1

cyclic

2. T (22— arws+22)™ < (32)" (kil xim>

cyclic

n

Mihély Bencze
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W.24. If K, L, M denote the midpoints of sides AB, BC,C A, in triangle
ABC, then for all P in the plane of triangle, we have

AfB_FBiC+ CA >AB-BC’-CA
PK PL PM ~— 4PK-PL-P’

Mihaly Bencze
W.25. Let ABCD be a quadrilateral in which A = C = 90°. Prove that

1 ) 1 1
> .
555 (AB+ BC +CD + DA)+ BD (AB‘AD+CB'CD> _2(2+\/§)

Mihaly Bencze

n
W.26. Ifa; >0 (i =1,2,..,n) and 3 a¥ =1, where 1 <k <n +1, then
i=1

- 1
ZarF >n'”

=1 a;

£
>3

+nk.

.

i=1

Mihaly Bencze

W.27. Let a,n be positive integers such that a’ is a perfect number. Prove
that

at > %,
where p denotes the number of distinct prime divisors of a™.

Michael Th. Rassias
W.28. Let 6 and p (p < 1) be nonnegative real numbers.

Suppose that f: X — Y is a mapping with f (0) =0 and
< 0 (l=l%) + llyll%) (1)

H2f <"“"‘2”’> 1@ =)

for all x,y € Z with z L y, where X is an orthogonality space and Y is a real
Banach space.

Prove that there exists a unique orthogonally Jensen additive mapping
T: X — Y, namely a mapping T that satisfies the so-called orthogonally
Jensen additive functional equation
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27 (“32) = F @)+ 5 )

for all z,y € X with « L y, satisfying the property

17 @)~ T @y < 5o el 2

for all z € X.

Themistocles M. Rassias

W.29. In all triangle ABC' holds

Z <1 —1/ \/gtgg + \/&g?) (1 =1/ \/§tg§ + Jgtgé?) >3

Mihaly Bencze

‘W.30. Prove that

()g;gn (i + ) <7Z> (?) =n (22“ _ (2:»

Mihaly Bencze
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Book reviews

1. Selected chapters of geometry, analysis and number theory:
Classical topics in new perspectives

Sandor, J., Babes-Bolyai University, Cluj and Miercurea Ciuc, Romania

This book focuses on some important classical parts of Geometry,
Analysis and Number Theory.

The material is divided into ten chapters, including new advances on triangle
or tetrahedral inequalitiesl special sequences and series of real numbers;
various algebraic or analytic inequalities with applications; special functions
(as Euler gamma and beta functions) and special means (as the logarithmic,
identric or Seiffert‘s mean); arithmetic functions and arithmetic inequalities
with connections to perfect numbers or related fields; and many more.

The majority of the presented topics are based on the original journal
publications of the author.

This reference work eill be useful for undergraduate university or college
students; as well as teachers, researchers and professors interested in these
fields of mathematics.

2008. 468p.Paperback
ISBN-10:3838306422
ISBN-13:978-3838306421

LAP- Lambert Academic Publishing
$ 114.00, sold by Amazon.com



314

Octogon Mathematical Magazine

HIDRAULICA Ltd.

Director: ing. Dezsé Fehér
505600 Sacele-Brasov, Romania, Str. Avram Iancu 62

Tel: (004)03868-427416; (004)0268-306244
Fax: (00)0268-274413

Mobil: (004)0722-514495

E-mail: d.feher@hidraulica.ro

DOVILIV IMPEX SRL.

The human and veterinary Pharmacy where you find a relief
for both body and soul.

Str. Mare 52, Tohanul Vechi, Zarnesti,
Jud. Brasov, Romania

E-mail: ovidiubagdasar@yahoo.com
Tel: (00)0268-222129

DECORATOR LTD

Paints, Varnishes, Wallcoverings, Tools, Importer and
Kholesaler

Andor Todor

general menager

Str. Mica 13-21

500053 Brasov, Romania

Tel: +40268 406318; +40268 406319; +40268 631525
E-mail: andor.todor@decorator.com.ro




Proposed Problems 315
Proposed problems

PP. 15249. « Denote M, N the midpoint of sides AB and AC' in triangle
ABC, and AB+ AC = \- BC.

1). Determine all A > 0 for which M N is tangent to the incircle.
2). Determine all A > 0 for which M N lie on diameter of circumcircle.

Mihély Bencze

PP. 15250. If ay > 1 (k=1,2,...,n) and S = ) ag, then
k=1

1) ﬁl Sar > 2 anl S—a. >
. Pl Ogak n—1 = ) P Ogak n—1 = n

Mihély Bencze

PP. 15251. In all triangle ABC holds:

1). 352 (s2+ 12+ 2Rr)” > 2Rr (552 + 12 + 4Rr)”
1252R2 > (82 +r2 4+ 4R7‘)2

).

)- ,
). 3s% (s> + 12+ 4Rr) (s* + 1% + 2Rr)2 > ((32 +r24 4Rr)2 + 852Rr>
).

).

(GUEN \V]

B

12 (4R + 1) 2R > r ((4R )2+ 32)2

5). 6 2R—7) ((2R—r) (s* +r* —8Rr) — 2Rr2)2 >

ARr? (16R? — 24Rr + 512 + 52)°

6). 3(4R+7) ((4R +r)? 4+ 82 (2R + r)2) > 25°R (5 (4R +7)* + 52)2

Mihaly Bencze

PP. 15252. Denote F' (ki, k2, ..., ky,m) the last decimal of
(m+k)™+(m+k)™ + ...+ (m+kp)™, when m, ky, ko, ..., k, € N*. Prove
that F' is periodical, in raport of m.

Mihaly Bencze

109 Solution should be mailed to editor until 30.12.2010. No problem is ever permanently
closed. The editor is always pleased to consider for publication new solutions or new in
sights on past problems.
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PP. 15253. In all triangle ABC holds Z _ ey > - \/>

s— Tct92

Mihaly Bencze

PP. 15254. Determine all regular n—gon Ay A,...A,, in which
when k € N*.

A; Ak A; Ak A; A’C ’
J P
Mihaly Bencze

PP. 15255. Determine all regular n—gon Aj As...A, in which the difference
of the maximal and minimal diagonal is equal with sides of n—gon.

Mihély Bencze

PP. 15256. Let M be a random point on the circumcircle of regular
2n—gon A1 As...ApApt1...Aay. Denote By, Bo, ..., B, the proiection of M to
AlAnJrl, AQAnJrQ, ceny AnA2n

O'[AlAQ...Azn] _

Prove that o[B1Bs...Bn] — co

4
S

Mihaly Bencze

PP. 15257. If z;, € C (k=1,2,...,n) and x,y € R, then

n
(z+1)* > |z]* — zy (]zl + 2P+ |zl o+ |z + 21]2) =
k=1
= |yz1 — zz* + lyzo — z23* + . + |yzn — x21]?.

Mihaly Bencze

(23 +1)" =2(2z2 — 1)
3 3 _ _
PP. 15258. Solve the following system: (”% + 1) =2(2z3-1)

Mihaly Bencze
PP. 15259. In all triangle ABC holds Y y/ctgd > 3Y3URE) /r

Mihély Bencze
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PP. 15260. Let be a; € (0,1) U (1,+00) (k=1,2,...,n) and

— — x x Tn—1 — — ——
f:R" ! — R ! where f (z1,%9,...,Tn_1) = aytay’...a," al=T1—T2 Tn 4
1 T2 Tp—-1 l—x1—...—2p T1 T2 Tn—-1 l—x1—...—Tp
+ay az”...an” " ag + ... taytai”a, 5 a,

1). Determine E C R"! in which f is increasing
2). Determine F' C R"~! in which f is decreasing.

Mihaly Bencze
PP. 15261. Let f:[0,4+00) — [0,400) be a function, where f (z) = i aj,

k=1
ap >0 (k=1,2,...,n)

n

1). Prove that if [] ax > 1, then f is increasing
k=1

2). Determine all ap > 0 (k =1,2,...,n) for which f is decreasing
Mihaly Bencze
PP. 15262. Let ABC be a triangle. Determine all > 0 for which

In(wtgy (Y52 —tg5))

E 1n(:c£ctg§)

> x.

Mihaly Bencze

n
PP. 15263. If z, > 1 (k=1,2,....,n) and > zp =n(n—1), then
k=1
> log,, (v2+x3+ ...+ 2,) > 2n.

cyclic

Mihaly Bencze

2 2
1" = el

2 2
3" = el

PP. 15264. Solve the following system:

Mihély Bencze



318 Octogon Mathematical Magazine, Vol. 17, No.1, April 2009

PP. 15265. In all triangle ABC holds

Z(f/l—tggw $/1+tgg‘> cos 4 <5+ .

Mihaly Bencze

PP. 15266. In all triangle ABC holds:

9 1 7
1). 1(2R—r) <X 2R(1+sin® 4 )—r < 3(2R-r)

_9 1 7
2). 4(4R+r) <X 2R(2+4cos? 4 )+r < 3@R+7)

Mihaly Bencze

\/ct 4
PP. 15267. In all triangle ABC holds: 13" tg4ctg§ >3 72

ctg%-ﬂ/ctg% ‘
Mihély Bencze

PP. 15268. In all triangle ABC holds:

DY (P I A e S [P S -
tg3§+ctg§ ct93§+tg§ = t92§+ct92g ’

Mihaly Bencze

PP. 15269. In all triangle ABC holds: [] (3 + ctg%ctgg) < 4523R.

r

Mihaly Bencze
PP. 15270. If a,b,c > 1, then solve the equation

e A A
(o= at) e 42) ()

= (abe) ™ + (abe)  + ()" + (5)7 + (&) + (%)

a ac

Mihaly Bencze
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PP. 15271. If 21, 29, 23 € C' are distinct such that

Va—1
Va1 =

Z1—%2
21—23

a|zg — z3| = |21 — 22| + |21 — 23|, then < gi

Mihély Bencze

PP. 15272. Let A1 A3A3A4 be a concyclic quadrilateral. If all triangles
determiated by three vertexes of the given quadrilateral are isoscelles, then
A1 A3A3A, is square or trapezium.

Mihaly Bencze

PP. 15273. In all triangle ABC holds:

> <\/tg‘§ctg§ + \/tgl;ctg‘§> tg% < 2v/3.

Mihaly Bencze

PP. 15274. In all triangle ABC holds:

9 1 7 9 1 r
1). 4(R+r) <2 IRTrira < 3(4R+r) 2). 15 S 2 s+rectga < 35

Mihaly Bencze

PP. 15275. In all triangle ABC holds:

1 2 3 108
b(a—b+c) + c(a+b—c) + a(—a+b+c) > (2b4-c)(3a+b+2c) "

Mihaly Bencze

PP. 15276. If z, € C, |2| <1 (k=1,2,....,n) and p € {2,3,...,n — 1}, then

n
(1 —2z129...2p) (1 — 2223...2p41) ... (1 — 2p21...2p—1) (1 - JI zk> ‘ >
k=1

(1 — [zt

s

>

k=1

Mihély Bencze
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PP. 15277. Let ABC be a triangle, and M € Int (ABC') such
AMBA = BMC4 = CMAX. Prove that:

1). 25 MA? 4 Y MALME® 5 16¥5, 1A B
2). (X MA3) (X 11) = 4V30 [ABC]

3). (X MA+ MB)? > 16¥35 [ ABC]

2
1. 3 (H445) < YolABC).

Mihély Bencze

PP. 15278. Let be the triangles Ay ByC} such that My € Int (AxBrCy) and
AkMkBkl = BkMkaK = CkMkAkl (k = 1, 2, ,n) . Prove that:

() (& ) (8 ) (£ s

n

+\/<k§i:1 Mk013> (éjl MkA%> > 43 S o [ApBrCyl .

k=1
Mihaly Bencze

PP. 15279. Determine all z1, 22, 23 € C for which |z1| = |22| = |23] = 1 and

Zg—Z3 | Z3TEl | Z1—Z| 3\/§_

Z1 22 z3

Mihély Bencze

PP. 15280. Prove that the triangle ABC' is equilateral if and only if

8Rr cos B=€

Z log, (32+r2+2Rr)zsin 2 =0.

Mihaly Bencze

PP. 15281. Determine all 2z € C (k =1,2,...,n) such that

('l_kﬁ1zk -2 121—22!>2§

cyclic
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<

s

k=1

2
+ Z |21—22|> .

n
11— 22| < ‘1_ I =
k=1 cyclic
Mihély Bencze

PP. 15282. If 21, 29,23 € C and |z, < 1 (k =1,2,3), then

[(1 = 2122) (1 — 2923) (1 — 2321) (1 — 212923)| >
> (1—|z1))* (1 = 22])” (1 = |z3))°

Mihély Bencze

PP. 15283. Let ABC and A’B’C’ be two triangles. Prove that
165 halt, + 25 (a—0)2 +y 3 (@ — 1) < (X ad)? (Z ﬁ) , where

x,y > 0 are constant, which will be determinated.

Mihaly Bencze

PP. 15284. Let ABC and A’B’C’ be two triangles. Prove that

() (%A <k G+ D) e+ )
Mihély Bencze

PP. 15285. 1). If A(z) = ( Z;igﬁ Ziiiii ) , where ay, by € C

(k=1,2,3,4), then determine all ay, bg,a,b € C (k=1,2,3,4) such that
A%(x)=A ((:Jc +a)+ b) for all z € C.

2). If ag, bg,a,b € Z (k=1,2,3,4), then solve in Z the equation
A? (z) = A (y* + ¢*), where c € Z.
Mihaly Bencze

PP. 15286. If a,b,c € (0,1) U(1,+00), then

log. b)24(1 2
Z% < log, b+ logy ¢ + log, a.

Mihaly Bencze
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PP. 15287. If a; € (0,1) U (1,+00) (k=1,2,...,n), then

> (loga1 az +10g,, 4, ag) > 37” When holds the equality?

cyclic

Mihaly Bencze

PP. 15288. If z,y,2,t > 0, then Zz’—; >3 x+11/+z +%Z% + 4.
Mihaly Bencze

PP. 15289. In all triangle ABC holds:
1). TT (a® + %)2 > 25 (s? + 1%+ 2Rr)

827‘ 82 7‘2 T
2). T[ (2 + 3)? > Lrleeriean) 3). [T (2 + 3)% > 4R
Mihaly Bencze

PP. 15290. In all triangle ABC holds:

2 4(527r27R7') _ 2 24,2
D (8 2 Srrnn? 2. ¥ (55%5) = S -4

Mihély Bencze

PP. 15291. 1). If 2, € C (k=1,2,....,n) and |zx| =1 (k= 1,2,...,n), then
> (z Re (z;)) <3 |
i=1 \j=1 k=1

2). Determine all z;, € C (k =1,2,...,n) such that

(S (e)) = (8]

n

> 2k

k=1

Mihaly Bencze

PP. 15292. Solve in Z the equations

n
). l—z+ay)(l—y+ay) =1 2). I 1 =z + z129...5) = 1
k=1

Mihély Bencze
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PP. 15293. If x € (O, %) and n € N*, then

(1—%)COS$+%ZCOS(1—L)SL’

2). We have § (cos (1 — ﬁ) z—(1- #) cosz) < %
k=1

3). i(cos( m>az—<l—m)cosx><n—“

k=1

4). Compute lim <Z cos ( k(k+l)) T — <1 — m> cos x)

n—~o0

Mihaly Bencze

PP. 15294. If AyByCy (k= 1,2,...,n) are triangles, then

|3

> Wy Way o Wa,, < 2% > (araz...ay))
Mihaly Bencze

PP. 15295. Determine all z,y,n € N such that

<3+5ﬁ>” 4 <3—5ﬁ>” — 2% 442,

Mihaly Bencze

PP. 15296. If a,b,c € (0,1) U (1,+00), then 3 %2 > 3,

Mihaly Bencze

PP. 15297. If e = cos 2% +isin 2%, n € N, n > 2 and
sp =18 42k 1 3kc2 4 4 (n— l)k e"~2, then compute:

1). ’81‘ + ‘82| + ...+ ’8k| 2). ’3182‘ + ‘8283‘ + ...+ ’Sk81|

s1
52

3). o] + |22

Mihély Bencze



324 Octogon Mathematical Magazine, Vol. 17, No.1, April 2009

PP. 15298. Determine all z,y, z € {0,1,2,3,4,5,6,7,8,9} such that
2

IT...T +Yy..y = 2z...2 .

n—time n—time 2n—time
Mihély Bencze

PP. 15299. If fi, g : [0, +00) — [0, +00) (k=1,2,...,n) are continuous

n

-1

n

functions, such that (Z a fx (x)) (Z br. gk (ac)) is an increasing
k=1 k=1

function, then determine all ay,bx, € R (k= 1,2,...,n) for which

n x n x -1
(Z ap [ fr (t) dt) (Z b [ gi (1) dt) is an increasing function too.
k=1 0 k=1 0

Mihély Bencze

PP. 15300. In all triangle ABC holds:

2

1). -2 =2(4R+7r) 2). - —2(2R-7r)

Tq—T Ty+Te

Mihaly Bencze

PP. 15301. If a,b,¢ > 0, then abc[] (da+b+c¢) < (S a)* ] (a+b).

Mihély Bencze

PP. 15302. Determine all function f : [0, +00) — [0, +00) such that
f@)+ /f([2]) + f*({o}) =z for all 2 > 0, n € N*, when [-] and {-}
denote the integer, respective the fractional part.

Mihaly Bencze

n

PP. 15303. If z >0 (k=1,2,....,n) and [] zx = 1, then determine all
k=1

a,b> 0 for which S —4t822e% > when p e {2,3,...,n — 1}.

C btrpr1Tpio..an
cyclic

Mihély Bencze
PP. 15304. If a,b,c,z,y,z > 0, then («/Ea) (Z %) > V3> xy.

Mihély Bencze
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PP. 15305. If a,b,c > 0 and abc = 1, then

H(%-ﬁ-%)n(cﬂ—abﬁ-[ﬂﬁ-l) > 8.
Mihaly Bencze

n P
PP. 15306. Compute s, = lim 2 3 ({ 2% (2k — 1)}) , where {-}
n—oo T ey
denote the fractional part.

Mihaly Bencze

PP. 15307. Determine all n € N for which aq, as, ..., a,, are in arithmetical

n
progression if and only if > a% —a1a9 — @203 — ... — Apal €
k=1
{n (a1 —az) (a2 —a3);n (a2 — a3) (a3 — as) ,...,n (an — a1) (a1 —az)}.

Mihaly Bencze

PP. 15308. If z € R, then

.2 2 L2 2 .
esin® xy pcos®x 6_1 esSin” @ e—l ecos” @ < 1 Sln2 T 1 C052 T _1
5 + ) + 5 €2 + e2 +e 2.
6_2+62 sin< x 6_2+62 cos?r —

e2 sin2 :c+62 cos® x
Mihély Bencze
PP. 15309. Determine all k,p,n € N for which

1< {vak@r -1} +{ven-D}+{V2n @k =1} < & when {-}
denote the fractional part.

Mihély Bencze

PP. 15310. If A = {z € R*|aa® + bz* 4+ cx +d = 0},

B ={z € R*|ba® + ca® + dz + a =0},

C ={z € R*|cz® + da* + az + b= 0},
D:{wER*\dx?’—l—aa?Q—i-bx—i—c:O} and ANBNCND #(, then compute
AUuBUCUD.

Mihély Bencze
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PP. 15311. In triangle ABC let be D € (BC), and denote G1, G2 the
centroid of triangles ABD and ACD.

1). Determine all D € (BC) for which G1, G, I are colloinear if and only if
AB, BC,CA are in arithmetical progression.

2). What happens if AB, BC,CA are in geometrical progression?

Mihély Bencze

eT—Y e—2(z+y)

PP. 15312. If 2,y € R, then oy + T + S 2 5

Mihély Bencze

—x 2x+y

z 2ez+y<621‘2+y+692 12

PP. 15313. If 2,y € R, then 25 + ¥ + 35

Mihély Bencze

n n
PP. 15314. Determine all n € N* for which |(n —1)27" 2(k’“+)1 =1,

k=0
where [-] denote the integer part.

Mihély Bencze

PP. 15315. If (z,),,~, is a real numbers sequence for which lim z, =0,
= n—oo

then determine all continuous functions f : R — R for which

Mihély Bencze

PP. 15316. In triangle ABC we take D, F € (BC) and denote Gy, G2, G3
the centroid of triangles ABD, ADE, AEC.

1). Determine all D, E € (BC) for which G1, G2, G3 are collinear.

2). Determine all D, E € (BC) for which G, G2, Gs, I are collinear.

Mihaly Bencze
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PP. 15317. If a,b,c > 0 and a* + b* + ¢* = 1, the determine all o € R for
which a (ab)® + b (be)® + ¢ (ca)® < I.

Mihély Bencze
PP. 15318. Solve the equation 4%+ + 97+% + 257+ = 390900.
Mihaly Bencze

PP. 15319. In all triangle ABC holds:
T T 7’2 ’I“2 r)°—s 2
1), 5 () (Rt

s4(s2—4Rr—r? 2
2). Zrﬁ (rg + 1) (7"2 + rg) > (TM)

Mihaly Bencze

PP. 15320. In all triangle ABC holds:

a s2—4Rr—r2
1) Z s—a 2 r(4R+r)

(sin2 4 4 sin? E) (sin4 4 4gint E) (16R2+3r278Rr782)2
2)- Z : ;nz % 2 =2 16R2(s2+r2—8Rr)

(cos2 §+cos2 g)(cos‘1 %—‘,—cos‘1 g) (3(4R+r)2—52)2
3) Z cos? % = 16R2(s2+(4R+r)2)

Mihaly Bencze
PP. 15321. In all triangle ABC holds
2
4235 R?r + x? ((52+r22+4Rr) — 432Rr> + xsr (32 —4Rr — 7“2) + 522 <
3
< % (1 + V4x? + 1) R*, for all = > 0.

Mihaly Bencze

PP. 15322. Let ABC be a triangle. Denote Ay, By, Cy the proiection of
point M € Int (ABC) to the sides BC,CA, AB. Prove that

3
MA; - MBy - MCy < (S350 )",
Mihaly Bencze

PP. 15323. In all triangle ABC holds
4/ AN —1)sR+ s? + 12 +4Rr < 12AR? for all A > 1.

Mihély Bencze
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PP. 15324. Let ABC be a triangle. Determine all x,y > 0 such that:

2(x+y)sR+s2+r2+4Rr36(1+L\}§1).

Mihaly Bencze

PP. 15325. Solve in Z the equation (2" —1) (y —1) = (y" — 1) (z — 1),
where n,k € N.

Mihély Bencze

PP. 15326. Determine all £ € N such that for every positive integer n,
there exists an integer m such that k™ + m is divisible by n.

Mihély Bencze
PP. 15327. Determine all integers z,y, z such that
(z+2+2%) (y+22+2%) (2 + 22+ %) = (@ +y+2)°

Mihély Bencze
PP. 15328. 1). If f (n) = = (o ([%]) + o ([5]) + ..+ 0 ([2])) , where []
denotethe integer part and o the sum of divisors, then f (n+1) > f (n) for

infinitely many n, and f (m + 1) < f (m) for infinitely many m.

2). Study the general case for f (n) = % (F ([%]) + F ([%D +..F ([%])) ,
where F' is an arithmetical function.

Mihaly Bencze

-1
PP. 15329. 1). Prove that < > f%) ( > ij) <=9

1<i<j<n 1<i<j<n

2). Determine the maximum of

-1
1<i1<..<ix<n 1<i1<..<ip<n

Mihély Bencze
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0<i<j<n 0<i<j<n
2). Determine the maximum of

-1
> Cpt..CF $ Ci . Ok
e O .
1<ir<..<ip<n COn T FCn 1<ii <...<ig<n

—1
PP. 15330. 1). Prove that ( D ;ﬁ;) ( D C};C%) < 25

Mihaly Bencze

PP. 15331. Let be x40 = f ([zn]) + 9 {zn-1}), when xp,z1 € R are given,
and [-], {-} denote the integer part, respective the fractional part. Determine
all functions f, g : R — R for which the sequence (l‘n)n21 is periodically.

Mihély Bencze

PP. 15332. 1). In all triangle ABC holds: yzl e <3

2). Determine all o > 0 for which ) (matmp—me)® g

« o «
. mg +mb mg
cyclic

Mihaly Bencze

PP. 15333. If 2o = 1 and n?22 + (n2 — 1) 2 < (2n2 — 1) TpTyp_1 for all
n

nzl,thenn—Z—i—%S sz—klgn
k=1

Mihéaly Bencze

1+ab 1+b b+256 a(bc+256) 1028
PP. 15334. If a,b,c > 0, then T2 + 1755 + sb(1+c) + “aberag = 5o

Mihaly Bencze

PP. 15335. If a,b,c € Z such that a + b+ ¢ = 1, then solve in integers the
equation 23 = az? + bz + c.

Mihaly Bencze

PP. 15336. If a1, a9, ...,ay, ... > 0 is an arithmetical progression, ¢ > 0, and
b1,b2,...,b,, ... > 0 is a geometrical progression then

n a a n
. kA8 £ k44 4% | b+8+br+a+bi
min kl:[ h+5 L0k 0 k:l:[1 brt5t0kt1 > 1.

Mihély Bencze
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n

PP. 15337. If > 0, then [ (v + k)F! > (DT
k=0

Mihély Bencze
PP. 15338. Ifa > 0 and 2,y > 0, then (£)" + (1)" —2>a? (£ 4+ L —2).

Mihaly Bencze

PP. 15339. Determine all differentiable function f : R — (0,400) such that
(In f (2))' = f () + 75

Mihaly Bencze

PP. 15340. Determine all differentiable function f : R — (0, +00) such that
(Inf (@) + f () + 75 = 0.

Mihaly Bencze

PP. 15341. If f: R\ {-2¢} — R\ {2}, when f (z) = Z;”IZ, then determine
all a,b,c,d € R for which

F @)+ F )+ f(e)+ f(d) =

( @)+ (fof)b)+(fo f)() (fof)(d)=
fla)=f(=c)=[(b) = f(=d)
(fof)(a)=(fof)(=c)=(fof)b)=(fof)(=d)

Mihély Bencze
PP. 15342. If M = {n € N*|n! is divisible by n? + 1} then, compute
e

neM

Mihaly Bencze

PP. 15343. Solve the following system:

denote the integer part.

Mihély Bencze
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PP. 15344. Solve the following system:

[2F] +& =1 = [w2] + [ws] + ... + [wg1]
(28] + & — 1= [z3] + [za] + ... + [Th2]

, when [] denote the integer part.

Mihaly Bencze

PP. 15345. In all triangle ABC holds
Z Mag—Mp+Me
( 2

—ma+mp+me)”(m24+2memp—mame—mpme) —
>

= 2(=ma+mptme)(ma—mp+me)(mat+mp—me)

Mihaly Bencze

n
PP. 15346. If a;, >0 (k=1,2,...,n) and [] ar =1, then
k=1
n
1 . aitaz+..+an—1 < n—1
k—

n k—p
2). Y tetan < ()Pt Y0 a2 when p € {0,1,..., k).
cyclic 1T Tn—l i=1

Mihaly Bencze
PP. 15347. If a, € C (k=1,2,...,n) and p € {1,2,...,n}, then

n
1 -+ H af
k=1

n + > |aras...ap + apyr...an| >

cyclic

> Y /|a3a3..a2 — 1] - ‘agﬂ...a%—l).
cyclic

Mihaly Bencze

PP. 15348. If xz,y,z € R, then
3’COSW|+‘cosw%‘+lcosm%|+‘cos”%‘ >
> /Isinz sin (y + 2)| + /|sinysin (z + z)| + /[sin z sin (z + y)].

Mihaly Bencze

PP. 15349. If a,b,c > 0, then 3 %5 > 1.

Mihély Bencze
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PP. 15350. If 71 € (0,a), zy11 = 2, — ax? for all n > 1, then determine all
o > 0 such that lim ((n+ ) an = o) =0

n—oo

Mihaly Bencze

PP. 15351. If a,b,c € N (a > 1,b,c > 2) are given, then determine the
function f: N — N for which f(0) =0 and f(n) =1+af ([%] + [2]) for
all n > 1, where [-] denote the integer part.

Mihaly Bencze

PP. 15352. If p, q are prime, then solve in Z the equations:
D). 2*—y’ =pry+q  2). 2" —y' =pry(a+y)+q

Mihaly Bencze

nlw

PP. 15353. If a,b,c > 0, then 2a2b?c? 3" ﬁﬂ) <> (ac)

Mihaly Bencze

n 2 2
PP. 15354. Prove that 4n Z W > (Z ;@) > (3,&1)

Mihaly Bencze

_ a?+aias+a2 3
PP. 15355. If ap > 0 (k? = 1,27 ,n) y then Cy%icw Z 7’”

Mihaly Bencze

PP. 15356. In all triangle ABC holds

2
1 1
(Z nTa) <32 (ma—mp+me)(ma+my—me)
Mihély Bencze

PP. 15357. Determine all a1, a, ..., a, € {(3); (1); - (?) } for which

ai az as ak—1 : : : :
Ttas datas @atan o oty arein arithmetical progression.

Mihaly Bencze
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PP. 15358. If a; € {pch|p, g prime and b,c € N} (i =1,2,...,n), then

n
1 Pq
2w < o@D
=1
Mihaly Bencze

n
. * ; _ 1 -1
PP. 15359. Determine all p € N* for which kl;[l (1 pk) < Fyg for
alln e N*.

Mihaly Bencze

PP. 15360. If a,b,c > 0, thenz(“ci < Ly /z

a(a2c2+bT) = abe b-
Mihély Bencze

PP. 15361. If z, € C (k=1,2,...,n), then
2 n 2

+8 3 Re(z)Re(z) > 5 | Xz —(n—1) 3 2
1<i<j<n k=1 k=1

n

> 2k

k=1

n

Mihély Bencze

PP. 15362. If v € R\ { |k € Z} , then

] i in(n+1 52
o< '<Zk< Ccos (2 (] + k:) 33) _ smnws;inn(;zsm);czcm na
Y <n

Mihaly Bencze

PP. 15363. Solve in R the following system:

1 1 1 - 1(1 4,1 4 1
(;E1+:v2)3+2 + (ac2+x3)3+2 (m3+w4)3+2 6 <5E5 + T6 + 307)

1 1 1 —1(1 + 1 + 1
(m2+x3)3+2 (1’3+$4)3+2 (1‘4+$5)3+2 6 \ w6 z7 xg

Mihaly Bencze

PP. 15364. If z,y,z2 >0and x +y+ 2z =1, then 2 (1 + 2y + yz + zx) <
<3(2? +zz+ 224 3y) (v* +yz + 2%+ 32) (22 + 2y + y* + 3z) .

Mihaly Bencze and Shanhe Wu
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PP. 15365. Denote D, E, F' the contact points of incircle of triangle ABC
with sides BC,CA, AB and Rpp, Rpc, Rec, Rea, Rra, Rrpp the radii of
circles inscribed in triangles ADB, ADC, BEC, BEA, CFA, CFB. Prove
that:

VEpp-Rpc ADB+BEC+CFA
1). > R Ros < 2sm 3

VEpB-Rpc n3 ADB+BEC+CFA
2)' H Rpp+Rpc S 3

Mihaly Bencze

PP. 15366. If o = 1 and m%_H + :L‘% =2+ 4x,x,41 for all n > 0, then
[e.e]
compute > .
k=0 "k
Mihély Bencze and Zhao Changjian
PP. 15367. 1). If ag, by € R (k=1,2,...,n), then

max{ Z ag, Z bk,} < Z max {ak,bk}
k=1 k=1 k=1

2). Determine all @ € R for which
max{ 32 a, 0} < (z s a b}
k=1
forallak,bk>0(k—12 )
3). Ifa;; e R(1=1,2,...,n;j =1,2,...,m), then

n n n n
MAax § D ity D A2y ey D Qi ¢ < Y MAX { A1, Q32 -y Qim } -
= = i=1 i=1

Mihaly Bencze

PP. 15368. Determine all n € N for which /n < 2 (n ))2 e73 < 2y/n, when
¢ =0,57... is the Euler’s constant.

Mihaly Bencze

PP. 15369. If 21, 29, 23 € C, then
6 (|21 + [z +|z8l”) +3 |21 + 22+ 20 =
> 12Re(z122 + 2223 + 2321) + |[ZT + 22 + 73 — 2 (21 + 22 + 23) |

Mihély Bencze
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PP. 15370. In all triangle holds:

335

1). HtQQ (% + %) _ 4R%+44sR+s%+r°4+4Rr42sr 2). 52 > 3r (4R + r)

T 4R2—4sR+s%4+r2+4Rr—2sr"

Mihaly Bencze

PP. 15371. In all triangle ABC holds ) sin % sin A cos BT_C > %‘S.

PP. 15372. If a,b,c > 1 and = > 0 then
(x4 S log, b)? > 3log, a + 22 > \/log, a + 2.

PP. 15373. If a,b > 1, then solve the following equation
2z 1
a* e 4572 £ 3 (ab(a+b))3 T = (a+b)°.

PP. 15374. In all triangle ABC holds:
1). s2>3r(4R+r)
). (2472 +4Rr)> > 245 Rr
3). AR+ > 3s
) 3(s*+r?—8Rr)
) 3 (32 + (4R + 7")2)

PP. 15375. In all triangle ABC holds: ) a(bz+§—aQ) > 2.

PP. 15376. If t € R, n € N, then

1 n n n__
Ofmin {kgo zk; k;o(_x)k} e"rdxr > %

2 7,2 -
PP. 15377. In all triangle ABC holds R > S04

of Euler’s inequality).

Mihaly Bencze

Mihély Bencze

Mihély Bencze

Mihaly Bencze

Mihély Bencze

Mihaly Bencze

> 2r (A refinement

Mihély Bencze
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PP. 15378. If z,, = \/n+\/n—1+...+\/2+ﬂand
Yn = \/1+ \/2+...+ vn — 1+ 4/n, then compute lim n®(z, — y,), when
n—oo

a € R.

Mihaly Bencze

PP. 15379. If M is an interior point in triangle ABC, and R4, Ry, R
denote the circumradii of triangles M BC, MCA, M AB, then

D XA Re <4(1-95)

MB MC 16r
‘H<Rc +Tb)§?

a
MB-Ry+ MC-Ry 19
2 RyResing =

5). 3 ((%f)ﬁ + (%c)ﬁ> <320 forall B> 1

o

6). > (M}i%c>§ < 3 for all a € [0, 1]

Mihaly Bencze

PP. 15380. 1). If a,b,c > 2 and a,b,c € N then
3(a+b+ce)">n(n?*+n+1)(a+b+c)+3foraln>2

9). Ifa;>2 a; €N (i=1,2,..,k), then

k(ai+az+...+ap)" >nn"+nfF 24 4 n+1) (a1 +az+ ... +ap) +k,
for all n > 2

Mihély Bencze

PP. 15381. If a,b,c > 2 and a,b,c € N then determine all n,m,k € N and
n,m,k > 2 for which (a 4+ b+ c)mtmtk >
(cm3 +bm? + ck + 1) (am3 + bk? + cn + 1) (ak3 +bn?+cem+ 1) )

Mihaly Bencze

PP. 15382. If zg,y0, 20 € (—%, +oo) and 1 (1 +yn + 2,) = 1,
Ynt1 (14 zn+20) =1, 2n41 (1 + 20 +yn) =1 for all n > 1, then the
sequences (Tn),>q» (Yn)p>0+ (2n),>0 are convergent, and compute its limit.

Mihély Bencze
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PP. 15383. If ay € N, ar > 2 (k=1,2,...,n), then solve in N the following
System:

a1z} + aga;”l‘_l + .. taz+1= <

=
0=
S
Eal
N——
8

arzh + (Izl‘g_l 4+ . Fapre+1= (

ol
0=
IS
=
N———
8

\
Mihaly Bencze

PP. 15384. Let be a > 1 and ag, S € R* (k= 1,2,...,n) such that

n n
ST a® > S P for all € AC R. If A= (—¢,¢), when £ > 0 then
=1

k=1 k=
n

Yook > D B
k=1 k=1
Mihaly Bencze

PP. 15385. If 2y € [0,1] and 22, + 22 = w, for all n > 1, then compute

nh_{gon (xn — %) .

Mihaly Bencze

n
PP. 15386. If z, = Y - for all n > 1. Compute lim n(na, —2(n+1)).
izo () n—o0

Mihaly Bencze

PP. 15387. If 21 > 0 and x,+1 = In (1 + ;) for all n > 1, then compute:

1). nlirgonxn 2). nlirgon(nxn -2) 3). 7lll_>rrgon (% — %)

Mihaly Bencze

PP. 15388. Let be m; = [22] (i = 1,2, ...,k — 1) where [] denote the integer
part. If ap =1 and a, = am, + amy + ... + am,_, for all n > 1, then

determine the general term of the sequence (a),~ -

Mihaly Bencze
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PP. 15389. If x,y > 0, then
272 (227 420 (237 4 7)) > (x4 y)" (2" + y™)t
Mihaly Bencze

PP. 15390. 1). If 5, >0 (k=1,2,...,n) and z129 < 1,

rox3 < 1,...,zpz1 < 1, then ) arctgry, <
k=1

n .
2). Ifx e (0, %) (k=1,2,...,n), then > arctg (w) < nm

1—sinx cosx =2
= k k

Mihaly Bencze

PP. 15391. Solve the following system: {/2 (49 —z1) + /2 (4 + 22) =

=249 —z9) +2(@A+23) = ... = ¥/2(49 —xp) + /2 (4 + 71) = 8.
Mihaly Bencze

PP. 15392. For all n > 1, n € N the equation

1 1 1
3 % % .
(ﬁ) + (@) + ...+ (Wluz) = 1 have an unique real
solution, denoted =, and k € N, k > 1

1). Study the convergence of the sequence (zy,),,~;

2). Compute nh_)n;o o=, where a € R.

Mihaly Bencze

PP. 15393. Let ABC be a triangle. Determine all z,y € R such that

L 64
2 (sin 2)7 (cos 4)" ¥ (cos B5E)Y = 3"

Mihaly Bencze
PP. 15394. If ay > 0 (k=1,2,...,n), then

(£2) (Bt) + vt (& ) (£)

Mihély Bencze
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PP. 15395. In all triangle ABC holds:

D). (t92)7 (195)"% (199)"7 + (t2)""? (t2)"* (t95)"

2). (ctgd)"7% (ctgB)™% (ctgQ)™* + (ctgh)™T (ctgB)™* (ctgS)™F <
2(4R+)
S

| /\

Mihaly Bencze

PP. 15396. In all triangle ABC holds ) 1 < i
3+ctggctg§+\/3ctggctg§

Mihaly Bencze

PP. 15397. Determine all a,b,c € R* such that
laz? + ba + c| + |[ba® + cz + a| + |cz® + az + b] <
< (x—%)2+(w—%)2+(:1:—%)2 for all x € R.

Mihaly Bencze

PP. 15398. In all triangle ABC holds
(52716Rr74r2+2srtg%+sztg2%tgzg) cos 2 cos £

332+Z COS(AiB) 2 2 S
A B
<4 (32 — 8Rr — 27"2) > 7?;(2:0;; .
2

Mihély Bencze

PP. 15399. Let consider the following system:
(z1+2) (23 +2) =3 (223 +1)
(z2+2) (23 +2) =3 (227 +1)
(zn +2) (21 +2) =3 (223 +1)
1). Solve in R™ 2). Solvein R 3). Solve in C
4). Solve in N 5). Solve in Z 6). Solve in @

Mihaly Bencze

V2(a—b)

2a24+1 | V2
In + 14+2ab °

741 3 arctg

PP. 15400. If a,b > 0, thenf 3+2_12

Mihély Bencze



340 Octogon Mathematical Magazine, Vol. 17, No.1, April 2009

PP. 15401. If 2z > 0 (k =1,2,...,n), then determine all ¢ € R such that

n n
a+Tg
kgl az?+a—1 Z (a + 1) kgl a

PP. 15402. Determine all z,y € R such that

PP. 15403. If 2, >0 (k= 1,2, ...

2
n 2 n
zg (T +2) 1
> 222 +1 25 (Z xk) :

k=1 k=1

PP. 15404. If 2, >0 (k= 1,2, ..

f: 24 3/2sh2x, S 3a
=1 142 $/ashie, — 27

PP. 15405. If 2, € R (k= 1,2, ...

$ 2y
= 142 N/ Atgtzy,

3a
5

PP. 15406. If 2, >0 (k= 1,2, ...

i 2p+2v2 1202
P} o2+l = at4ny/2’

7.
+xy

Mihély Bencze

2
y°+2x 3z 3y
+ 2y%+1 = y2+2 + 342"

Mihaly Bencze

n
,m) and kzl z3 = n, then

Mihaly Bencze

n
1
.,m) and kZ::1 Ja = O then

Mihaly Bencze

,n) and > cos?zp = a, then

Mihaly Bencze

n
,n)and Y. 7} = «, then
k=1

Mihély Bencze

PP. 15407. Determine all a,b € R such that ) n%rk > 1 forall n € N*.
k=1

Mihély Bencze
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PP. 15408. Let be AC N and f: A — A an injective function and
fn=fofo..of.Determine the function f if exist p1,p2,...,px € N¥,
—

n—time

(P, p2; - o) = 1 such that fp, (z) + fp, (@) + ... + fy, () = ka for all 7 € A.
What happend if (p1, pa, ..., pr) # 17

Mihaly Bencze

PP. 15409. Determine all a,b, ¢ € R such that
n 2n+1

b _ 1
Z (31@{1 +35 + 3kc+1> - Z n+p°
Mihély Bencze

PP. 15410. Determine all a1, as, ..., azp4+1 € R such that

a a Qs
kZ::1 ((2p+11)k—p t @kt T @k pie T

2pn+p
) _ 1

n+t’

+ a2p—1 + a2p + a2p+1
( ( ( t=1

2+ Dk+p—2 © @ptDk+p—1 2p+1)k+p

Mihély Bencze

n n
PP. 15411. 1). Compute a = lim 3t 3 2%1)1
e k=0

2). Compute lim n< ' é (1) >

n—oo

Mihély Bencze
PP. 15412 Solve in N the following equatlons
DY k=mt 2 SR =mt 3 Sk =
k=1

Mihély Bencze

PP. 15413. Determine all a > 0 for which if a — % <zr<a+ %, where

n € N*, thena—n—ik< a+\/a+...+\/a—|—a;<a+n%rkforallkzeN*.

k—time

Mihaly Bencze
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PP. 15414. If p > 3 is a prime, then solve in Z the equation
22 + 93 = 2%y + xy? + p”, where n € N.
Mihaly Bencze

n
PP. 15415. If 2, > 0 (k=1,2,...,n) and > 27 = 1, then compute min and
k=1
1

1 1
+ + .otV
Via—ai—a3  \fd-ai-a] Vi—a—af

Mihaly Bencze

max of the expression

n
PP. 15416. If z;, € (0, g) (k=1,2,...,n) and ) x% =1, then compute min
k=1

n ‘ 2
and max of the expression ) <<“z:’“> + tgu) :
k=1

Mihaly Bencze

PP. 15417. Solve the following system: /z1 + 2+ /2x9 +2 + &/3x3+2 =

= V1o + 24+ 223 + 24+ Bxs +2 = ... = Vx,, + 24+ 221 + 2+ 329 +2 = 0.
Mihély Bencze

PP. 15418. Prove that 7 cos %5 (sin %ﬁ + cos xzﬁ) <

2 2

<[ \/(cosxsint)2 + (sinzcost)dt + [ \/(cosysin £)? + (siny cos t)?dt <
0 0

<2

Mihély Bencze

PP. 15419. Dletermine all n € ]\{* and x € R
(68 cosx + 55)» + (68 cosz — 55)» = 1/20.

Mihaly Bencze

PP. 15420. Dletermine all n € Z\lf* and z € R such that
(45 + 58sinz)» + (45 — b8 cosx)» = 6.

Mihély Bencze
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PP. 15421. Determine all z,y € R such that
JVB+ 1 JVP+ Ve —1=

Mihély Bencze

PP. 15422. Solve the following equation
(\3/(:08 22 + /cosdx — \3/005:10)3 = % (\"@ — 2) .

Mihély Bencze

PP. 15423. The triangle ABC with sides a, b, ¢ is rectangle if and only if
2 (a2 — (2 + 1) ) =P (P + ) 10 (@ + )+ B (- 1)

Mihaly Bencze

. tgx tgbx _
PP. 15424. Solve the equation NS + oW V2.

Mihaly Bencze

PP. 15425. Determine all z,y > 1 such that

l4a+5 | 14y+5 1\Y 1\"* 12045 | 12y+5
€ <l4y+12 + 14x+12> <(+3)"+ (1 + 5) <e (12y+11 + 12x+11> :
Mihaly Bencze

PP. 15426. Solve in Z the following equations:
1). 2* —y* =200922  2). z* — y* = 200923

Mihaly Bencze

PP. 15427. If ay, by € Z (k= 1,2,...,n), then solve in Z the following
system: alx% — blx% = agmg — ngg =..= anx% — bnx% =1.

Mihély Bencze
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n
PP. 15428. Let be ¥ the digamma function, and 2, = 2Inn! — > ¥ (k?).
k=1

Prove that:
3 1
1). Wgn_m<l‘n<2—ﬁfora11n21
2). lim z, € (%,%) 3). Compute lim z,
n—oee n—oo

Mihaly Bencze

PP. 15429. In all triangle ABC holds

A B\ (sz+r2+4Rr)2 2 2R— @
> (cos g cos2)" <3 — o + s | forallae[0,1].

96RZr2 12R
Mihaly Bencze

PP. 15430. In all triangle ABC holds 2—‘1/5’5 < (X cos é) <Z 1A) < 2R

E= — T
COos 3

Mihély Bencze

PP. 15431. In all triangle ABC holds
()24 (g 2v2y/lr/lrayEeay) - &

Mihaly Bencze

B «

A «a
PP. 15432. In all triangle ABC holds ¥ <C°S;C‘C’S2 > 3 ()
111 5

for all & € (—o0,0] U[1,+00). If @ € (0,1), then holds the reverse inequality.

Mihaly Bencze

PP. 15433. In all triangle ABC holds
ARYTr S 1 27TR?+4r24+4Rr
1653 R3r2 — a?(a—b)(a—c) —  256s3R3r3 °

Mihaly Bencze

PP. 15434. In all triangle ABC holds 23" cos 4 + Y cos (¥ +4) > 2.

Mihaly Bencze

PP. 15435. If a,b,c € C, then
4 (1ol + b + 1el*) < la+ b +[b+ cl*+]c + af*+]a = PP+ ]b = P+ — af’.

Mihély Bencze
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PP. 15436. 1). If @ > 2, then for all 21, zo € C holds
2(|z1|" + [22|) < [o1 + 22| + 21 — 22|”
2). If &« > 2 and 2z, 22, z3 € C then

YT (2] + [22]%) < § (L2 + 22| + X0 |21 — 22|) -

Mihély Bencze

PP. 15437. If A, € M2 (R) (k=1,2,...,n), then

> (det (A3 + A3))™ > (det( [T (A4, —A2A1)>> :

cyclic cyclic
Mihaly Bencze

PP. 15438. Prove that

n

1 n(n+3)
; ke (KD)® ((k + 1)) 71 CESIE)

Mihaly Bencze

PP. 15439. If z1, 29, 23 € C then
(11 + 2122| + 21 + 22]) (|11 + 2223] + |22 + 23]) (|1 + 2321| + [23 + 21]) >
> |(-1) (3-1) (- 1).

Mihaly Bencze
PP. 15440. If a,b,c € C such that a|bc| + b|ca| + ¢|ab| = 0, then
3
(@ =0) (b= ) (c— ) < (lal* + [bf> + [c]*)
Mihély Bencze

PP. 15441. In all triangle ABC (a # b # ¢) we have
3rv3<y #ﬁ’a%) < %R (A refinement of Euler’s inequality).

Mihély Bencze

PP. 15442. In all triangle ABC (a # b # ¢) we have
2r (13r — 2R) < 3 =gy < § (27R? — 422 — 16Rr) .

Mihély Bencze
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PP. 15443. If a > 1, then solve the following system:

a[xl] + a{x2} = a$3+1

[z2] {zs} — gratl
@ ta “ , where [-] and {-} denote the integer respective the

a[l'n] -+ a{zl} — ax2+1
fractional part.

Mihély Bencze

PP. 15444. 1). If a,b,c € (0,1) or a,b,c > 1 then > log,2,a < 1.
2). What happen’s if a,b > 1 and ¢ € (0,1)?

Mihaly Bencze

PP. 15445. If a,b,c > 1, then Y z}ﬁigﬁiﬂfln 7 2

N

Mihély Bencze

PP. 15446. If a,b,c > 1, then 2 (> log,.b) < %

Mihély Bencze

PP. 15447. If z € C, |z| = 1 and Im(z) > 0, then
2+ 1P+ |2 = 1P+ V2|22 +i] = |22 + 1] + 2|2 + 4>
Mihaly Bencze

PP. 15448. Let ABC be a triangle with sides a, b, c. Compute the integer
(ak+bk+ck)(a"+b"+c")
ak+n+bk+n+ck+n

part of the expression:
Mihaly Bencze

n n
PP. 15449. If ay, by, 25 € R (k=1,2,...,n) and Y a} = Y b7 =1, then
k=1 k=1
n n
> (ag + by sin l'k)2 + > (ag + by cos a:k)Z < 4.
k=1 k=1

Mihély Bencze
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PP. 15450. Determine all functions f,g,h: N* — N* such that

f (ab) = (a,g (b)) - [n(a) , 0]
g (ab) = (a,h (D)) - [f (a),b] ,forall a,be N*.
h(ab) = (a, f (b)) - [g (a) , 0]

Mihaly Bencze

PP. 15451. If 21, 29,23 € C and |21| = |22| = |23]| = 1, then
23 [z1 + 1|4+ 3Y |z122 + 1| + X |232025 + 1] > 12.

Mihély Bencze
PP. 15452. Let ABC be a triangle and a < b < ¢. Prove that for all z > 0

1 1 1 1 1 1 5s2+r2+4Rr
holds a+bzx + btcx + a+cx + (a:c—i—b + bz+c + aw—&-c) = s(s2+r2+2Rr)"

Mihaly Bencze

PP. 15453. Prove that for all x € (0,1) exist ng € Z (k= 1,2, ...,6m) such

6m
that 2m < > {ngz} < 3m, where {-} denote the fractional part.
k=1

Mihély Bencze

PP. 15454. Let ABC be a triangle and a < b < ¢. Prove that

(ot +at) (Ve o o) (Ve e o) <

(1+23 —2s(l+2s 1+2s s 242 +4R'r 4er
(a+1) (b+1)

Mihaly Bencze

PP. 15455. Let ABC be a triangle and Ay € (BC), By e (CA), C, e (AB)
such that BAl = Z;, gi = i;, élcé = 2. Prove that
AA1 + BBl _|_ CC1 5s524r24+4Rr

- s( 2+4r24+2Rr)"

Mihaly Bencze

PP. 15456. In all triangle ABC holds Ztg 3B + W <1

Mihély Bencze
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k
PP. 15457. If n; € N (i =1,2,...,k), then [] (2%"" +1) is divisible by
N =1
k+z n;
3 =1

Mihély Bencze

PP. 15458. If a >0 (k=1,2,...,n) and [] ar =1, then
k=1

2
1 < n L n a
(cy%ic \/“”(“1+an)(“2+a”)"'(a”—1+“”)) B <k§1 ak) kgl (1+a,j%)n71

Mihaly Bencze

PP. 15459. Let be ag,z >0 (k=1,2,...,n) and

— 1 1 1 . _n
f (I’) T aitazz+...+apzn! + az+azz+...+arz™ ! ot antarz+...4ap_12""1 2”: “
k
k=1

1). Solve the equation f (z) =0
2). Solve the inequation f (z) <0
3). Solve the inequation f (x) >0

Mihaly Bencze

PP. 15460. If 2z, > 0 (k= 1,2,...,n), then

n
(H :L‘k+n—1> (n R Y il ST ‘%) >
k=1
>n (q/:chgm...wﬁ a2 m + e+ m)

Mihély Bencze

7

PP. 15461. Let be f: R — R, where f () = > {kz}. Prove that f is

k=1
periodical and determine his principial period. Solve the inequality f (z) <1,
where {-} denote the fractional part.

Mihély Bencze
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PP. 15462. Determine all z,y, z € R such that
zyz =1
1,11

24-z+y + 2+y+z + 242+

—_

=1
Mihaly Bencze

PP. 15463. Determine all z; > 0 (k= 1,2,...,n) such that

N4 3n24+3n—1 9
> Ty = 5 AR

k=1 k=1
Mihaly Bencze

PP. 15464. Determine all x > 0 (k= 1,2,...,n) such that

5 2n242n—1 3
Zxkzig >y -

k=1 k=1
Mihaly Bencze

PP 15465. In all triangle ABC holds:

(5 —|—T —2Rr) >4(s —7’2—4RT‘)RT‘

4R? + 4Ry + 312 > 2

3). (2R —7) (s> + 1% — 8Rr) — 6Rr?)> > 16 (2R — r) (8R2 + 12 — s?) Rr?
2

4). ((4R+r ( (A4R+7)* +s ) —6Rs2) >

16 (4R + r) ((4R ) 52) Rs2.

)

Mihély Bencze

n
PP. 15466. Let be ap € QT (k=1,2,...,n) such that [] ax = 1. If
k=1

> {zar} =1and z > 0, then = ¢ Q.
k=1

Mihaly Bencze

PP. 15467. In all triangle ABC holds:
\/tgé + \/tgg — \/tg% < 3\/E and its permutations

2). ctg 2\/ctg 5 \/ctg 5 </ % 55 and its permutations.

Mihély Bencze




350 Octogon Mathematical Magazine, Vol. 17, No.1, April 2009

m
PP. 15468. Ifa, € Q (p=1,2,...,m) and ) a, =0, then
p=1

S o+ kay| > ™D for all 2 € R.
k=1p=1

Mihaly Bencze

PP. 15469. Determine all z,y, z,t > 0 such that in all triangle ABC' holds
z (a® +b%) + yc® > zc(a+b) + tab (A solution is =9, y = 17, z = 14,
t=6).

Mihaly Bencze

PP. 15470. Solve in R the equation [\3/ %} + [ %”} = 202=1 where []
denote the integer part.

Mihaly Bencze

PP. 15471. 1). If a,b,c > 0, then ¥ by > 25

abc
n

n
2). Ifxp >0 (k=1,2,....,n) and S = > ag, then > 2(1_ )2 e

Mihaly Bencze

PP. 15472. 1). If z; > 0 (k= 1,2, ...,n) then

1 T2 Tn
\/g—i_ T3 t.ot x1 Z 2 (:v1332+1 + $2I3+1 to Tt T $1+1>

) Determine all z;, >0 (k: =1,2,...,n) for which

n
:(;1a:2+1 + $2£E3+1 +o Tt x x1+1 2 2

Mihély Bencze

PP. 15473. If a,b,c > 0, then
(abc + 2) <3 a4 \*/EJF 3/3) >3 (\3/a20+ Vb2a + \3/021)) :

Mihély Bencze
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PP. 15474. In all triangle ABC holds

1) max{\/g; 9r : 27sr }S Ztg%

3(s2—2r2—8Rr)’ (4R+1)*

Smin{;"s\/3 ((4R+r) —232>}

2). max{?)\f ar, 8 } < thg%

TS 7\/3 4R+T)2 232)

< min{ (4R+7)" ;23 (s2—2r2 — 8Rr)} :

3sr

PP. 15475. Solve the following system:

(z+2) (y3+2) =3(222+1)
(y+2) (22 +2) =3 (227 +1)
(z42) (2* +2) =3 (29> +1)

PP. 15476. In all triangle ABC holds:

1). 33/7 < Ysind < 3 < /3CHT)

PP. 15477. In all triangle ABC holds:

1). %g?)ﬁ/ﬁchosgg 421%1;_7“)

2). 2 < 9R

IN

IN

Mihaly Bencze

Mihaly Bencze

< 3R
—_— yrn .

2). 6<3

sin 5

Mihaly Bencze

Mihaly Bencze

PP. 15478. In all acute triangle ABC holds ) L > 12.

cos? A(cos B+cos C)2 —

Mihély Bencze
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PP. 15479. Solve the following equation

+1)1ga

n(n+1) L ; n (n

a3 lga H .T}chk H x;gxz — (H xk> , where a > 0.
k=1 1<i<j<n k=1

Mihély Bencze

PP. 15480. Solve the equation

n n
4k¥11g2xk - 81galgkl;[1xk +4nlgta = ng% + 1g? Z+.. +1g? o

Mihaly Bencze

arcsin( \/gzﬂtgt) ;%
dx _ dx
PP. 15481. Prove that of T = g Tt

Mihély Bencze

PP. 15482. If x,y,z > 0, then

(o) (£4) -2 2 (/EIET -3) 20

Mihaly Bencze
PP. 15483. Determine the best constant A > 0 such that in all triangle
ABC holds: 2R —r > /s> —8Rr —2r2 + X ((a — b2+ (b—c)?+ (c— a)z) .

Mihély Bencze

PP. 15484. If f (z,y) = {z} + [y], where {-} and [-] denote the fractional
respective the integer part, then solve the following system

f(z1,22) f(x2,23) oo f (Tp—1, %) = T122.. 211
f (w2, 23) f (73, 24) .. f (T, 71) = 227375,

f(xn, 1) f(x1,22) oo f (Tp—2,Tp—1) = Tpx1...Tp—2

Mihaly Bencze
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PP. 15485. If z, >0 (p=1,2,...,n), then

3
> @y
2 =1
Ipt2 > 3max { 2 _ |k e N
2x2+1 2k+3
p=1""7 > oagh e a2k
p=1 p=1

Mihaly Bencze

PP. 15486. If g (z,y,2) = x + [y] + {z}, where [-] and {-} denote the
integer, respective the fractional part. Solve the following system:

g (w1, 22, 23) g (w2, 23, %4) ...g (Tn—1, Tn, 1) = 2" 2129...00 1

g (22,23, 24) g (23,24, 25) ...g (Tp, 21, 2) = 2" La0m3... 70,

g (2, 21,79) g (71, 22,23) .9 (T2, Tn_1,2n) = 2" Lzpw1... 002

Mihély Bencze

PP. 15487. If , >0 (p=1,2,...,n), then
2
£ 4)
" (£
)9 QZ%H > 3max { — 2:+1 - k\k: eEN
p=1 Z Tp +2 Z Tp
p=1 p=1

Mihély Bencze

(x+ty)(x+tz)=a

PP. 15488. Solve the following system: < (y +tz) (y +tx) =b , where
(z+tx) (z +ty) = c

a,b,c> 0.

Mihaly Bencze

PP. 15489. In all triangle ABC holds:
1). > ‘Singsin BEC} ctg(I01,4) = 55 — %

2). X2 (2cos A — 1) tg? (I01,4) = 222 220)

Mihaly Bencze

n+1_
PP. 15490. Prove that 5(25 3 D)

divisible by 128 for all n € N.

" 16n(n+13)(2n+1) +60n2 + 45n — 15 is

Mihély Bencze
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PP. 15491. If 24, € (0,1) (k=1,2,...,n) and > xp =1, then

1—cos . 2n
H 1+c0s@ S (tgﬁ) ’

Mihaly Bencze

2
sm<l27%> a2
PP. 15492. Prove that Z ) -1 >% -1

s
k=2 Sm(k2+1 1

Mihaly Bencze
PP. 15493. In all triangle ABC holds:

1). /(s —a)cos 4 >3,/ 2)‘2\/@2\/%

Mihély Bencze

PP. 15494. In all triangle ABC holds:

tga 3 1 3
. —_—2 . > = . ——— >
1) Z 2(4R+r)—s~tgg = 5 2) Z QCtg%ctgg—l =5

Mihaly Bencze

PP. 15495. In all triangle ABC holds:

3
211 (tg*45 + tggtgs +t4*S) >1+(41§%”.

Mihaly Bencze
PP. 15496. In all triangle ABC holds:
D). TI(1+1*5t0°F) > 38 2). T (1+tg*4) > A5
Mihély Bencze
PP. 15497. In all triangle ABC holds:

A B A
sin 4 sin 3 tg4d 36
). — 252> 2). _ "5 5 3s

) cos%cos B igin & c =5 ) Z l—tggtg% = 2r

Mihaly Bencze
PP. 15498. In all triangle ABC holds:

A 2A

sin £ 6R ctg® 5 3s
1). 2 : 2_ > 2). 2 2 > 95
) Cosgg - s ) Z tgg—&-tg% = 2r

Mihély Bencze
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A
PP. 15499. In all triangle ABC holds: LEC > 2

Mihaly Bencze

PP. 15500. In all triangle ABC holds:

ctg§ s tg® 5 1 (4R+7)2
. —2 > 5 . 2 - > = — 1.
b2 L4y fetgdtgS — 2" 2 ZW%”Q% z 5 (55) -1
Mihaly Bencze
PP. 15501. In all triangle ABC holds:

A C 2A

tg5clgs tg" 5 4R+r

1). S22 > 8 2). 3 2 >
) tgg+tgG — 2r ) tgg+tgy — s

Mihaly Bencze

PP. 15502. In all triangle ABC holds:
). <y t95t95 _ s2—8Rr—2r

t 28 — tg%-‘,—tg% —= 2sr
9 o o\ 19519°5 1 (aRtr\2 4
)' 2(4R+r) — 2 tgé—&—tg% =2 ( s ) B

Mihaly Bencze

PP. 15503. If v, >0 (k=1,2,...,n) and a € [0, 1], then

( n pret
% o)
> (z129)* < %~
cyclic

Mihaly Bencze

PP. 15504. In all triangle ABC holds:
1). 27r (4R —r) < 75> 2). 2+ 12+ 2Rr < 8R? 3). 4r (4R + 1) < s?

Mihaly Bencze

PP. 15505. In all triangle ABC holds:

2_8Rr—8r? 3s(8R—9
1). ZCtQ?’% < S(Srigrr) 2). thggé > %

Mihély Bencze

PP. 15506. In all triangle ABC holds: 3 ?ﬁiﬁ)l()j;bﬂ,ﬁ < StrieaRr

Mihély Bencze
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PP. 15507. In all triangle ABC holds: > ¢ tg%t92§ <VE

Mihély Bencze
PP. 15508. In all triangle ABC holds:
1 (z +yctgdetgl) + 1 (v + zctgy ctgd) > 8 (z + y)? for all z,y > 0.

Mihély Bencze

PP. 15509. In all triangle ABC holds:

tgs V/3r(4R
1)2+§§ 2)2 BQQ =< 7( +7”)‘
ctg5+etgs ctg 5 +ctgs 2s
Mihély Bencze

PP. 15510. In all triangle ABC holds:

> tg* Getg s 3s 2). 7 tg*4ctgBetg$

3
tg2 9 +tgotg S +tg2 8 = 4R+r 20 =

tg® 5 +tg5tgS+t9> S

Mihaly Bencze

(tgétgﬁ))\+2 1
PP. 15511. In all triangle ABC holds: ) 12+1;g229 > 131, for all
2

A>1.
Mihaly Bencze
¢ s
PP. 15512. In all triangle ABC holds: [] (tgétgﬁ)tg 2 <37,

Mihaly Bencze
PP. 15513. In all triangle ABC holds:
1. 5yt + toftad + 102§ >

Mihaly Bencze

PP. 15514. In all triangle ABC holds: Y tg*4ctg§ (tgZ +tg$5) > 2.

Mihély Bencze
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k
PP. 15515. If n>2(n€ N),2; >0(i=1,2,....k) and > 2? = 1, then
=1

k
don®>n+k—1.
i=1

Mihaly Bencze

PP. 15516. Let ABC be a triangle and = = rctg% (s + Tctgﬁ) (s + rctg%)
and y, z his permutations, then 1

z+y+s(s2—3r2—4Rr) = s(s2—3r2—4Rr)"

Mihély Bencze

PP. 15517. In all triangle ABC holds: tgétg2% > 4?;3;3 and his
permutations.

Mihaly Bencze

— 9
PP. 15518. If a,b,c > 0 and abc = 1, then Y Ja+ 3 Va+ > Ja > 3.

Mihély Bencze

PP. 15519. In all triangle ABC holds:
1 1
Z 37“2+4R7"—52—(7‘+5tg§)(4R+37"—5tg§) = 3r2+4Rr—s?"

Mihaly Bencze
PP. 15520. In all triangle ABC holds: 3 (3 + ctg4ctgZ)” > 98.

Mihaly Bencze

PP. 15521. In all triangle ABC holds: (tg% +tgS) (tg2 +tg§) > 2tg$§
and his permuations.

Mihély Bencze

PP. 15522. In all triangle ABC holds: ) \/0th + 20tg§ + 3ctg% < 34/ %

Mihaly Bencze

PP. 15523. If 1 >a>b>c>d>e>—1and o € [0,1], then
1 1 1 1

Mihaly Bencze and Titu Andreescu
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PP. 15524. Let ABC be a triangle and o > 1. Prove that
> (ctgd)" = 3 (v3)".

Mihély Bencze

PP. 15525. Let ABC be a triangle. Prove that:
1). Ytg?dtg?B 4 2080 < 2). V3s AR+

Mihaly Bencze
PP. 15526. In all triangle ABC holds

\/ctg%ctgg + \/ctggctg% < % + ctg%ctg% and his permutations.

Mihély Bencze

A
PP. 15527. In all triangle ABC holds 3 HJ;JTQWQ <z
2 2

Mihély Bencze and Shanhe Wu
PP. 15528. Let ABC be a triangle. Prove that
1) 1l /s=a 1 /[s=b 1 [s—c
© be a ca b 0’ ab c
1 1 / 1
2). =) -, == b, oo\ e are the sides of a

triangle.

Mihaly Bencze

PP. 15529. In all triangle ABC holds 3° {’/tggtgg + f/ (2)? >3+ V0.

Mihély Bencze and Shanhe Wu
PP. 15530. In all triangle ABC holds |Z tg42 Btg ‘ < 8

Mihély Bencze

PP. 15531. In all triangle ABC the following statements
1). TT(1+ctg®4) > 64 2). R > 2r are equivalent.

Mihély Bencze

PP. 15532. In all triangle ABC holds y_ /5724 > 3\/2,

Mihély Bencze and Zhao Changjian
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PP. 15533. In all triangle ABC holds y_ ¥3=2cosAdcos2d > (/g

Mihaly Bencze

PP. 15534. In all triangle ABC holds \/15_161(f§£—£5005 24 > 3./2.

Mihély Bencze

PP. 15535. In all triangle ABC holds Y y/tg4tgZ + £ > 4V/3.

Mihaly Bencze and Shanhe Wu

PP. 15536. If ( denote the Riemann zeta function, then for all s > 1 holds
DIO-F)<dy 2 L2 ook ), PR O

Mihaly Bencze

PP. 15537. If a,b,c > 0, then
a3+b3)(b+c)

1), 2 N S 1S (a1 b) (b+ )
a3+b3)(b+c)(c+a)

2). 3o LHEICLOCta) o (41 b) (b+¢) (c+a).

Mihaly Bencze and Zhao Changjian
PP. 72115538. Prove that:

n 2
1 2k—1

1). k§1 IR 2 i 2). k§1m < (#1)

2 s 1)2(n))?
3). (n))* < kljl (k'Q—i-k‘— 1) < %

Mihély Bencze
n—1 X n L

PP. 15539. Prove that kz—:o Z—H >, [(n—1) <n — kzl k+1>

Mihély Bencze

PP. 15540. In all triangle ABC holds
2/2 3" cos “EB cos % >3 V/2sin Asin B cos C + sin? C + V23" V/sin Asin B.

Mihély Bencze
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b 2(a—b)?
PP. 15541. If a,b,c > 0, then Y 4 > 3~ &ba 4 afbe ;5 )

Mihaly Bencze

PP. 15542. If ap >0 (k=1,2,...,n), then

(a1 — Varaz + az) (ag — y/azas + ag) ... (an — \/anay + a1) >
> 2% (a% + a%) (a% + a%) (a% + al) > Zi (a1 + a2) (a2 + a3) .. (an +a1) >
> ﬁ ag

k=1

Mihaly Bencze

PP. 15543. In quarilateral ABC'D (A\ =C= 90°> denote E and F' the
proiection of A and C to BD. Prove that

AB+BC +CD+ DA > (x/AE +V2BD + \/CF) VBD.

Mihaly Bencze

PP. 15544. If e(n) = (1 + %)n, then in all triangle ABC' holds

for all n € N*.

1 9
Z a?+e(n)ab+b2 = (2+e(n))(s2+r2+4Rr)’
Mihaly Bencze

PP. 15545. If ai, by, € R (k= 1,2,...,n) such that the equation
n

n
> |z —ag| = > |z — bi| have p solutions, then max .S =n — 1, where
k=1 k=

pe{l,2,..,n}.

Mihély Bencze

PP. 15546. Let ABCD be a tetrahedron inscribed in a sphere. The
altitudes AM, BN,CK,DL

(AM 1 (BCD),M € (BCD),BN 1 (ACD),N € (ACD),CK 1 (ABD),
K € (ABD),DL 1 (ABC),L € (ABC)) meet the circumsphere at

Ay, By, C1, D1 respectively. Prove that AAI 331 + & 001 DDl = 5.

Mihély Bencze
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PP. 15547. Let ABCD be a tetrahedron in which is inscribed a sphere
with center I. Denote E and F' the tangent point of insphere with faces
ABD and ADC. For a point M on the line segment EF', show that

Vol [MABD] and Vol [MADC| are equal if and only if M1 1 (BDC).

Mihély Bencze

n

PP. 15548. If ;, > 0 (k = 1,2,...,n) such that )  z; = 4n, then
k=1

J

w z T > 4n(n—1)
0\ = Vel | T [
i#]
Mihaly Bencze

PP. 15549. If a,b,c > 0, then
23 at+33% a?+abedy a> (Y a®) (X a)+2> ab.
Mihaly Bencze and Yu-Dong Wu

PP. 15550. If a,b,c > 0 and z,y € R, then
23 at +abey a+2 (2 +zy+y*) Y a? >
> (X a®) (X a)+2 (2 +ay+y*) > ab.

Mihély Bencze

PP. 15551. 1). If z,y,2 > 0, then > (—x +y + 2) (\[—\/@)2 >0
2). Determine all a > 0 such that ) (—x +y + 2) (xé —yé>a -

3). Determine all a,b, ¢ € R such that > (ax + by + cz) (\f - \/37)2 > 0.

Mihaly Bencze

PP. 155252. If 2,9,z > 0 then determine all a,b € R for which
a(X2?) +b(>Xa?) (Cay) >3 (a+b)ayzd =

Mihaly Bencze

PP. 15553. If 0 < a1 <as < ...<ap and 0 < by < by < ... < by, then
1oy b 1y by T T
a, T2 g gy T > g ag.an,.

Mihély Bencze
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PP. 15554. If 0 < a1 < a9 < ... < ay, then
7(71_11)! > (a1 + (E+1)az) (a2 + (k +2)a3) ... (an, + kay) >
k=1

> () + (5 4t ) mnan,

n

Mihaly Bencze

PP. 15555. In all triangle ABC holds 3" -4- > 97

s—a — 2s2°

Mihély Bencze and Yu-Dong Wu

2
PP. 15556. If z,y, 2 > 0, then ) ;23 > T4

Mihaly Bencze

PP. 15557. If m € N,m > 2, then:
[e.°] m
1. 3 (1 + klj)m'*‘l > (m+1)"Hir2

6mm

2). ((n+ )™ mrm > pl (m 4+ 1) for all n € N

m m—+1
k+1 m+1
DL (55) 2o
=1

Mihaly Bencze
PP. 15558. If a,b,c > 0, then
1 1
b+ i+ (Xa?) () 23 (a0 (X))
Mihély Bencze

PP. 15559. Let A1 As...A, be a simplex inscribed in a sphere. The a
altitudes A By, AxBr L (A1...Ak_1Ak+1.--An), Br € (Ak—14k41... Ap)
(k=1,2,...,n) meet the circumsphere at Cj (k = 1,2,...,n) respectively.

N Ay
Prove that ) Zfz =n+ 1.
E=1 kDPE
Mihaly Bencze

PP. 15560. Solve in (0, +00) the equation z" + [z™] = =™ + [2"], when
n,m € N are given and [-] denote the integer part.

Mihély Bencze
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n n
PP. 15561. If z,a;, >0 (k=1,2,...,n) and > a2 =z [] a, then
k=1 k=1

n

D ks

2 Z "n
i1 TG %O S ap

2

8

Mihaly Bencze

PP. 15562. In all triangle ABC holds:
. S Vat vt < V2 (382 —5r? — 2OR1")

2). > \/(s —a)t +(s—b)*r< V2 (2s? — 5r? — 20Rr)
8). X \/hd+hi< V2 (; () - wii”)

1. X\ Jra+ri < V2 (2(4R+ 1) - 55?)
. . V2(32R?4+8Rr+3r2—5s2
5). > sm8§+518§§ 2 16RT2 r?=55?)
2 r.2
). > \/COSS 44 cos % < ﬁ(3(4f£2) 5)

Mihaly Bencze

n
PP. 15563. If ay >0 (k=1,2,...,n) and > ar <1, then
k=1

n
P < S
— 1+ak+ak+ Aat = nmTl-1-
Mihaly Bencze

n
PP. 15564. If a; >0 (k=1,2,...,n) and [] ar <1, then
k=1

Z a1 > n
az+a3+ai+..+aft = m’
cyclic

Mihaly Bencze

PP. 15565. Determine all triangle ABC for which ABC' > %.
Mihaly Bencze

PP. 15566. If a,b,c > 0 and x € <—oo, —%] U [%, —i—oo) , then

24+(222-1)b
by S 2 3l
cyclic

Mihély Bencze
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PP. 15567. In all triangle ABC holds:

1). 3 c1tg§\/ctg2 B+ ctgBetgS + ctg?S f(A‘RJ”")

Z\/ctg +ctghetgB + ctg?B > V35,

Mihély Bencze and Yu-Dong Wu
PP. 15568. In all triangle ABC holds:

max{Zcosgw/tgﬂgQ,Zsm }< 3

Mihaly Bencze
PP. 15569. In all triangle ABC holds:
D). X {fteg <5YT 2 X {ftepted <14 20

Mihaly Bencze
PP. 15570. In all triangle ABC holds:

tg tgyctgs 4R+r
. —a -5 < 2). 2 <
1) Z tg2A+t92 B = 2r ) Z tg2 %+tg2% —_ 2r

Mihély Bencze and Shanhe Wu

PP. 15571. In all triangle ABC holds:

ctgé AR+ Ctgétgg
1). 2 < T 2). 2 72 <
) Z Ct92 %—i—ctg?% — 2s ) z ctg2 %_;’_Cth% —_

1
2
Mihély Bencze

PP. 15572. In all triangle ABC holds:
) Ztgg\/t92A+tg§t92 +t925 > V3
\/tg2A +tgdtgl + 1928 > 7‘[(45“)

Mihaly Bencze

PP. 15573. In all triangle ABC holds:

2A B
2 B < AR+r t9°5t95
1). Yosin® 5 cos? 3 > 45 2). Etggﬂg% =

D=

Mihély Bencze and Yu-Dong Wu
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PP. 15574. In all triangle ABC holds:
cos? 4 sin? & ctg?2ctgZ AR+
. > e 2 % 2)- > ctggictg% = 2TT

Mihaly Bencze
PP. 15575. In all triangle ABC holds:
tg 5 s tg 2 ctg 2 AR+r
1. Ztg?% —tg5tg 5 +tg2 5 =7 2)- Ztgz% ~tg5tg§ +t920 =7

A
ctg 2 4R+r ctgy 2 tgg 2
3)' Z A 23 < s 4)‘ Z A 20 <_1
ctg ctg ctg +ctg ctg ctg 5 ctg +ctg

Mihély Bencze
PP. 15576. In all triangle ABC' holds:

tga tgoctgs AR+
1)' Z (4R+7‘) 22 tg QC S 2r 2)' Z (4R+7-)22_2_2t92g < 2rr
t tgat
D Tm e S Y 2—2 B S T
—ctg? 5

s2—8Rr o ctg2C —  2s

Mihaly Bencze

PP. 15577. In all triangle ABC holds

2 2 2_ _ 2
Qmax{z tg%ctgg;thggtgg} +3< ((1R+r) 2352)5; Shr—2r )

Mihaly Bencze

_S_
612"

2A
PP. 15578. In all triangle ABC holds Y (C:;Az i
S—1r| Ci E—C 5

\Y

Mihély Bencze
PP. 15579. If a >0 (k=1,2,...,n), then

n n
2 1 4 1 2
(Zak> (z > > ( 5 aiaj> ( 5 > > n?.
k=1 k=1 "k 1<i<j<n 1<i<j<n

Mihaly Bencze

PP. 15580. In all triangle ABC holds:
2
)" -3

1.max{tgz,t92,tg } mln{tQQ,th,tg }<4 (

2). max {ctgg,cth ,Ctgs } mln{ct92 ,ctg 5 ,ctg2 } <
< %\/52 —3ro — 12Rr.

Mihély Bencze
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PP. 15581. 1). If ABC is a nonisoscelle, nonequilateral triangle, then

(AB+BC +CA) (45 + 55 + &) > 10

2). If AjAs... A, is a convex polygon (A;A; # AiA,), then determine

: 1
min Z AlA] Z AA; |-
1<i<j<n 1<i<j<n J

PP. 15582. In all triangle ABC holds:

tg4 s2 4 (4R+r)>
1)' Z \/1+tg4§52r(4};+r) < 4sR
2). 1 < S 1.
)2 \/52(1+tg4§)—2r(4R+r) < 5 2 sin 4 cos §

PP. 15583. In all triangle ABC holds:

s2—12Rr

Mihaly Bencze

Mihély Bencze

(AR+7)>—1252R  (4R+7)2—2s2 _ AR+r
b (4R+r)?—2s2 = 4R+r Z 73 2)

© s2—8Rr—2r2 =

s2—8Rr—2r2 1
52 2 3

Mihaly Bencze and Yu-Dong Wu

PP. 15584. In all triangle ABC holds:

). (4B)° 433/(2) >4 2). 2+ 3rs% > 4r (AR + 7).

Mihaly Bencze and Shanhe Wu

PP. 15585. In all triangle ABC' holds:

. 3 ytgg <L 2). X ftegtes <7

PP. 15586. In all triangle ABC' holds:
2(16R2—r2)’
1). T (15 —8cos A+ cos24) <

T Ris2
2 .2)3
2). [T (154 8cos A 4 cos2A4) < 2(16R*—s%)"

R4r2

PP. 15587. In all triangle ABC holds:

tg4 3 ctga 3
). Y, —2——F%> 32 2). S5 ——2 _ > 38
e EE I IDOES e -

Mihély Bencze

Mihaly Bencze

Mihély Bencze
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PP. 15588. In all triangle ABC holds:
1) Z 1 < 2R(2R+5r1) 2) Z 1 < 2R(2R+51)

cos? g —  r(4R+r) sin é cos g - sr

3). 7 <r52 + (4R + 7‘)3> < 2R (2R + 3r) s*

Mihaly Bencze

I
o=

PP. 15589. In all triangle ABC holds: ) 1

ctgb % ~+ctgb g +4
Mihaly Bencze

PP. 15590. In all triangle ABC holds:
1). [1(5+tg*5) > w 2). [ (552 + r2ctg?4) > 7255

Mihaly Bencze

PP. 15591. In all triangle ABC holds:

D-TE2+1?3) =3(*8)° 2. [1(2+t*316°8) > 3.
Mihaly Bencze
PP. 15592. In all triangle ABC holds:

1). Z(s—a)cosg > 3@” 2). Ztggw/tgg—ktg% >3,/%

Mihaly Bencze

PP. 15593. In all triangle ABC' holds:
1). Sy /1+ctgdtgB >3v2  2). 3 4/1+ctgdtgs > 3v2

Mihaly Bencze

sin 2
PP. 15594. In all triangle ABC holds: Ztg%w /1+ CO:; —o < SQ_ier.
2 2

Mihély Bencze

r1t+x2

PP. 15595. If x;, > 0 (k=1,2,...,n), then > ENEPREE VAT T+ > xp
k=1

Mihaly Bencze
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PP. 15596. In all triangle ABC holds:

2
( ctg%Jm/ctgg)

(ctg%+ctg§)3

A 4. B)3
Z (tg2+t92) 222242
( tg%Jm/tgg)

Mihaly Bencze

PP. 15597. In all triangle ABC holds:

2 s(s24+r2+2Rr 3
1). 1] (\/a—i- \/l;) < (wgi%z)
2). H(\/s—a+\/s—b)2 < SST—RB

2 s2(s2+r2+2Rr 3
). 11 (Vi + V)" < “ )
4). T1 (V7a + /1) < 3£
Mihaly Bencze

PP. 15598. In all triangle ABC holds:

S22 S22
+re 11 +re 11
1) Z b+c — 2Rr 2 ) Z hb—s—hc — 2Rr 2
_Ta 4R _ 13 tg% 2 4R _ 9
3. Lt S5 T3 4). Ztg B1tgS T S50
5 sin? ‘3 < (2R77‘)(82+T278RT) 17
) Z sin? —+51n % — 2Rr -2
cos? 4 (4R+r)>+s2(2R+r) 9
2 _9
6) Z cos? B+cos % < 2Rs? 2

Mihaly Bencze

PP. 15599. 1). If a,b,c > 0, then (£) + (2)" + (£)F > 2 4+ & 1 < for all
keN.
2). Ifa; >0 (i=1,2,...,n), then

k k k:
(Ll) _,_(fﬁ) _|__|_(%TIL> “1+“2+ +“" for all k € N.

as as — a2
Mihaly Bencze

PP. 15600. In all triangle ABC holds:
6
1). 1 (stg?4 +2retgd) < (45;;;) 2). [ (2stg®4 + retgd) <

Mihaly Bencze
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PP. 15601. If 2z > 0 (k=1,2,...,n), then »- (a1+an)(zgi2an(;n (;n Tao T

1\7\3

n— a2as3...an n— anai...dn—2
T "/ Gatan(astar) (antan) T+ {/(an+an71)(a1+an71)...(an72+an71) <
Mihaly Bencze

PP. 15602. If ay >0 (k=1,2,...,n), then

(£2)(Eaths) 2 S (z Ha)-

Mihély Bencze

PP. 15603. In all triangle ABC holds
(2—sinA)(2—sinB) (2 —sinC) > 5%.

Mihaly Bencze

PP. 15604. Ifa; >0 (i=1,2,...,n) and k € {1,2,...,n}, then

1 1 1 <
a’f—&:..—l—aﬁ—&—alag...ak + a’5+...+a2+1+a2a3...ak+1 +..t aﬁ+...+a’,§71+ana1...ak,1 —
ag4-1---Q@
(k+1) TT a4
1=1

Mihaly Bencze

PP. 15605. In all triangle ABC' holds:

1). TT (a® + b?) > 256Rs?r? 2). 11 _matmy > 8mgmpme

Mag+mp—mc
Mihély Bencze

PP. 15606. In all triangle ABC holds:

a’+b? a -i—b2 a’+b? s2+r2+4Rr
1). a+b—c > 4s ) Z (at+b—c)c = > 6 Z (a+b— c)c2 = 2sRr

Mihaly Bencze

PP. 15607. In all triangle ABC holds: ) NE Tza)( — < (4RL7;);+32
ra+ry J(rg+re

Mihaly Bencze
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PP. 15608. If ay € R (k=1,2,...,n), then

n
%min{(al —a2)?; (ag —a3)?, ..., (an — a1)2} < > al- Z ajas <
5 max {(al — a2)2 i (ag — CL3)2 yeey (G — a1)2} .

Mihaly Bencze

PP. 15609. If ay € R (k=1,2,...,n), then
%min{(ai—aj)2\1§i<j§n}g(n—l)Zai—2 > ajaj <
k=1 1<i<j<n

@max{(ai—aj)ﬂlgiqgn}.

Mihaly Bencze

PP. 15610. In all triangle ABC holds:
y(x+y)m2+x(x+y)mi—axym? >0 forall z,y € R.

Mihaly Bencze
PP. 15611. In all triangle ABC holds:
> (5 +6sin A — 2cos2A) (5 —6sin A — 2COS2B) > %

Mihaly Bencze

PP. 15612. If a,b,c > 0 and abc = 1, then
> % < a4t et for all n € N.
Mihaly Bencze

PP. 15613. In all triangle ABC holds:
23(sz+r2+4Rr) (82—77‘2—10RT’)
[Tla—0] < 3(s21r212Rr) :

Mihély Bencze

PP. 15614. In all triangle ABC holds: 3 (s +r?ctg*4) sin? B < s%.

Mihaly Bencze

PP. 15615. In all triangle ABC holds: 57 > |a — b| < 2V/6.

Mihély Bencze
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n
PP. 15616. If zx,ar >0 (k=1,2,...,n) and [] axxx =1, then
k=1

s

(ak + :BZ’“) > o,

k=1

Mihély Bencze

PP. 15617. If a,zp >0 (k=1,2,...,n) and Y z = 1, then

k=1
n

P L
arp+1 = —°

Mihaly Bencze

PP. 15618. Prove that exist infinitely many prime numbers, where can be
expressed in following way: 3 4 y3 + 23 — 3zyz, when z,y,z € N.

Mihaly Bencze

PP. 15619. In all acute triangle ABC holds

3
3 2
(L +-o —a)>g(E {1522 (2R )?)
cta U atb  btc) = s2+r2+4+2Rr

Mihaly Bencze

PP. 15620. In all triangle ABC holds: R —2r > ¢ 3" (a — b)*.

Mihaly Bencze

o0
PP. 15621. If 2,4,z > 0, then 3° | ¥ grgimes | < V3t
k=1 \ cyclic Y

Mihaly Bencze

PP. 15622. If o € (—00,0] U [1,+00), then in all triangle ABC holds:
a2 \® 4(R—r)\ ¢
Z(rbrc) ZS( 3r ) .

Mihély Bencze
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PP. 15623. Prove that the equation zy + yz + zx + 2zyz = 1 have infinitely
many positive solutions (2, yx, 2x)pcy for which xy, yx, zx (k € N) are the

sides of a triangle.

Mihély Bencze

PP. 15624. If [ (z) = ———1 + , when a,b > 0 and

asin® z+bcos? bsin? z+a cos?
L )
a+b—abl(z) _ a+b, 2
1). T F@ 1 — 1 tg=2w.

2). 4 (L4 § - F @)+ (a+b) (F(2) - 34) =
_ (a—b)*
- (asin2 z+b cos? x)(bsm z+4a cos? )

_4

_p)4 .
3). R+1-F(2) (F () — +b> > %st 4x.

n
PP. 15625. If 2, >0 (k=1,2,...,n) and ) z; = 1, then
k=1

zr(3—x n(3n—2)
Z = 2kzk) Z -DEn-D

PP. 15626. In all triangle ABC holds

9—gin A)(s2+r2cta? A
5 Lo 0"3) 5 9 (52 4 sy 4 12).

PP. 15627. In all triangle ABC holds
1). (32 +7r2 4 4Rr)2 > 16s%r (R + fs)
2). sR > 6y/3r? 3). (AR+7)? — 252 > W

PP. 15628. 1). If z,y,z € R, then

Mihély Bencze

Mihély Bencze

Mihaly Bencze

Mihaly Bencze

Va2 —xy + 42y — yz + 22,22 — 2z + 22 are the sides of a triangle.

2). Determine all z,y,z € R and n € N for which

zZ—T

n+1l_,n+1 n+1_,n+1 n+1__ ,.n+1 . .
7\1/51: e T\L/y _; ’\L/Z L= are the sides of a triangle.

r—y Yy—z

Mihély Bencze
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PP. 15629. 1). If z,y,2z € [-1,1], then > x/(1 —32) (1 — 22) < 1 + zyz

2). Determine all 23 € [-1,1] (k=1,2,...,n) and n € N* for which

> oay/(1-23) (1-2}) .. 1-22) <1+ H Tk
cyclic k=1

Mihaly Bencze

PP 15630. Prove that

o0
2k242k+1 2k6+6k“’+15k4+20k3+15k2+6k+1
2 Z S < % 1< 1;1 (2 k)T

Mihaly Bencze

PP. 15631. If a > b > 1, then determine all ¢ € R for which

a—c bn—c" *
T Tt T < padT—engTs for all n € N*.
a c b

Mihaly Bencze

PP. 15632. In all triangle ABC holds:

A A B
ctg7 3s ctgictg? 352
-2 B2 2). 2 1+tgBtgS 2 e

Mihéaly Bencze

PP. 15633. If a,z; > 0 (k=1,2,...,n), then

at \/W f
cy%ic (z1+ax2)(\/3a+2:v1+fx2)(\/\/3a+2$1+\/fx2) a+1 Z \/7

Mihaly Bencze

PP. 15634. If a,z; > 0 (k=1,2,...,n), then

3
x3 ¥3ar2— f 8/
eyclic (1 +axg) ( %/(3a+2)233‘11+ %/(3a+2)a:c%$§+ %/a2x421> = 2(at1)? Z

Mihaly Bencze
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PP. 15635. If z;, > 0 (k=1,2,...,n), then
n

st V-1
) >
1) cyzcl:ic (x1+x2)(\/g:c1+x2) Z 73 kZ::I Tk
3 . n

2) — > V6-1 =
) Cy%ic (501+$2)(\/5x1+a:2)<\/\/5x1+\/@) - 8 kglﬁ
3 2 2 > V51 i 3/:2

e e (VB e V) F e VT

Mihély Bencze

3 n
PP. 15636. If 2,0 >0 (k=1,2,..,n), then > > 1o 2
cyclic k=1

Mihaly Bencze

PP. 15637. If a,x;, >0 (k=1,2,...,n), then

3

= o JET Ji
Z (x1+ax2)(\/3a+2x1+\/ax2) = 2(a+1)? Z Tk

cyclic
Mihély Bencze

PP. 15638. If 0 < z,y,2 < 1, then Y (z + 1) y2z? > > 2%¢y? + 3ayz.

Mihaly Bencze

PP. 15639. If x,y,z > 0, then

H\/a:Q—xy—ky?_ 16\fH(‘2‘T yl+v3y) .

Mihély Bencze

PP. 15640. If 2, >0 (k=1,2,....n), then

3

D- > (arf-i—mwz—&—xg)l(\/ﬁ—f—\ﬁ) f : z vk

cyclic

n
2). xl > \/5_1 o
) cy%ic (ﬁ-f—mzz-&-x%)(%/@-ﬁ- 3zt %/oc»%) = 3 kgl ﬁ

Mihély Bencze

S (k+1)* 21
PP. 15641. Prove that ). RS T > 18 T 3
k=1

Mihély Bencze
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o0
PP. 15642. Prove that ) > 3‘f (C(2s) —1) for all s > 1, where ¢

K251

denote the Riemann zeta function.

Mihaly Bencze

PP. 15643. In all triangle ABC holds ;5 > -

A
ctgs
< 2 .
os A=E cos% - Z tgg+3tg%
Mihaly Bencze

n
PP. 15644. If z;, > 0 (k=1,2,...,n) and [] xx = 1, then determine all

k=1
n
n € N* for which ) zj (z, — 1) > 0.
k=1
Mihaly Bencze
PP. 15645 Prove that:
1). Z k22k+1) >5h+}
2). Z kZé'kfiilkJrl) > 2((2s) + &, for all s > 1, where ( denote the
Rlemann zeta function.
Mihaly Bencze
PP. 15646. In all triangle ABC' holds:
¢ ¢
). ZL?Q,A > % 2. ¥ % > 4

s+rctg s+rctg

Mihaly Bencze

PP. 15647. If z,y,z > 0, then Y ijﬁ’;’g > 205037 g2 4 2020 5 gy for
cyclic

all a,b > 0.

Mihaly Bencze

3 2 2
PP. 15648. If z,y,z > 0, then > = (ai;yrby ) > Bazb 57t 4 Bha § g2y
cyclic
for all a,b > 0.

Mihély Bencze
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PP. 15649. In all triangle ABC holds:

24

1)‘ Z sin P) < 1 2)‘ Z sin A < 4R+r

4R sin* %Jrr = 2r 4R sin* %Jrr - sr

N[

-1
3) Z ct92§+ctggctg% =
Mihaly Bencze

PP. 15650. In all triangle ABC holds:
2

sin4 % AR+r Ctg% -
1)- Z (4Rsin4 %-H”) 0052% = 2s” 2)' Z r+s.tg3§ 2 253

Mihaly Bencze

PP. 15651. In all triangle ABC holds:
). L1y <28 2). Y L < RO

cos2 2 sinA — sr

Mihély Bencze

PP. 15652. In all triangle ABC holds:

B
1 2R ctgs 2R(4R+r)
1) Z 1—sin Asin B+cos C < r( ) 2) Z 1—sin Asin C4+cos B — sr
s—c 2R(4R+r
3) Z 1—sin A sin B+cos C < s .

Mihaly Bencze

PP. 15653. In all triangle ABC holds:

ctg? 4 2
1 X 1 < 4R+r 2 . P < s
) 2 tg? 5 +tggtgS+tg? S —  3r ) 2 tg? 5 +tgatgB+tg? 5 — 3r7

Mihaly Bencze

PP. 15654. In all triangle ABC holds:

tg’ 5 r(4R+r)
1). L <l 9, 2
) Z ctg2§+ctg%ctgg+ctgzg -3 ) Z ct92§+ctg§ctgg+ctg2g - 352

Mihaly Bencze

PP. 15655. In all triangle ABC holds:
1). 1+ (4B4r)? < 2R 2). s2+ 7%+ 2Rr < 8R?

Mihaly Bencze
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PP. 15656. In all triangle ABC holds:

1)‘ Z 3 ctgg < 8R+5r 2). E 3 ctg%ctgg <1+

3512

PP. 15657. In all triangle ABC holds:

377

Mihély Bencze

. _ 3(k—2
. S fteg < BAYE 2. X {ftegted < TP+

forall k € N, k > 2.

PP. 15658. In all triangle ABC holds:
3(k—2) | 2(4R
D). X {fetgd < (M2 4+ 240 o7
2). 3 {/ctgactgs < 3(k,;2) + 2 forallk>2,keN.

o0 2
PP. 15659. If a > ¢, then 1+ 5 <ln(’f +a) 1) <2
k=1

Ina

PP. 15660. Determine all z,y > 0 such that
In ((1 + x2) (1 + y2)) < zarctgy + yarctgr < % + y>.

PP. 15661. If v, >0 (k=1,2,...,n), then

n 2 n n n
<7ll > xk> <Inp/[] Q1+22) <23 wparctgr, <13 23
k=1 \ #=1 k=1 k=1

PP. 15662. In all acute triangle ABC holds:

55243r2—12R? s2—4Rr—r2 (s+2R+r)°
1). 2ot < exp 267 )- s2—(2R4r)?

n
PP. 15663. Prove that ). Rty > w.
k=1

< exp s2—(2R+r)?

Mihaly Bencze

Mihély Bencze

Mihély Bencze

Mihély Bencze

Mihély Bencze

2sr

Mihaly Bencze

Mihély Bencze
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PP. 15664. If x > 0, then
1). In (1 +V1+ 6—213) In (1 +V1+ e%) < (e 4x)(e" —x)

2. (14 VIFe ™) (14 VITex) < oo
Mihaly Bencze

PP. 15665. Determine all a,b > 0 for which the function
f(x) =log, ., (x+0b) is increasing and convex, for all z > 1.

Mihaly Bencze

PP. 15666. Prove that:

V3 V5
1). fln2(1+%)dx<% 2). fxln2(1+%)dx<%ln%
1 V3

Mihaly Bencze

PP. 15667. If x > 0, then
In? (1+ 1) —|—1n<1—|—\/x4—|—2x2—|—2> < z22+1 +In(z2+1).

Mihaly Bencze

n e 2
PP. 15668. Prove that [] 2251 > 2 20
k=1

Mihaly Bencze

PP. 15669. If 7 > 0, then Y. In (e + z) > 25 4 (o=l
k=1

Mihaly Bencze

PP. 15670. If z > 1, then:

1). z* +32% + 6 + 122° Inz > 2z (32% 4 2)

2). 223+ 322+ 7> 11z +elnw

3). 2t +7x +122%Inx + (2 + 1) In(z + 1) > 823 + 1.

Mihaly Bencze

PP. 15671. If z > 1, then 22 (933 + 8+ 12z In x) > (8x3 + 1) arctgz.

Mihély Bencze
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PP. 15672. If + > 0, then In(e” —z)In(e* +x) + (e + ) In(e — ) <
In (1+2%%) In (14 2z + 2%*) + (e —z)In(e + ).

Mihély Bencze

PP. 15673 Prove that: .
1). H (1+ kQ) > exp (221) 2). 11
k=

(148 e (M),

where a > 1.

Mihély Bencze

PP. 15674. If f () = €* + 2% + x and g (x) = €® + ex, then determine the

n
minimum and the maximum of the expression: g Ex’“)) where z, > 0

k=1
(k=1,2,..,n).

Mihély Bencze
PP. 15675. If 2 € [0, %], then 3zsin2z < 2(2 4+ cos z) sin’ z.

Mihaly Bencze

PP. 15676 Prove that: .
1. 3 ()" < e 2. 3 ()" <’

k=1 k=1

Mihaly Bencze

PP. 15677. Prove that arcsin (sm 1%6 + sin 180 + sin 183) > %.

Mihély Bencze
PP. 15678. If f (x) = + =L and z > 0 (k = 1,2, ...,n), then determine the

minimum and the maximum of the expression Z ().
k=1

Mihaly Bencze

PP. 15679. Prove that
VIn(em —1)In(e™ + 1) + y/In (7€ — 1) In (7€ + 1) < 6,252.

Mihaly Bencze
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PP. 15680. If 2 € [0,1], then 1+ 4 5 — 42 < VITa <1+ 3.
Mihély Bencze
PP. 15681. Prove that (In (™ — 1))¢ + (In (¢ — 1)) = < 0, 943.

Mihaly Bencze

n

PP. 15682. If £ > 1, then [] (z + k) < exp (m | nln= 1>)
k=1

Mihaly Bencze

PP. 15683. If a > 0,then determine all z; > 0 (k = 1,2, ...,n) such that
n n

Yo a® = > af.

k=1 k=1

Mihaly Bencze

PP. 15684. Determine all a (k = 1,2,...,n) such that
x i ay,

1+x2 <n-arctgr + - 2 for all z € R.

Mihaly Bencze

n2_

PP. 15685. If = > 0, then "0t < (1 4 2)"% for all n € N*.

Mihély Bencze

PP. 15686. If x > 1, then:

1. (1+2)" < v ot 2). (z—1)n(z+1)<2’lnz
3 2

3). TEE=2 < elng < 1 (28" + (2—e%)2? — 2).

Mihély Bencze

2,x

PP. 15687. If z € [0,1], then 2+ 3 + 32 < ¢? 4 /Tt 2 <2+ 32 + 22",

Mihaly Bencze

3
PP. 15688. Prove that [InzIn (:1:2 — 1) dr < % +1In %
2

Mihély Bencze
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n
PP. 15689. Prove that 1+ Y, $=UInlktl) o nlntl)Entl),
k=2

Mihély Bencze

PP. 15690. If = € [0, 1], then
9 (54 8z —82?) > (5 + 12z — 162?) (1 + 20z — 162?) .

Mihaly Bencze

wly

PP. 15691. Prove that [ ctgzIn (1 + sin®z) dz <

us
6

V5+

S

Mihaly Bencze

PP. 15692. 1) , then x,, > ”T_l for all n > 2.

n
_ 1
oy = ];::2 VItkInkIn(kil)
2). Determine max {z,|n € N*}
3). Prove that (x,),~, is convergent and compute its limit.

Mihaly Bencze

PP. 15693. 1). Determine all n, k € N such that
Vn+2+Yn+5<IYn+3+Yn+4
2). Determine all n,k € N such that

Ym+2)!+ 3/ (n+5)! < /(n+3)!+ /(n+4)!

Mihaly Bencze

PP. 15694. If 2 > 0, then (1+ 4~ £ )In(1+2) <a.

Mihaly Bencze

b ln(1+x2)
PP. 15695. 110 < a < b, then (VI+a? + VI+8?) [ dr < b2 — a2,
a

Mihaly Bencze

PP. 15696. If a,z € R, 2b <1 and 4c > b, then a+br —cx? <1+ z for
all x > 0.

Mihély Bencze
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PP. 15697. If x > 0, then

n n

3 In® (1 +ak+ %x%> <nz< Y In (1 +ak+ %x% exp (m%>> .
k=1 k=1

Mihaly Bencze

PP. 15698. In all triangle ABC holds
a 1 1
1) Z 7’37:‘,-52 < Ar ) Z Rh2+252r = 4Rr

Mihaly Bencze

PP. 15699. Prove that
log3009 4019 + log3g10 4021 > logsggg 8036 + logag; o 8040

Mihaly Bencze

2 2

sin“ x cos® x 1
PP. 15700. If z € R, then 1+4(1+4sin2 x) cos? x + 1+4(1+4cos? x) sin? > 95

Mihaly Bencze

PP. 15701. In all triangle ABC holds
1 1
min {H (r+mrq)ra ;[ (r+ ha)ﬁ} > (4r)

1
s

Mihély Bencze

PP. 15702. If a1,a9,...,a,,... > 0 is an arithmetical progression, ¢ > 0,
b1,b2,...,bp, ... > 0 is a geometrical progression, then

H c k+3+c“’f+2+cak+1 11 bitstOptotbrsr | (§)n
ak+4+ca’k ) bk+4+bk >~ D) .

Mihaly Bencze

2
PP. 15703. If a,b,c > 0, then Y- 256 4 37 44 —( 1+ZZI%)(Z a).

Mihély Bencze

PP. 15704. Let (A, +,-) be a ring. Determine all a,b,c,d,e € N for which
from (2% +y°) (2°+y?) = (z +y)° for all 2,y € A holds 2? = z for all
x € A.

Mihély Bencze
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PP. 15705. If a1, a9, ...,ay, ... > 0 is an arithmetical progression with ratio
r>0andk € {2,3,...,n— 1}, then

(r+ Yaraz-—ay) (r + azaz..ap11) - (r + Hanar-ap—1) < 4203...an41.
Mihaly Bencze

PP. 15706. If by, b9, ..., by, ... > 0 is a geometrical progression with ratio
g>0and k €{2,3,....,n—1}, then

(1 + Q\k/ blbg...bk) (1 +q ¥/ b2b3...bk+1) (1 +q¥/ bnbl...bkfl) <

< (1 + bg) (1 + bg) (1 + bn+1) .
Mihély Bencze

PP. 15707. In all triangle ABC holds r (4R +r) > srv/3 > s2 + 212 + 8Rr.

Mihély Bencze

PP. 15708. In all triangle ABC holds

Tq _r he _ __8Rr
1) Z ry+Te =2 R 2) hy+he =2 s2+r2+2Rr

Mihaly Bencze

PP. 15709. Determine all n, k € N such that
(3"F1 4 2k + 1) (35! 4 2n + 1) is divisible by 16.

Mihaly Bencze

PP. 15710. If z,y,2 > 0 (x # y # z), then
2,2
> W—GzWmax{(:z:y—l—yz)g;(yz%—zx)g;(z:z—i—a:y)g}.

eyclic

Mihély Bencze
PP. 15711. If a,b,c > 0 and a + b + ¢ = 1, then determine all z > 0, y > 0
such that (Z %)2 <y>S (1-a).

Mihaly Bencze

PP. 15712. Determine all 2,y € R* such that ar‘{’ij]f‘m + arizi?y — Q(xgy)”,

where {-} denote the fractional part.

Mihély Bencze
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PP. 15713. If z € (0,%), then 2218020 <y (9 4 2

4+5sin 2z ) <sinx + cosz.

sin 2z
Mihaly Bencze

PP. 15714. In all triangle ABC holds
3 2
3/ 1 s?(R+2r)+(4R+r)Rr
> (\/SIDA+ SsinA> <12+ “Rr .

Mihély Bencze

PP. 15715. Let (F},),>, be the Fibonacci sequence. Prove that
(Friz — 1) ((n = 1) Fpypr + (n 4+ 1) Fp_1)? < 25n (F2 4+ F2 + ...+ F2)°.

Diana Savin, Constanta,

. lftgétgg
PP. 15716. In all triangle ABC holds > —2—% > V3.

tg% +tg g
Mihaly Bencze

3
4sRr)*

. 3
PP. 15717. In all triangle ABC holds (a® + b* + ¢%)” > (ﬁ) (

for all x > 0.

Mihaly Bencze

PP. 15718. Prove that 01n3 —8In? — & < f B de < 4500,

Mihaly Bencze
2
PP. 15719. In all triangle ABC holds ) <4 + <\/E + \/g) ) w? < 8s2.

Mihaly Bencze

PP. 15720. Prove that

1
cos 1

n n
ZCOS,CI > - no> LS gin L
k=1

Mihély Bencze

PP. 15721. If A € M3 (R) is simmetric and invertable, then
det (A2 + Iy) det (A2 + I3) > 55.

Mihély Bencze
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PP. 15722, In all triangle ABC holds 1+ ) “2:5b2 > %.

Mihaly Bencze

PP. 15723. In all triangle ABC holds

max {(8 - 275 (2 - )5 (597} <
(82—7‘2—4RT)((82+T2+4RT)2—1682RT’) $2 42 3
< 62 R2r T T6Rr 8"

Mihaly Bencze

PP. 15724. 1). If 2y, € R (k= 1,2,...,n) and [] (s — zx) # 0, where
k=1

n

S = > xp, then )
k=1 k=1

Tk

S—an| =~ 1

n
2). Determine all z;, € C (k= 1,2,...,n) for which
k=1

Ty
ska\ 51

Mihély Bencze

PP. 15725. In all triangle ABC holds

A B

sin 2 sin & sin &
. _— > - r 2 2
1) Z (1—L—sin2 é)2 - (1 2R) Z (l—ﬁ—sin2 %sin2 g)Q

B

2) Z cos” 5 Z (2+ﬁ)2z cos%cosg

(2+ﬁ76082 %)2 (2+ﬁ70052 % cos? g)Q

Mihély Bencze

PP. 15726. Compute f%'

Mihély Bencze

PP. 15727. In all triangle ABC holds 3 (25¢)" > 3 (& + 5 ) for all
a € (—o00,0] U [, +00).

Mihély Bencze
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n
PP. 15728. Let a € (—1,1) and z,, = _ yxa®. Study the convergence of
k=1

sequence (zp),>; and compute its limit in following cases:

D.yr=y+(k—-1r 2). y = y1g"?
3). yp = "/(k+ 1) - VE&! 4). yp=1+1+ .. +1 -Ink

Mihély Bencze

PP. 15729. Solve in Z the equations:
1). (zyz —3)* = 22 + 2 4 22 2. (xy+yz+z2a—3)> =23 + 43 + 23

Mihaly Bencze

PP. 15730. In all triangle ABC holds
Z\/<mg+‘f) (m%—i—%) > s +r2 4+ 4Rr.

Mihaly Bencze

PP. 15731. In all triangle ABC holds
Z ha > 3 3 28}2%7‘2 max{

min(b,c) =

Mihély Bencze
PP. 15732. In all triangle ABC holds
Z%&“b) > i,,/%max{\g/cﬁ; Vbe?; W}.
Mihaly Bencze

PP. 15733. If ax, A >0 (k=1,2,...,n), then

a a an )‘i“k
<1+i)1(1+£>2...<1+k) > [1+ k=1

a2 aiag+tagasz+...+anai

Mihaly Bencze

PP. 15734. If x € R, then
(1—4‘COS%D2 <54 2cosdzr + 4cos3x + 6cos2x + 8cos .

Mihaly Bencze
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PP. 15735. In all triangle ABC holds
27 (S ma)* > 5121 S myg (ma +mp) (g +me) .

Mihaly Bencze

PP. 15736. In all triangle ABC holds

4sR 2 12(s2—r2—4Rr)R
1) Z ha(iQT = 32+TQZSRT ) 2) Z haa;2r > s24+r2—8Rr
3 12sR(s2—3r2—6Rr
3) Z haa72r z s2+r2—8Rr

Mihély Bencze

PP. 15737. If ar >0 (k=1,2,...,n), then

(45 () (Fe =2

PP. 15738. In all triangle ABC holds Y° 4 > 4R + 1.

Mihaly Bencze

Mihaly Bencze

PP. 15739. Let be z;, € C (k=1,2,...,n) such that
(21 — 22)" = (22— 23)" = ... = (2, — 21)" . Determine all n € N for which
|nz1 — S| = |nzg — S| = ... = |nzp, — S| where S = z1 + 220 + ... + 2.

Mihaly Bencze

PP. 15740. If a € N* (k=1,2,...,n), then determine all z; € R*
[ii akmk}

k=1
n

e

the integer, respective the fractional part.

(k=1,2,...,n), such that

= 3 8], where [ and {} denote
k=1

Mihély Bencze

n
. 1 13k—1
PP. 15741. Compute nlggl@ﬂ <96 - kz::1 132k1+98,13k1+49> .

Mihaly Bencze
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PP. 15742. Compute:

1). ncosa:dac 2). _ sin xdx

) f 11 cos(z+k) ) f 11 sin(z+k)
k=1 k=1

Mihély Bencze

PP. 15743. If z,y,z > 0 and A € (—o0,0] U [1,4+00), then
A A
T T+
Z <y+2> =z Z (w+yf2z) )

Mihaly Bencze
B
2

A
PP. 15744. In all triangle ABC holds: 3 —“22992 > 9.

14+9tg2 2 g2 5

Mihaly Bencze
PP. 15745. In all triangle ABC holds:
o tg* Stg* Setg§ 2 ry2
kgz (Z tgfi(k221)t92§‘> 2 21 (? B 1) (5)"

Mihély Bencze

PP. 15746. If z € C, then
2(lz = 1| + 2] + |z + 1]) + |2* = 72 +192% — 232 + 11| +
+|z4—3z3—|—422—2z+1|—|—‘z4+23+22+z—|—1‘ > 3.

Mihaly Bencze
PP. 15747. If a,b,c > 0 and a + b+ ¢ =1, then

a(3b%242bc%+2b2c+2abctac® +bcd+-ab’c
>« . > Voo (L4 by L)
b2c(b+ac)(c+1)(b+c?) a+1 b+1 c+1

Mihély Bencze

2n
PP. 15748. If z € R, then ) Atktd k> Snt),
k=0

Mihély Bencze

PP. 15749. In all triangle ABC holds min{z Loy gA} > 28,
2

Mihély Bencze
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PP. 15750. If a,b,c > 0 and a 4 b 4 ¢ = abe, then:
1) % (aztfl-l + bzl—)l—l + 023—1> <

< min

1 . 1 . 1
a(b+c)(\/1;+\/5)’ b(C-‘r(l)(\/E-‘r\/a)’ c(a-i-b)(\/a—f—\/g) }

1 1 1 2
aoc

NjCo|

Mihély Bencze
PP. 15751. In all triangle ABC holds:
3 ()" 4 2 gy () - g

Mihaly Bencze
PP. 15752. In all triangle ABC holds:

z b+c > 234—6827’2—2852Rr—2(52—r2—4Rr)2+(52+r2+4Rr)2
sin? % = 25272 ’

Mihély Bencze

PP. 15753. Determine all z,y, 2 € R such that
ch*zch*ych*z = 8 (sh2x + sh2y) (shzy + sh2z) (sh22 + shzx) .

Mihély Bencze

PP. 15754. If z,y,z € R, then
(1+sin2 x)2(1+sin2 y)2(1+sin2 z)2 (1+c052 x)2(1+cos2 3,/)2(1+cos2 z)2 >
(sin2 x+sin? y) (sin2 y—+sin? z) (sin2 z+sin? x) + (cos? z+-cos? y)(cos? y+cos? z)(cos? z+cos? x) —

> 16.

Mihaly Bencze

A B\ ¢ ey
PP. 15755. In all triangle ABC holds: 3 <°222> >3 (2*157;“)

sin 5
for all @ € (—o0,0] U [1,+00).
Mihaly Bencze

PP. 15756. Denote s (n) the sum of digits of number n. Prove that
> [#} [15] < 1/ (n —s(n)) (m — s(m)), where [-] denote the integer
k,p>1

1071 =9

pa;t.

Mihély Bencze
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PP. 15757. If a,b > 0 then solve in R the equation:
(a+23) (a+23%) .. (a+ 227 ) = bay,
(a+ a:%k) (a+ ac%k) o (a+ a:%k) = bz

Mihaly Bencze

PP. 15758. If z1, 29,23 € C, then
21 [” + |22]? + |23]° >Re(Z1 - 22) +Re(Z2 - 23) +Re(Z5 - 21) +
+5 (|21 — 22| + |22 — 23] + |23 — z1))?.

Mihaly Bencze

2
n
3
PP. 15759. If a,b,c¢ > 0, then > ( Z (k+1)(kﬁ2)a+b+c> < 4(ni1).
k=1 \ cyclic

Mihaly Bencze

PP. %5760. Prove that:

1) Z k @ >n n+1 @
.k—l kA4Ek2+1 = 2(n?+n+1)

3 k “ n+1 « _
2) =, (m) Z n (W) y fOI' all o € ( 0070] @] [17 +OO) .

Mihély Bencze

PP. 15761. 1). If n > 6, then n > d* (n)
2). Determine all p,k € N such that from n > k holds n > d? (n).

Mihaly Bencze

PP. 15762. Solve the following system:
T +x§+x§+xi = x%—kx%—i—x%—kxi = xi’—kx%—i—x%—kxﬁ = :c‘ll—ka:g—i-xg—kxz =1

Mihély Bencze

PP. 15763. Determine all £ € N, such that

n
I1 (1+%+]§+...+}%)§n+1.
p=1

Mihély Bencze
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PP. 15764. If z,y € R and z > 1, then
logy (z — 1) -sin?x cos?y + {/logy 2 - cos2 wsin® y + ¢/logs (2 + 1) <

< {/12logs 3.

Mihély Bencze

PP. 15765. If b,c € (0,1) and y,, = b- arcsinz,, + ¢ - arctgx,—; for all n > 1.
Prove that the sequence (:cn)n21 is convergent if and only if the sequence
(Yn),,>; is convergent.

Mihaly Bencze

PP. 15766. If a,b € R and a® + 8 < 4b, then (332 + b) chx + axshx > b for
all z € R.

Mihaly Bencze

PP. 15767. Determine all A, B € M, (R) such that
det (A% + B +20091,,) = —1
det (B + A —20091,,) =1

Mihaly Bencze

PP. 15768. Let A, B € My, (R) invertable such that

Al — (B*)' 4+ A~ = B' 4+ (A*)' + B~ for i € {n, k, p}, where n, k,p are
different given positive integers, then A = B.

Mihaly Bencze

PP. 15769. Solve in Z the following equation 3> = 3 + 2% + x + 6.

Mihaly Bencze

PP. 15770. Let AA,, BB1,CC} be concurent line in triangle ABC', where
A € (BC) ,B1 € (CA), Cq € (AB) . Prove that

a R(532+r2+4R7‘)
ZBBl+CC;l — 8(52+T2+2RT) .

Mihaly Bencze

PP. 15771. 1f 2,y,2,¢ > 0, then T 4 L= 4 =t 4 tho > 2A0pd20) > g,

Mihély Bencze
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PP. 15772. Let be x,, (p) =1 > ¢/k(k+1)...(k+p—1)
k=1
1). Prove that [z, (2)] = [25

2
2). Compute [z, (p)] for all p > 3, p € N where [-] denote the integer part.

Mihaly Bencze and Ferenc Kacsé
PP. 15773. f zg = a,z1 = a + %, and azx,, + a’z,_1 +a*>+1= amn_lx%_Q

for all n > 2. Determine all a € R such that 2x,, = ch <w In a) for all

n > 0. (a =2, is a solution).

Mihély Bencze

PP. 15774. Determine all n-time differentiable functions f,g: R — R such
that § (€7 @)™ = (v2)" e (w4 F)
x (n) _ n oz nm
(e%g (2))™ = (V2) e f (z + )

Mihaly Bencze

PP. 15775. Determine all o, € R (n € N) such that
54 4ch ((2”_1 + an) In 2) = 8ch ((2”_2 + an_l) In 2) ch ((2”_2 + 2an_2) In 2)
for all n € N.

Mihaly Bencze

PP. 15776. 1). If n is odd, then for all A € M, (R) holds det (A — A7) =0
2). Determine all A € M, (R) such that det (4 — AT) = 1.

Mihély Bencze

PP. 15777. Prove that:
m n

2 _ 4m(mb?
1). tg | 2 arctyg=p= | = @m+1)!
n=1 k=1
00 n 9 2 5
n=1 k=1

Mihaly Bencze
PP. 15778. 1). If e = cos%7r + isin %’r, n € N, n > 3, then
n—1
Z kgkfl
k=1

2). Prove that sin 7 > ﬁ for all n > 2

_ n

2sin
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n—1

3). Determine all z € C' such that kz;l kzk1] = 28171‘1%
n:l

4). Determine all z € C such that kzk1| = Toon T
k=1 n

Mihaly Bencze

PP. 15779. 1). Prove that exist infinitely many convex functions which
graphics meet in infinitely many points

2). Determine all f : R — R convex and g : R — R concave functions for
which card (Gy N Gy) = +00.

Mihaly Bencze

n
Y oap=1
PP. 15780. Solve in R the following system ¢ 7!
Y3 =n+1
k=1

Mihaly Bencze

PP. 15781. Solve in Z the equation z* + y* = 20092%.

Ferenc Kacsé

PP. 15782. If z + a? + aja3 + ... + ajaz...a,_1a2 = ajas...a, (x + a,) for all
n € N*, then determine the general term of the given sequence. If = is prime,
then how many term of the given sequence are prime?

Mihaly Bencze

O =

PP. 15783. If I, = [ (sinxz)" dz, then

2 4

D> 1 Rl = 1255 2. % 22, =

Mihaly Bencze

PP. 15784. 1). Prove that ((2n)!))" ! is divisible by (2!4!... (2n — 2)!)? for

all n > 2.
2n—2

2). Prove that ((2n — 1)1)" ! is divisible by [] k! for all n > 2.
k=1

Mihély Bencze
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PP. 15785. In all triangle ABC holds:
4 2 2
o | — (@R+r)°— 1 1
DX (f5) =Y 2. Yimtior <

2
Mihély Bencze

PP. 15786. Solve the following equation
3 (x/x2—|—2k—1—\/a:+2k> = 0.

k=1

Ferenc Kacsé

PP. 15787. Prove that for each n € N, there exist infinitely many m € N
for which 5%™ — 33" is divisible by 23.

Ferenc Kacsé

k k
PP. 15788. Let b, = % Yoap, ek = {11 ap, di = kk , where a, > 0
p=1 p=1 » %
p=1

(p=1,2,....k)
1). Prove (an),~; is arithmetical progression if and only if (by,),,~; is
arithmetical progression

2). Prove (ay),~; is geometrical progression if and only if (¢y),,~; is
geometrical progression B
3). Prove (ay),~; is harmonical progression if and only if (dy,),,~; is
harmonical progression -

Mihély Bencze

na+b nc+d?
integer part, a,b,c,d € Z and n € N is given
2). How many prime solution have the given equation if a, b, ¢, d are prime?

PP. 15789. 1). Solve the equation {‘”*b] = @td where [-] denote the

Mihaly Bencze

PP. 15790. 1). If a,b > 0 then
_a22JZb2 < a(sinx 4 cosx) + bsinzxcosz <

2). What happend if a,b € R?

2av/24b
2

Mihély Bencze
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PP. 15791. If x4, € [0,1] (k =1,2,...,n), then one from

n n
1 (1 —x9), 290 (1 —23),.cyxn (1 — 1), [] o+ [] (1 — xk) is greather or
k=1 k=1

2
equal than (#) .
Mihaly Bencze

PP. 15792. In all triangle ABC holds:
1 24r244R
1) Z 1+31nA+smB <3- E + 2 ITZRZ -

s24r?
2) Z 1+c0sA+cosB S 3 R + 3R22 (Zacute)
1 T s“+r“—8Rr
3)- 2 e Aren? D S 2+ 95 + i
14 7 s*4r’48Rr
4). Y oo Atcos? B <3 2R T mR

Mihaly Bencze

PP. 157 93 Determine all n m € N* for which
Zdz ( )+Zdz (’“) is a perfect cube.

dn  k|d dm  k|d

Mihély Bencze
n
PP. 15794. If 2, > 0 (k=1,2,...,n) and > z; =1, then

k=1
> Trmgm Sn-lts X mw

cyclic cyclic
Mihaly Bencze

PP. 15795. In all triangle ABC holds 3 cos? 458 > 1 ((%)2 — %) .

Mihaly Bencze

PP. 15796. The triangle ABC is equllateral if and only if

3 44 4 2 2 2
S sin Acos (B — O) = S F16RT 45}5%7; —8s2Rr+8Rr3

Mihaly Bencze

PP. 15797. Let be x,,+1 = a1z, + b1y, and y,4+1 = aoxy, + bay,. Determine
all z1,y1,a1,b1,as2,b2 € R such that zq, = 6y% + 1 and ygﬂ — y% = Yon41 for
alln € N*.

Mihély Bencze
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PP. 15798. In all triangle ABC holds
2
8(1+ %) <9+ cos(A—B) < (M) _ 4R

2sr r

Mihély Bencze

PP. 15799. In all acute triangle ABC holds 3 (25 + sifB)Q < 32R(;12R+T).

Mihély Bencze

PP. 15800. In all triangle ABC holds 9R? + 72 4+ 4Rr > s + 21/3sr.

Mihaly Bencze

n
PP. 15801. Let be z,, = tg (Z arctg (k2+k]ff3](€k21+k+2)) for all n > 1. Prove
k=1

that the sequence (zy,),,~; is co;lvergent, and compute its limit.

Mihaly Bencze

PP. 15802. If ay,a9,...,a,,... > 0 is an arithmetical progression, and ¢ > 0,
and b1, bs, ..., b, > 0 is a geometrical progression, then

n a a n
: ck+4 43¢ k+2 4 % brya+3brio+bi 5\"
min {kH P R kHI b3 +Fbrit 2 (5) :

Mihaly Bencze

PP. 15803. If x > 0, then

2 1 211
e Sz + Din (1+ 1) </ EHarctge.

Mihély Bencze

N 2k+1
PP. 15804. Let be x,, = > k™ *+1
k=1
1). Prove that x, < ﬁ foralln >1

2). Determine min {z,|n € N*}
3). Prove that the sequence (z,),~; is convergent, and compute its limit.

Mihély Bencze

PP. 15805. In all triangle ABC holds
1). s>+ 72> 4R?+ Rr 2). s>+ 12+ 4Rr +4R% > 4sR

Mihély Bencze
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PP. 15806. In all acute triangle ABC holds

sin A .. B+C—-A T+2A <

1)' Zl—i—Zcos%cosBch +8HSln 4 COS( 4 ) <1
. . cos A <1— r2

2). if ABC is acute, then ) F2sm doos B0 = 1— 55

Mihaly Bencze

PP. 15807. If & > 0 then 22 H022 <In(o? 4o+ 1+ 1) <Va?+1.

Mihaly Bencze

PP. 15808. If z,a > 0, then In (x“ + m“_l) < %

Mihaly Bencze

PP. 15809. If z > 0, then
1422 1
D 2 < (1+VI+2%) < L+ e

2). ln(1+\/2+a:2+2\/1+x2> g%+ln(1+\/1+x2) <

< e=lbyiie? Vita? 4y g

Mihaly Bencze

PP. 15810. If z,y > 0, then
24 oty L (mn < T g4 Ty <2+ 5

Mihaly Bencze

n
PP. 15811. If z, > 0 (k=1,2,...,n) and > x% =8, then
k=1

n n
n—1< > VIta,—3> o <n.
k=1 k=1

Mihaly Bencze

PP. 15812. If z > 0, then

2 522 1 2

1
2. 1-3< A=<l

3). 1432 432 28 < (py 1) orl<1+43Ey3e

Mihély Bencze
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PP. 15813. In all triangle ABC holds:
V23 mamy > > rawg + %Z ‘2 (82 —r? —4Rr) — 3ab‘ .

Mihély Bencze

O Y Ymn
PP. 15814. Prove that > %

m=1

g(\@—i—l)ﬂforallneN*.

Mihély Bencze

PP. 15815. Determine all z € {0,1,2,...,9} such that
87529219 = (426)” + (167)" = (422)" + (218)" = (414)" + (255)".

Mihaly Bencze

PP. 15816. If a1 = 1 and apy1a, = n + ay for all n > 1, then
n
lim # > (ak — %)2 = % Determine all « € R for which

n— o0 1

o

n—oo

n
lim & > (ay — a)? =a.
k=1

Mihaly Bencze

PP. 15817. If z € [0,e — 1], then 3 (e** — 1) < 6z < €3* + 3e” — 4.

Mihély Bencze

n _1)\2
PP. 15818. Let be 1 = 1, xpxpi1 = n+ Xy, yn = 4" [] (xszJer) for all

n > 1. Prove that the sequence (yy,),~, is convergent, and compute its limit.

Mihaly Bencze

PP. 15819. If a > b > 0, then
(% +1) Vab+ (2 — 1 %) 252 < 2 (3)7°.

Mihaly Bencze

PP. 15820. If 0 <a < b < F, then
(b—a)(b2+ab+a2+6)
9

b
[ tgx - arctgzdz > — %arctg 1b-:¢fb‘
a

Mihély Bencze
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PP. 15821. If # > 0, then 2z > arctgz + jarctg®z + arctg (m + “%3> )
Mihaly Bencze
n

PP. 15822. If x4, € [0,1] (k=1,2,...,n) and [] (1 + x) = €, then

k=1
ZZ n 1E2 1‘3
(xk—%><a<k§l(xk—7’“+?’“>.

M=

k=1

Mihaly Bencze

a a2—a 2
PP. 15823. Tf a,b > 0, then (a + b) <1 TR Clar j{;”) <

Si‘/a3+b+\3/b3+a§“7+b+\/%+£+\/%+§.
Mihaly Bencze

PP. 15824. Denote x1 =0;20 = 1;23 =1,2;23 =1,3;24 = 1,5; 25 = 2 and
4367 + 167%n+1 = 423%n+2 4 228%n+3 = 414%n+4 4 255%7+5 = 87539319 for all
n > 1. Prove that the sequence (an'n)n21 is convergent, and compute its limit.

Mihaly Bencze
PP. 15825. If @ > 1, then achz + 1 (1 — a) (1 4 ch2z) < L (cha)?h™®.

Mihaly Bencze

2(k*—4k®—2k2+5)

n
PP. 15826. Compute ) arCt L5k T BRI TG) °
k=1

Mihély Bencze

PP. 15827. If a,b,c > 0 then compute the integer part of the expression
JaZ 12 1 2 b
a® 40 +c <a2+b2ic2+bc + a?+b2+c?+ca + a2+b2i02+ab> :

Mihaly Bencze

(a487) (a4+57)

PP. 15828. If a,b,c > 0 then )~ 550 s

> a2 + b2 + 2.

Mihély Bencze
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2k+4+3

. k+2 2k+1
PP. 15829. Compute nle —5 H <k+1) .

Mihaly Bencze

PP. 15830. Let be 201 points in a square with sides 1 all three
noncollineare, prove that exist three points which formed a triangle with area
< 0,005.

Mihaly Bencze

PP. 15831. In all triangle ABC holds 3 Coscfﬁ £) < 3s2-r’—4Rr

s 5 4sr
Mihaly Bencze and Shanhe Wu

PP. 15832. If f; : (M) — P(M) (M # 0) such that for all X C Y € M
holds fx (X) C fi (Y) C M (k=1,2,...,n). Prove that exist Ay € M
(k=1,2,...,n) such that

Ji(Ar1) = M\ Ag, fo (A2) = M\ As, ..., fn (An) = M \ Ar.

Mihély Bencze

PP. 15833. In all triangle ABC holds:
1). Yaln(be) < 4sn% 2). Y (s—a)ln(s—0b)(s—c) <2slng

)
3). 2 haln (hphe) < 52+’";+4R7" In 524‘7'621-%-4]%7'
4). Z Tq In (Tbrc) <2 (4R 4 7.) In 41%—&-7“
5). Zsin2 %ln (Slngbln ) < 2R rl QIgRT
6) Z C()S2 % ln (COS g CcOS 2) S 4R+’r ].n 4]6{ET

Mihaly Bencze

PP. 15834. If z0=0,21 = 1,2, = kxp_1 + T5_o for all n > 2, then
determine all k € N for which from k!|n result k'|x, (t € N).

Mihaly Bencze
PP. 15835. In all acu2te triangle ABC holds:
1. 5t =5 (1 + 57)
2). M>L(3+L)4

8R2( — 227 2) 2R2
(2R—r)((4R+71)"—3s%)+6Rr 5 6
3). 32R3 Z 213 (Z + ﬁ)

Mihély Bencze
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A\
PP. 15836. In all triangle ABC holds 9% <3(5%)", for all
Mg, Ir
ac|0,1].

Mihély Bencze

PP. 15837. In all triangle ABC holds:
2
. 4 > 4 (3 + )
2_.2 4
2). W= > L (3B + %)

2
). URATP_32(R4r) 5 1 (3\/5 +i)6

Mihaly Bencze
PP. 15838. If z;, >0 (k=1,2,...,n), then
2
i 4xd T1x2 ($%+x%) 1
Z. x§+xl1x22+x2 Z Z SC%-‘F.Z‘le-‘rZ‘% + n Z |$1 —.732| :
cyclic cyclic cyclic
Mihély Bencze

PP. 15839. If a,b,c € C, then
1). 16 > ab(a —b) (a® +b?)| < (|a® +b? + ¢
2). [(a=0b)(b—c)(c—a) (a®+b*+ )| <

+>|a— b|)4
ab(a —b) (a® 4 %)

Mihaly Bencze

«
PP. 15840. In all acute triangle ABC holds ) (ng;‘> < ﬁ for all
ac|0,1].

Mihaly Bencze

PP. 15841. In all triangle ABC holds:

1). (s> —3r? —6Rr) (s> +r? + 4Rr) > 8s*Rr
2). (s* —12Rr) (4R +71) > s°r

3). (4R +1)* —125R > r (4R +1)*

Mihaly Bencze

PP. 15842. If a,b,c € Rand a+ b+ ¢ > 0, then
a3+b3+c323abc+%(a+b+c)(|a—b|+|b—c|—|—\c—a|)2.

Mihély Bencze
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PP. 15843. In all triangle ABC holds:
2R2 2 1
1). 3 ctgA < 4 /1+ (?) +

2
2). 3ztgA§2\/1+(sg_é%) + o

Mihély Bencze

PP. 15844. If z, >0 (k=1,2,...,n) and a € R, then
n
> % > (2a — a?) Y xp.

cyclic k=1
Mihély Bencze

PP. 15845. If a,b,c € C, then
1). Y |la=0b] > 3€/|Za2b—2a62]
2). [(a=0b)(b—c)(c—a)l <> lab(a—Db)|.

Mihély Bencze

PP. 15846. If a >0 (k=1,2,...,n), then

2
3 3 2 2
a3 (a2+1)+a3(a1+1) ajaz(az+1)4asa1(a1+1) 1 .
Z ajaz+ai+az = Z aiaztal+as + n Z ]al ag‘ .
cyclic cyclic cyclic

Mihaly Bencze
PP.n15847. If 2,y > 0 then for all n € N holds the inequality
(5) + (L) =2 > p? (§+g—2).

Mihély Bencze

n
PP. 15848. If z > 0, thenx+%22+% S k2 (x%—i—x_%—Q).
k=1

Mihaly Bencze

n
PP. 15849. If 2 > 0, then z + 1 > 2+ 7\’/(71!)2 I (x% fak - 2).
k=1

Mihaly Bencze
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PP. 15850. If A,B,C € M3 (R) and A%? + B? + C? = AB + BC + CA, then
det (AB — BA) + (BC — CB) + (CA — AC)) <0.

Mihaly Bencze

PP. 15851. In all triangle ABC holds
2
S < ¢2 (52 =2 - ann) ((25)” - ).

Mihaly Bencze
PP. 15852. If z € (0,1) U (1,400), then
(@1 -1)@"-1) (n+1)(2n+1) 1
" (x—1) _annn 6n (.%’4—5—2)

Mihély Bencze

PP. 15853. If A, B € Ms (R), then
(AB — BA)? = (det (AB + BA) — 4det AB) I.

Mihaly Bencze

PP. 15854. If Ac M>(C),a € (—1,1) and Tr (A) =z, det A = y, then
det (A% —aA® —aA+ 1) = (y—1)*—2(y—1)7°2z—a)+
+y(y —1)* (222 — 2ax +a® +4) + 22 (y — 1)* (2? —ax — 2) —
—zy(y— 1) (2z — a) (2? — az — 2) + y? (2? —a$—2)2.
Mihaly Bencze

PP. 15855. If A € M, (R), then det (A% — A+ I3) > 0.

Mihaly Bencze

PP. 15856. If A, B,C € M, (R), then

(AB — BA)* (BC — CB)? (CA — AC)? + det (ABC?A + ABCBAC+
+BABCAC + BACBCA — AB2CAC — ABCBCA — BABC?A—
—~BACBAC) I, = 0.

Mihély Bencze
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PP. 15857. If A € My (R), then exists By € My (R) (k=1,2,...,n), such

that A = ) Bi.
k=1

Mihaly Bencze

PP. 15858. If A, B € M, (R), then
2 (det A)* + det (AB + BA) + 2 (det B)® > det (A% — B?) + 4 det AB.

Mihaly Bencze
PP. 15859. If A € M, (R) and AzA] = Aina 1,] € {1,2, ,n} (Z 7'&]),
then det (Z Ai) > 0.
k=1

Mihély Bencze

PP. 15860. If A € M5 (C) and det A = a, then
det (A2 + A — OCIQ) 4 det (A2 + ong) =a(l+4a).

Mihaly Bencze
PP. 15861. If A € My (C) and Tr (A) = ¥%2, then
det (A% + 224+ 31) — det (42 = ¥24) = 15.
Mihaly Bencze
PP. 15862. If X, A, € My (C) (k=1,2,...,n), then
3™ det (X + Ay)—det (X Y Ak> — 3" det (X — Ay)—det (X S Ak) .
k=1 k=1 k=1 k=1
Mihaly Bencze

4z, = (xn—l + yn—l) \/6 + (xn—l - yn—l) \&

4yn = (yn—l - xn—l) \/6 + (xn—l + yn—l) \/5

n > 1. Prove that the sequences (z),,~1, (Yn),~; are periodical and
compute its period. - B

PP. 15863. Let be { for all

Mihaly Bencze

PP. 15864. Copute the limit of the sequence (z,),,5 defined in following
way: T (xpy1 —1) =1 for all n > 0.

Mihély Bencze
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PP. 15865. If z,y,z € [0,1] and a,b, ¢ > 0, then
0<(ey+(1-2-9)2)"+@wz+1-y—22)+(z+(1-2-2)y° <3

Mihaly Bencze

PP. 15866. Determine all n € N for which | (/126 —5) "] is not divisible
by 7.

Mihaly Bencze

p—2
PP. 15867. Let be S (a,p,t) = > (=1)* ¢*" where p > a > 1 is a prime and

k=0
a € N. Determine all ¢ € N such that S (a,p,t) = 0(mod p) if and only if
exist 2r + 1 (r € N) for which a*>*! = 1 (mod p).

Mihaly Bencze

PP. 15868. If H;, =1+ % + ...+ +, then

7

n k
1). kzl < 1pHg> > nlodl)ndl) gy knl (4k — 1) (Hop — Hy,) > 711
= p= =

Mihaly Bencze

PP. 7}5869. Prove that:
1). > /Log—1Lor < \/(Lan — 1) (Lant1 — 2)
k=1

7

2). 3 VFrLy < \/(For2 — 1) (Lng2 — 3)

k=1

Mihaly Bencze
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Solutions

PP. 9455. Using the Cauchy-Rogers inequality we obtain

1). Y a? ha—Z:: $)2:T(Zx)23nd

). St T 5 A g (5

Ta

&
MQ

MMM

g

Traian Ianculescu

PP. 9821, PP. 9822, PP. 9825, PP. 9826, PP. 9827

1
ol

fem)=1+1)" Em) =3 4 Fmn)=(1+1)" Gm)=(1-

)

Il
o

k
n n
__ n+l o n ' _ . 1 — 1 1
b= "V = Vnband on = Jig, 01 ey 02 = 1, 2 ey
n n n

— Ti 1 1 1 I 1
as = lHm > gy @0 = lim 2 srggys o5 = im0 s then

3

n_ 1 >Zn: 1 S _n >Z 1 S _n
n+2 "~ n+e(k) — n+E(k) " n+e “~n+F(k) n+4

k=1 k=1 k=1
therefore
Because 0 < G (n) < 2 and F( < Ln< ( y> then 1 > Z +G PEwel() > e

4 _
and 505 > Z n-i-Lk > 2n+1 finally oy = a5 = 1.

Traian Ianculescu

PP. 10100. We start from 2nyn+1 < Z VEk < 2 (n+1)y/n, so we obtain
2 1 . 2 /n+1 5
- < —— \/E <z < = SO
3 nyn+1 ; 3 n 6

1<1 Zf<2

and finally we get
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1 1 "
S+ N Wk =1
3 n\/n—l—lg

Traian Ianculescu

PP. 10185. Using the Cauchy-Schwarz inequality, we get

\/F Ln+1 + \/L FnJrl < \/ n + FnJrl) (Ln + Ln+1) = \/Fn+2Ln+2

in same way we obtain

VInPos1+ /PaLnit < /Lyi2Prio
Traian Ianculescu

PP. 10399. The function f (z) = zlnz for > 0 is convex, and from
Jensen'‘s inequality we obtain

zny Lof (£2) + Loeif (722

Ly + Ly Ly + Lpt
or
F, Fot1 Fryo
F,In— + F, 1 > F, 1
n 111 L, + fpy1ln Lot = n+2 11 Lt

Traian Ianculescu

PP. 10717. Using the Kantorovici inequality for xy € [m, M], 0 < m < M,
A >0 (k=1,2,...,n), we obtain

(B (B2) 5 (B)

k=1

1). fxy =a,z0 =b,z3 =c,\1 = A, Ay = B, \3 = C, then

() (L 2) < Ur O (ay' =

2). If:cl :)\1 =a,xr2 =/\2 :b,mg =/\3 = C, then
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3Za a—l—c (ZCL)?: a+c or Za < a+c)

3). If ; :a,xgzb,xgzc,)\l:%,)\Qzl,)\gza,then

b

(£0) (Can) < (£0) - e

Traian Ianculescu

PP. 10816. Using the Hermite identity we have:

on-E (s o]+ 1+3)

but
T [A+ :1,)] >3 [4] because [A+ ?1)] > [4] + [?j .
and
> [A+§] > [Z <A+§>] —2=[r+2]—-2=3
therefore

3A] >2) [A]+3

Traian Ianculescu

PP. 10817. We have

Z[A+i]ZZ[A],Z[A+i]zZ[A],
Z[A+ﬂ2[2< i)] 3=[2r+3-3=6

therefore

Z[4A]:Z<[A]+ [A+H + [A+i] + [A+i]> >3 [A]+6

The general case is, if a, >0 (k =1,2,...,p), then
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.

PP. 10820. In all convex polygon AjAs...A, (n > 3) we have

> lpar] = (p— 1) [ax] +

p n
k=1 k=1

bl
-
i

Traian Ianculescu

[(n=2)7] = (n—1) <Y [A] <[(n—2)7],
k=1

n
therefore o <1 — %kz—% [Ar] < a+ ”7—17 where oo = 1 — [(nf)ﬂ]'

If n =3, a =0, so we get

Traian Ianculescu
PP. 10821. If in the prevoius inequality we take n =4, a = —%, then

Traian Ianculescu

Traian ITanculescu

we have
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Ifep,=02k—1)7 (k=1,2,....,mn), then

[n?n] —(n—1) < [(2k — 1) 7] < [n’n]
k=1

but n27 — 1 < [n27r] < n2r so

1 n
ogm—EZ[(%—kal
k=1

Traian Ianculescu
PP. 10827. From inequality

[Zn: xk] —(n—1)< [xr] < [Z xk]
k=1

k=1 k=1
we get,

[(2k — 1) 7] — 2 < [(2k — 1) A] + [(2k — 1) B] + [(2k — 1) O] < [(2k — 1) 7]

and

but n?r —n < 3 [(2k — 1) 7] < n’n, therefore
k=1

n’*r —3n < i ([(2k — 1) A} 4 [(2k — 1) B] + [(2k — 1) C]) < n*r and finally
k=1

n

0§mr—%Z([(Qk—l)A]+[(2k—1)B]+[(2k—1)C])<3
k=1

Traian Ianculescu
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PP. 10828. From [Z Ak] —(n—1) < > [4Ag] < [E Ak] valid in all
k=1 k=1 k=1
concex polygon AjAj...A, (n > 3) we get

1<[A]+[B]+[C] <3, 3<[A]+[B]+[C]+[D] <6
and
5<[A]+ [B]+[C]+ [D]+[E] <9
Traian Ianculescu

PP. 10911. In triangle ABC we have
Za(b—c)2+4abc> Zag @Za(a—b—kc)(a—}—b—c) < 4abc &

A
)

= — <1
gsm2

true because

Zsin2§: 1—2Hsin§ <1
If a — mg, b — my, c — me, then
1). S ma (my — me)? + dmempme > S m3
2). Y a*(—a+b+c) <3abc = (X a) (X a?) =2 a® < 3abe &
(X a)(2Xa? =Y ab) <3Y a* but Y ab=s*>+r? +4Rr,
S a? =25 —2r? —8Rr, > a® =2s (s> = 3r? — 6Rr) & R > 2r.
If a —» my, b — my, ¢ — me, then

Z mz (—=mgq + mp + me) < 3mgmpme
3). (X a)® <53 ab(a+b)—3abc & (Y a) (X a? -3 ab) + 18abc < 0 &

s?+5r? —16Rr > 0 IG? = § (s> + 5r> — 16Rr) > 0
If a — mg, b — my, c — m, then

3
<Z ma> <5 Z mamp (Mg + mp) — 3mgmpme

Traian Ianculescu
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PP. 10912. We have
1 3 9 3 _
L. Zb+z—azz2(ia):%(szﬁ—3)Z%Zﬁ—§25'5—5—3

and if a — mg, b — my, c — me, then we get

m
Yooy
mp + Me — Mg

2). Z%Z 29 ;= 2%@.Ifa—>7”na,b—>7nb,c—>7nc7 then

1 9
2 >
Zma+mb o Zma

3). Yat=3(a ) > Y (ab)? > abe Y a. If a — mg, b — my, ¢ — my, then

> mpy = mampme Y ma

Traian Ianculescu

PP. 10913. We have
1). 2Za< Za2+b2 because a22+b2 > = abc and
Z“H’ >ach——ach—>ach——23—Zaand

2
Z“+b2 ZE@Zab(a +0?) <23 at butﬂz(“zi> we get
at+ bt > (a® + b?) <a +b)>ab(a +b%) s0 2> a' > > ab (a® +b?).

If a — mg, b — my, c — me, then

3

_|_
Zma<zm mb ZmT:;%

2). abcz(:zf) >2abc+[[(a+b—c) < > a? > 25 B because
[T(a+b—c)=28sr? and

Y a? =2s2-2r?—8Rr < 2Rsi}7? & s2 <AR?’4+5Rr+1? & 52 < AR?+4Rr+3r?,
S a2 <8R%?+4r2 R > 2r.

If a — mgy, b — my, ¢ — me, then

MaMpMe (Z ma)2

2omg

> 2mempme + H (mq +my —m)

Traian Ianculescu
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PP. 10915. We have Y a? (—a + b+ c) < 3abc or
Sa?(b+c) <3abe+ Y a® and Y. a® < Y a(b— c) + dabe, therefore after
addition we get

ZaQ(IH—c) §7abc+2a b—

Traian Ianculescu

2
PP. 10918. From previous problems we get M >2abc+|](a+b—c
>a
and ) “2“; B> > a, therefore

abe (3 a)? a? + b?
W+Z 5 22abc+H(a+b—C)+Za

Traian Ianculescu

n
PP. 10990. If S = > Fj, = Fj,.o — 1 then
k=1

n
1 _ 2n%2S . _ n
Zl Frga— 1 o =2s kzl 55— F, ~ "2 2055 M= 351"

Traian Ianculescu

PP. 10991. We have
n n 2n+1(n41)2

() 1§y 1 = oo
kEOW:TH l;om (n+1) 2 m_(n—i_l)_;@tl'

Traian Ianculescu

PP. 11019. If E(z) = ;.55 = > 2$+(;‘_1)a, then zT—l < FE(x) < 3’_2 for
all x > 1. For x = 1 we get the equality. If x > 1 then we show that

9 1 x+5
<2 <
x+2 Sz2s+(:v71)a x+1

1 9
But Z 2s+(z—a)a = 6s+2(z—1)s s(z+2) 80 25 Z 23+ (z—a)a Z x+2 In another

2(x=1) _ a+5
way Z 23+(;fl)a > Z s(xil) T+1 and Z 23+(:p a)a <3 - z+1 %—&-1

If a — mg, b — my, c — meg, then

2 <Z o S 3
r+1 ITMg +Mp+me  x+2

Traian Ianculescu
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PP. 11020. We have from previous problem
2 2 2
3
(kil) < <Z kafb+c> < (k+2’) and
n n
1 .
4kz (kH)Q < Z:: (Z ka+b+c) 9];::1 27 and if n — oo then we get

n

112> (T ) <o(c@-3)

k=1

Traian Ianculescu

PP. 11021. We have 2 < E(z) =) xi;lac < 3(;?21) < 3, therefore
[E ()] =2 for all x > 1.

Traian Ianculescu

PP. 11040. Using the Chebyshev‘s inequality for sequences (F%, F%, - F%)
and (F,, Fy,—1,..., F1) we get

n(%+F%;l+...+F1 <§: )(ZFk)_ Forz—1) 3 7,

n
therefore Fik < ﬁ (ﬁ” ) .

Traian Ianculescu

PP. 11114. We have

x 3
2ot a =) s 5 2

where x = Ina,y = Inb, z = Inc (See: Inegalitati from L. Panaitopol etc.,
problem 2.24).

Traian Ianculescu

PP. 11130. We have

n?+1< [ }<§(n2+1)n,so

[2 \/71] < {:L S VE| < [2(712-1—1)} or
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1 2 1
— (n\/n2—|—1—1> < =
n n

2 (n?+1
< =
3 Vi <3 (%)

and finally we get

Traian Ianculescu
PP. 11140. Using the Cauchy-Schwarz inequality we get:

(o) = (S+1) = () (S (0)7) -

k=1 k=1

_ n(n+1)6(2n+1) Z ([%])2

k=1

Traian Ianculescu

PP. 11181. We have

1). Yloggea=3 35 > 1, where x =Ina, y =Inb, z =Inc, t =1Ind (see:
Inegalitati from L. Panaitopol, problem 2.48)

2). Y logp.a =Y Tz =2 (see: Inegalitati from L. Panaitopol, problem
2.49)

Traian Ianculescu

PP. 11199. We have

3
ZIOgbqua:Zuyivz = u+v’

where x =Ina, y =Inb, z = Inec. (see: Inegalitati from L. Panaitopol,
problem 2.23)

Traian Ianculescu
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PP. 11200. We have

z 3
1 u — >
ZOgabca Zum+y+2_u+2

where x =Ina, y =Inb, z = Inec. (see: Inegalitati from L. Panaitopol,
problem 2.25)

Traian Ianculescu

PP. 11201. From PP. 11199 (v = 2) and PP. 11200 we get

3
Z logbucz a Z m Z Z logaubc a
Traian Ianculescu
PP. 11224. We have the relation

|12+ 17 + |21 — 22 = (1 + |Z1\2) (1 + |22\2)

for all z1, z9 € C, therefore

11 (\Z172+ 1 + |z —Z2|2> =] (1+ |z1|2) (1+ |le2> = k]i[l (1+ |Zk|2)2

cyclic cyclic
Traian Ianculescu

PP. 11225. We have the relation

217 + 12 + |21 — 2 = (1 + yzl\Q) (1 + yzg\g)

and

Zize + 12 + |21 — 2 = (1 + |z1\2) (1 + |z2\2)

After addition we get
7+ 1P+ Fz + 1P+ 2] — 2P =2 (14 ]21) (14 |2)

Traian Ianculescu
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PP. 11226. We have the relation

17 =1 = 21— 20 = (1= |z (1= |22P)

and

722 =17 = a1 = 22’ = (1= |a1l?) (1= |22P)

After addition we get
217 = 1P+ 71z — 1 = 2|z — 2 =2 (1= |21?) (1= |2?)

Traian Ianculescu

PP. 11227. We have

[T (I =17 == 2P) = TT (1= 1a1P) (1= 122P) = 1i[(1—|2k|)

cyclic cyclic
Traian Ianculescu

n
PP. 11325. If P, = [] (1 + k%,), then by induction holds
k=1

1
2<P,<3—--<3
n

therefore [P,] = 2 for all n € N*.

Traian Ianculescu

n

n
PP. 11338. We have 1 < Z % <2—1 <2 therefore [Z kQ] =1 for all

k=1
n € N*.
Traian Ianculescu
PP. 11449. In ;35 <25 gy, < 537, for z = 2 we get

1 7
<2 _— < =
- 822a+b+c<30r

9

4

9 1 7
<
4Za_z2a+b+c<32a
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If a — mg, b — my, c — m, then
9 1 7
< <
4Zma_22ma+mb+mc 3> mg

Traian Ianculescu

PP. 11456. If f (v) = x + ™" then the equation f'(z) =1 - ae™* =0

have the solution z = lnTO‘ which is global minium point, so f () > f (h‘TO‘) or

x+6_aw2%f0ralleRandO¢>0~ Ifx:(Z),then

- —a(}) (n+1)(1+na) " (n :(n+1)(1+lna)_ n
kzzo = « kzzo<k> o 2

Traian Ianculescu

PP. 11457. Using the previous inequality we get

o win2 _ 2 . 2(1+1
gmasin“e | g—acos"z > (H—(Lna —Sln2£L') + (1+;n04 —COSzl‘) _ ( Jranoz) 1 but

e > 71*';““ —1so
3

efasiHQ:B + e*CMCOSQQB > = (1 -l-thé) _9_ e

Q

Traian Ianculescu

PP. 11459. We have

zn:e*kaz n(l+lna) ¢ k_n<1+lna_n+1)
k=1

« 2

Traian Ianculescu

PP. 11461. We have

Z(A+e_°“4) Zzl+ahl0( Or7r—|—2(;423<1_;1na)

Traian Ianculescu
PP. 11469. Ifin ¢ + e 2% > % we take x = In k then we obtain

i <1nk+ (;)&) Zi 1+011'104 or

k=1 k=1
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Traian Ianculescu

PP. 11470. We have

1 1 1 3(1+1Ina)
ors ) o) v ) 22520

x*+ 14y S 3(1+Ina)
(zy)®  — o«

Traian Ianculescu

PP. 11471. If we take x = 1 and a = 7w and z = 7, @ = e then we obtain
1+e ™ > w and Inm + 77 > %, therefore

2(1+1Inm)

(l—i—e_)(lnw—{—w_)z e

Traian Ianculescu

PP. 11639. The authors J. Sandor and M. Bencze in ”On a Problem of
William Lowell Putman Competition” (Octogon Mathematical Magazine,
Vol. 14, No. 1, April) have proved the inequalities

2a + 2 1\ 1 2a +1
<ell+ - < 1+-<
2a + 1 a a 2a

for all a > 0.

If a = k then we get e kiﬂ < (%)k <eforall ke {1,2,..,n}, therefore
a k em S k+1\" (1)t &
H e = < H < > = ' < He =e"
P k+1 /n+1 Pt k n! P

and finally

Traian Ianculescu
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PP. 11658. If f (x) = lxg,g (x) = 23, then from Cauchy theorem we
obtain that exist ¢ € (a, b) such that

G)-f@_flo_ 2
B)—g@) ~ g0 3e(l-c

c(1-c?) < 2 5o LSl >\/§0rln<1 b2)>\[( ) and i
m a W’ then we get:

n . \/k:2 k+1)2 (k+2)° — Zln<1_a>_

2 (k1) (k+2)° - \/(k+2 1

zﬁ;(ﬁ—ag)—\/ﬁ;k(kw) T A+ 1) (n+2)

Traian Ianculescu

PP. 11665. If f (z) =In ﬁ,g (z) = 25 a,b € (0,1), b > a, then from
Cauchy theorem we get ch Ezg:g ((Z)) =1 ,,((3, where ¢ € (a,b) and finally

1n<1:b4 > V5 (6 — o)

Traian Ianculescu

_ 1 _ 1
PP. 11666. If a = R aER T b= g then
n i//c4(k+1)4(k+2)4—1 n 1—at
In =2 <1b4) =
=\ YR k) k2t - Yrant) =N

o . n 1 B n (3n +5) Vb
2\/5;(1)5_0,5)_\/g;k(k+2)_4(n+l)(n+2)

Traian Ianculescu
PP. 11667. The function f (z) =z (1 —2*),2z € (0,1) have a maximum
point in x = \f’ therefore ﬁ > # for all z € (0,1).
If a,b,c € (0,1) and > a*** = 1, then
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256

a atn AN . 3125\ "
Z(l—a4>4" Z(a(l—a4>>4"2< 1 ) 2 +k:(>

Traian Ianculescu

Traian Ianculescu
PP. 11734. The function f (z) =z (1 — 2?) ,z € (0,1) have a maximum
point in x = ﬁ > % for all z € (0,1), therefore

sin A 3v3 3v/3s
> inA =
Zx(l—xQ) -2 Zsm 2R

f’ therefore

Traian Ianculescu
PP. 11765. Using the inequality sinz >

\/7 for all z € [0, %] we get for
1,2,...,n) the following:

Zsin 1 . " 1 n

k=1 k2 (k+1)* -1 k:1k(k+1) n+l

= Vg =

Traian Tanculescu
PP. 11771. Because e* > 1+ x 2 (%) for x = 2k — 1 we get
€1 > 2k% > k (k4 1) and ! 2% < - T 1 1 (k=1,2,...,n), therefore

n
Zel 2k

n+1

Traian Ianculescu
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PP. 11772. From inequality In (1 + xz) < zarctgr we get

1 1 1
xIn (1 +5L‘2) < arctg— or tg (xln <1 + 2)) < —
x x x.

Ifx=k(k+1)(k=1,2,...,n), then

Zt9< “““( M))S n k:(k:1+1):nil

k=1

Traian Ianculescu

PP. 11783. If x = v/e* — 1, then from inequality In (1 + :L'2) < zarctgr we

get
ver — larctgve* —1>x
and for x = m (k=1,2,...,n) we obtain:
Z Y, ek(k“) —1-arctgy ek<k+1> —-1> i
- k: + 1) n+1

Traian Ianculescu
PP. 11791 and PP. 11792. We have the inequality

n 1+4/k2(k+1)° +1 K2k
S I (k+1) . —Zl +
n+1 +k—1

k(k+1) tk—1

(Problem 257, Gazeta matematica seria A, Nr. 1/2008, author M. Bencze)
We starting from In (CE +v1+ a:Q) <z <ln ﬁ in which we take x = m
(k=1,2,...,n) therefore

n /1.2 n
Z 1+/k2(k+1)2+1 _ 1 :n+1_z < K2+ k )

k(k+1) =k (k+ 1) K24k —

k=

Traian Ianculescu
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PP. 11871. By induction we get

(k+1) ((k+ D)1 — R (k)F <k +1,

therefore

3

PP. 11892. By induction we get

. 1
sin
(

(S CE) > (k+1)sin

1 _ 1 < 1
k+ 2 k+1) = (k+1) (k+2)

arcsin <(k + 1) sin

(k=1,2,...,n) therefore

1 n

n 1 1 n
in ( (k+1)sin —— —ksin—— ) < -
k§1arcsm<( +1)sin Smk+1>—;(1f+1)(kz+2> 2(n+2)

Traian Ianculescu

PP. 12337. Tf 2 € (0, 1) then sl > 33, and if 322" = 1, then

2n
xk x2ntk 3v3 27\ "
L a2 ) 2 (4)
Traian Ianculescu

PP. 12341. We have

)27’L 33n+1

Z ( Yz >2n _ Z (zyz > (z z)Qn
a2 (a2 = 4

Traian Ianculescu
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PP. 12342. If in PP. 12337 we take k = 0 then we obtain
1 27\"
Y ——m =T
(—a2p =\
Traian Ianculescu

PP. 12395.

1). Ifx:hL,x:hL,z:th,t:hLd, then ZhLazland

(]

hyhe 1 x?
— Z - >
ha (hphe + 2hghe + 3hoghy) 7 T+ 2y + 3z

1 (Y z)? 1 1
2 S w2y 87) 52"

2). Ifx:Lx:L,zzi,tzﬁ,Z:c:2and

Tq’ Th

T 1 x 1 1
E ==y = > B
Tq (ToTe + 2rqre + 3rary) T Z x+2y+3z  6r Z T

Traian Ianculescu

PP. 12409. If x = h%,w: hib,z: +,t = 7, then

ho g
2 1 2
I B e D
h2 — r? 1 — 22 2 2
Ifx:ﬁ,x:ﬁ,z:zirc, = 2:d,then

PP. 12410. If x = hLa,:U: hL,,’ZZ hlc,t: —

I IR ER DL
R4 —rd 1—z* =~ 4 4
T

Ifx:L,xz—WZ:%TC,t:i,then
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4

1 5 5+v/5
Yooy L, 20
16rg —7r 11—z 4 64

Traian Ianculescu

PP. 12411. If x € (0,1), then

1 > —3\/337 and ! 5\[
1—22 7~ 2 1 —:r4 -
therefore
4
21 . 15\/£$2
(1—22)" (14 22) 8
If Y22 = 1, then
1 15v/4 15v/4
e e SO IS &
(1—22)"(1+22) 8 8

Traian Ianculescu

PP. 12413. The function f: (0,1) — R, where f (z) = 5% is convex,

therefore from Jensen‘s inequality we get for x = hLa’ x = h%,? z= th’ t= hid,
the following

Z2h —TZQ—x_f< 2. ) %

t =

Ifoe="2 , then in same way we get

2rg :ﬁ’ _2rc’ 2

1 4
> =y
dr,—r — Tr

Traian Ianculescu

PP. 12442. If x = h%,m = hLb’Z = th and after then x = %,CL’ =L z=2=,
then we get

3 o1 ha
ha (hg + hy) — 2r hZ + h?

and
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Ta 1 Ta
S 22
rq (Ta + 1) — 21 r2+rp

Traian Ianculescu

w
w
[y
[\
I
Iy
w
—
-
8
|
y
8
I
|=
\‘N
|
=
—
I
5
-
=
¢]
=

and

ha 1 zy? 1 1
e _ - Y < -
Zh%—kh% rzxz+y2—2rzy 2

In same manner we obtain

Ta 1 Ta
_— > >
Zra(m—l—rb) 0 _ng+rg

Traian Ianculescu

PP. 12445. f v = ;- ,2 = ;-,2 = ;- and after then 2 = .=, 0 = =, 2 = =,
a b c Ta b Te
then Y x =1 and

hyh 1 x2 1
> = e
ha (hyhe + 2hghe + 3hahy) 7 x+2y+3z  6r

and

3 Tbre S _2 1
T (Tyre 4+ 2rare +3ramy) T4~ 2+ 2y +32 ~ 6r
Traian Ianculescu

k+1
PP. 12577. From (1 + %)k <e< (1 + %)k e get (kH) <ek < w
(k=1,2,...,n), therefore

n

n(n+1
H (n+1)!
woy (kB + 1

Traian Ianculescu



Solutions 427
PP. 12611. We have a'f’aTla% < 2a , therefore
al 1 1
Z a% + a2 Z as 2 — ak
If a, = i (k=1,2,...,n), then
as bl (Z bl -~ 1
I b -
Zal(al—i-ag) 2514—52 Zb1+b2 Zl ;ak

Traian Ianculescu
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Open questions

0Q. 3154. If z; € [0,1) (k=1,2,...,n), yr € [-1,1] (k =1,2,...,n) such
that > <1+yk I1 xz> > 1.
k=1

i=1
Mihéaly Bencze

0Q. 3155. If o,z >0 (k=1,2,...,n) then
n n

II (wi —|—a) > 7(0421) > xxa | .

k=1 cyclic

Mihaly Bencze

0Q. 3156. If 2y, ap > 0 (k = 1,2, ..., n) then Yeiritatazrarsto foninr, |

+\/a1x2x3+a2x3934+...+anx1x2+ _|_\/alxnzl+a2:p1x2+...+anxn,1xn > ny/ai+as+...+an
xr3+...+x1 r1+...+xTn—1 — n—1 .

Mihaly Bencze

0Q. 3157. If x5 >0 (k=1,2,...,n), then

> i ay | | X may ) > (n-2)
cyclic cyclic

Mihaly Bencze and Zhao Changjian

TT::1:

T+ K/ H ($?+$1x2...xn).
C

1 yclic

0Q. 3158. If z; >0 (i =1,2,...,n), then

k—1
T1T2...T) > 1
E. Tp1(@1+Try1) (@2+2p41) . (Th—1+Thy1) — Z ($2+x3> , for all
cyclic cyclic

ke{23,...,n—1}.

Mihély Bencze and Shanhe Wu

0Q. 3159. If z; >0 (i =1,2,...,n), then

K/ ok 1 k[ nktl
E xl + $2+..A+{L‘k+1 Z 1 + k -

cyclic

Mihély Bencze and Yu-Dong Wu
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0Q. 3160. If x; >0 (i =1,2,...,n), then determine all & > 0 such that the

n

inequality > iy iy iy, <+ (() — an®) [] @y is the best
1<i1<..<ig<n k=1

possible.

Mihély Bencze
0Q. 3161. 1). If z,y > 0 then determine all a,b > 0 such that

1
(z+y

1
42y

1 n
7t o T S G

2). If z > 0, then determine all a, b, c > 0 such that

n

1 —c
glmgn(l‘i‘bnﬂ]) .

Eod

Mihaly Bencze

0Q. 3162. In all triangle ABC denote N the Nagel point, H is orthocentre,
O is circumcentre, [ is incentre. Determine all x,y > 0 such that
max {(NI)* (HI)Y; (NI)Y (HI)*} < (z +y) (OI)**Y.

Mihaly Bencze
0Q. 3163. If z; € (—1,1) (k=1,2,...,n), then

(
1), —1— 4+ 1 2
[T (1—=) [T (T+zk)

k=1 k=1

n n
2). If yg, 2z, € [-1,1] (k=1,2,...,n) such that Y yr = > 2z =0, then
k=1 k=1
[T O4zpyr)  I1 (A4zrzr)
k=1 k=1
Mihaly Bencze
0Q. 3164. If z; >0 (i=1,2,...,n) and S = > Ty Tiy... T4y, then

1<ir<...<ip<n

0Q. 3165. In all triangle ABC' hold (%)2 < (Z “2b2) (E rg) < (%)2.

Mihaly Bencze

c2 a? =

Mihély Bencze
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0Q. 3166. If x; >0 (k=1,2,...,n), then

n 2 n—1
(E mk) ( > 961332> < 1 (23 4 wiwe + 23) -

k=1 cyclic cyclic

Mihaly Bencze

0Q. 3167. If z;, >0 (k=1,2,...,n) and S = ) zy, then
k=1

n nkz x, n 2 ”kz 3
Tk < =1 Tk > =1
1)‘ Z S—zr — (n—1) Y. zix2 2)' Z <5—$k> = (-1 X z110
k=1 cyclic k=1 cyclic

Mihaly Bencze

0Q. 3168. If az;, >0 (k=1,2,...,n) and

A = ajxitazre+..+anTy
anxitairze+..tan—1Tn’
A — azx1+aszxs+...+a1xn A — anx1+a1x2+...4+an—-1Tn then
2 a1x1+asxa+...FanTy ) TN an—1T1+anT2+...+an_2Txn "’

max {A1, Ao, ..., Ay} > 1 >min{Ay, Ay, ..., Ay }.

Mihély Bencze
0Q. 3169. If zy € R (k=1,2,....,n) and A C {1,2,...,n}, then
k
<Z xz) < Z (i, + oo+ xiy) e (x4 —l—...—i—l’ik).

icA 1<i1 <...<ip<n
Mihaly Bencze

0Q. 3170. If z; > 0 (k=1,2,...,n) then

(n—l—l)‘(wl—mg)"_l(mg—m3)”_1...(xn—ml)"_1‘
S o (xy — o) o (1 — ) > Sl
cyclic I (z1+as) (1_ )

cyclic
Mihély Bencze

z]+22

cyclic

0Q. 3171. If xg,pr >0 (k=1,2,....,n) and
Piy Tig t A Pip Ti
f(pi17 "'7pik;xi17 7xzk) - lpli+—+p”l:ka then

n E—1
> (=1 > I f (Diys ooy Digs Ty ons iy, ) < 0.
k=1 1<i1 <. <ix<n

Mihély Bencze
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n
0Q. 3172. If z; >0 (k=1,2,...,n) and [] zx =1, then
k=1
n n
Sy/l+(a?=1)zf <a ) zjforalla> 1.
k=1 k=1
Mihaly Bencze
0Q. 3173. If xx >0 (k=1,2,...,n) then
n
2 it e>n o+ X a7 ta
cyclic k=1 cyclic

Mihély Bencze

0Q. 3174. Let f: I — R (I C R) be a convex function, and z3 € [

(k=1,2,...,n). Denote Sy = (”)_1 > I (%) , then
1<i1 <..<ix<n

k
m .
determine all a; € R (i = a,1,...,m) such that > (—1)"a;S;4+1 > 0.
i=0

Mihaly Bencze
_ az?+waws (a+1)

0Q. 3175. If x >0 (k=1,2,...,n) then cy%ic (m1+$2)2 > == for all

a > 0.

Mihaly Bencze
n
0Q. 3176. If x5 >0 (k=1,2,...,n) and >  x = 1 then determine all

k=1
ar >0 (k=1,2,...,n) such that, the inequalities
n

54t >

k=1

cyclic

Z 1 (a1 + agxo + ... + anazg_l) > x1%2 + X223 + ... + Tpx1 are the
best possible.

<

Mihaly Bencze
0Q. 3177. Determine all y, > 0 (k =1,2,...,n) for which
n
Yot > n forall zj; >0 (k=1,2,....,n).
L35 S

Mihaly Bencze
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0Q. 3178. If x € [0,1] (k=1,2,...,n) then determine the minimum and
[T (+z1tziz2)
cyclic

[[ Q+zatzize)”

cyclic

the maximum of the expression

Mihaly Bencze

0Q. 3179. If x5, >0 (k=1,2,...,n) and S = ) x} then

. k=1
o) 02 (£ o)
— zp(s+or) = nn+2) I] (z1+z2) °

cyclic

Mihély Bencze

0Q. 3180. If z; >0 (k=1,2,...,n) and S = Y zy, then

k=1
n X kzlxk
n k m Z n = .
kzzjl i +H(s—a) > xi+n! > ziTT),
k=1 1<i<j<k<n
Mihély Bencze
n
0Q. 3181. If z; >0 (k=1,2,...,n) and > xx = 1 then
k=1

n
+2
E \/%Z\/ikglvx _Ziﬂ-

cyclic

Mihély Bencze

\/@ i zg""l
OQ. 3182. If T > 0 (k = 17 27 ’n) and o > 1, then nk:I > Ic:”ll )
kzzjlxz_l kz::1 mg

Mihaly Bencze

0Q. 3183. If xx >0 (k= 1,2,...,n) then determine all a,b,c > 0 such that

1

1
b 1
z 1T xc_'_rc c+2
( (:Jc1+;m2)b> =z Z( : 2(21 2)) :

cyclic

Mihély Bencze
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n
0Q. 3184. If 0<a<landz; >0 (k=1,2,....,n), S = > xp, then
k=1

n = o
. _n__
— (Sfa:k) z (n—1)*"

2.

k=1
Mihély Bencze
0Q. 3185. If xx >0 (k= 1,2,...,n) then determine all & > 0 such that

LCT > 3 —ax?
2w 2 2 e

cyclic

Mihély Bencze

0Q. 3186. Determine all Ay € M, (C) (k= 1,2,...,n) such that
AV = AgAs. Ay, AT = Ay Az Ay, AT = Ay Ayl A, for all

n,m > 3.

If nis odd then A; = A, Ay = cA, A3 = €A, ..., A, = "' A, where

€ = Cos 2% + 7sin 27” is a solution.
Mihaly Bencze

0Q. 3187. Determine all A, B € M,, (C) for which
rang (AB) — rang (BA) = [%] — 1, where [-] denote the integer part.

Mihaly Bencze

0Q. 3188. Determine all A, B € M, (R) for which
det (A% + A%k-1p 4 4+ AB%-1 4 B%) > 0 for all £ > 1. We have the
following result, if AB = BA then the affirmation is true.

Mihaly Bencze

2. Timp
0Q. 3189. If 2, >0 (k=1,2,...,n) then Y 2 42 >p4 2
cyclic 2 (Z ack>
k=1

where o > 0.

Mihaly Bencze
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0Q. 3190. If x5 >0 (k=1,2,...,n) then
> o
k=1

— N T
2. il
cyclic

—1

n
I
. x2+x3+x1x2..,xn —
cyclic

Mihaly Bencze

n n
0Q. 3191. If >0 (k=1,2,..,n) and > zp =a, Y 22 =b> 1, then
k=1 k=1
4>y a
IT zx acyclic 2

k=1

Mihély Bencze

n
0Q. 3192. If x; >0 (k=1,2,...,n) and >  \/x =1, then
k=1

T +T2x3... Trt1 2/n2 N
zz:‘ VT s 2 ety for all r € {2,3,....,n — 1} .
cyclic

Mihély Bencze

0Q. 3193. Determine all Ay € M,, (R) (k=1,2,...,n) such that
det (Z A};Ak> =0.

k=1
Mihély Bencze

0Q. 3194. If z; > 0 (k=1,2,...,n) then

Sah e .
i = = 1> 142
i > ozfxe’ > mad +tn—-12 Z Totzs
cyclic cyclic cyclic

Mihaly Bencze

0Q. 3195. Let A1As...A2,A2,+1 be a convex polygon and By, Bo, ..., Bay+1
are on the sides A,11An+2, AntoAnts, ..., Aoy Aopy1, ..., AnApy1 such that
A1B1,A3Bs, ..., Aop11Bon11 are ceviens of rank p in triangles

App1A1Any2, ApyoAsAny s, o Ao 1 An A, o, A A1 Anr.

Prove that if A1Bq, AsBs, ..., Ao, Ba, are concurent in point M, then

M € Agpi1Bopya-

Mihély Bencze
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0Q. 3196. If -1 <z <1 (k=1,2,...,n) then determine the best
constants m, M > 0 such that m < > |[f (z1) + f (x2) — 2f (z3)] < M,

cyclic

when f (z) = 423 — 32 + 1.

Mihaly Bencze

0Q. 3197. Denote R, R2, R3 the distances from an arbitrary point M to
the vertices A, B, C of the triangle ABC.

Prove (aR} + bR3 + cR3) (bR} + cR5 + aR3) (cR? 4 aR3 + bR3) >
abc(a3b+b3c+c3a) (a3c+b3a+c3 b)
> P
(a+b+c)

. Can be strongened this inequality?

Mihaly Bencze

0Q. 3198. Determine all x;, > 0 (k= 1,2,...,n) for which from

n
> x> ). 7t holds Z T < ), 2
k=1 cyclzc cyclic !

Mihély Bencze

0Q. 3199. If z; € (0,1) U (1,+00) (k=1,2,...,n), then determine all

a,b > 0 such that > 7%21.
cyclzc( 2—1)
Mihaly Bencze
0Q. 3200. If z; >0 (k=1,2,...,n) then
2 > —x1x2+m% > Z \/xl +m1932—|—m2.
cyclic cyclic
Mihély Bencze
n n
0Q. 3201. If 2, € R (k=1,2,...,n) and > xp = q, Z b, then

k=1
determine the best m,., M, € R (r = 1,2) such that my S Z 3o < My
yclic
and ma < > z123 < M.

cyclic

Mihaly Bencze
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0Q. 3202. If x >0 (k=1,2,...,n) then determine the best m, M > 0 such
that m < 3 L < M where r € {2,3,...,n — 1} and

cydlic {/a:{+(ar—1)x2x3...ac,~xr+1

a> 2.

Mihély Bencze

0Q. 3203. If z; >0 (k=1,2,...,n) and > xx = 1, then determine
k=1

max ». %, where a, >0 and p € {2,3,...,n — 1}.

cyclic (z2x3...Tp+1)

Mihaly Bencze

0Q. 3204. If xx >0 (k=1,2,...,n) then

( > xlxg...xp> ( > xgﬁ:@,é) > o forallp e {2,3,...,n — 1}.

cyclic cyclic
Mihaly Bencze

0Q. 3205. Let ABC be a triangle, then determine
max 3 (sin 4)° (sin B) (sin C)*.

cyclic

Mihéaly Bencze

0Q. 3206. If x;, >0 (k=1,2,...,n), x, = 1, then determine the

n

k=1
n

maximal constant o > 0 such that ) \/ajl ta(zy—x3)* +2 3 /ar < 3n.
k=1

cyclic

Mihaly Bencze

n
0Q. 3207. If x4, > 0 (k=1,2,...,n) and > x7 = 1, then
k=1
(vn)"
1 S Z 1+x213‘313...xn S (\/ﬁ)"_l—i-l‘

cyclic

Mihaly Bencze
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n
0Q. 3208. If z; >0 (k=1,2,...,n) and > xp =1, then
k=1

> mizo..mp —
cyclic

n
[[zr+ -7 >1+%foralla>0andall pc{23,.,n—1}.
k=1
Mihély Bencze
n n S
0Q. 3209. If 2, >0 (k=1,2,...,n) and S = ) xp, then Yz} “* > 1.
k=1 k=1

Mihaly Bencze

0Q. 3210. If x5 >0 (k=1,2,...,n) then

n

> =}
z1 n? 3 =1 + 3n2+3n+1
oz = ntl > miwows n3 '
CyCl’LC cyclic

Mihaly Bencze

0Q. 3211. If f: I — R (I C R) is a convex function, z € I (k=1,2,...,n)
such that ;1 < 9 < ... < x,, then determine all y, € R (k= 1,2,...,n)

> yr = 1 such that f (Z wkyk> < > ykf (zk) -
k=1 k=1

k=1

Mihély Bencze

n

0Q. 3212. If z; >0 (k=1,2,...,n) and [] xx = P", then
k=1

E It@ymy n(P"+1)

. 1+x1 = P+1
cyclic

Mihély Bencze

0Q. 3213. Let ABC be a triangle. Determine all z,y,z > 0 and n € N
such that ] (za™ + yb" + zc™) > ((y* + 2%) sr)" L.

Mihély Bencze

0Q. 3214. If f:[0,1] — (0,400) is a concave function, then determine all
1 r 1 §

s,7 € R such that ((s +1) [ f5(x) dw) < <(7“ +1) [ 7 (2) d:):) .
0 0

Mihély Bencze
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0Q. 3215. If xx >0 (k=1,2,...,n) and >  z1x9..Tp_1 = n, then
cyclic
n

1
E. nEP+r2r3... Tn = H Lk-
cyclic k=1

Mihély Bencze

0Q. 3216. If z; > 0 (k=1,2,...,n) then
-1y =1 n(n=1)* 37 a}
> (561 + =2 ) > =
R

cyclic N

Mihély Bencze and Zhao Changjian

0Q. 3217. If 2, >0 (k=1,2,...,n) and ) 2} =1, where a € R, then find
k=1

nob
. . x
the minimum value of ) =%, when b,c € R.
— k

Mihély Bencze

0Q. 3218. If 0 <z <1 (k=1,2,...,n), then determine all f: R" — R for
n

ln ’
*gzxk

k=1

n
. 1 n
which kzl T—xy, = 1—f(z1,22,...,xn) =z

.....

Mihaly Bencze
0Q. 3219. If z;, > 0 (k=1,2,...,n) then
n—1 > 1 1

n —an%mz—f—anle'
(Z Jik) Z T1T2 cyclic cyclic

k=1 cyclic

Mihaly Bencze

n
0Q. 3220. If y,z, >0 (k=1,2,...,n) and ) af =y*, where a > 1, then
k=1

Mihély Bencze
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n
0Q. 3221. If z,yp, >0 (k=1,2,...,n) and S = > yg, then
k=1

M=

k=1

(S —yp) ok > (n—1) ( > 561932) ( > y1y2>.

cyclic cyclic

Mihély Bencze

0Q. 3222. If z; >0 (k=1,2,...,n) and > xp =1 and o > 1, then
k=1

z¢+1 1
n< ) g Snt g
cyclic

Mihély Bencze

n
0Q. 3223. If x;, >0 (k=1,2,...,n) and )  x; = 1 then find the minimum
k=1
and the maximum value of the expression Y. (z1x2...x,—1)" when o > 1 is
cyclic
given.

Mihaly Bencze

0Q. 3224. Let A1As...A,, be a convex polygon inscribed in the unit circle.

n
If M € Int (AlAQAn), then H MAk <1+ n% + nl"
k=1

Mihély Bencze

0Q. 3225. If Py(z) =0, Ppy1 (2) = P, (z) + %ﬁ(x) for all n € N*, where
k € N,k > 2 is given. Prove that, for all n € N holds the inequalities

0< V—Pn(x)gniﬂ,whenxe[o,l].

Mihély Bencze

n

0Q. 3226. If 21, >0 (k=1,2,...,n) and P = [] %, > xx =1 then
k=1 k=1

Z Tk < n"
(=) TP = iR

Mihaly Bencze



440 Octogon Mathematical Magazine, Vol. 17, No.1, April 2009

n

0Q. 3227. If z; >0 (k=1,2,...,n) and > x = n then determine all

k=1
n n
p,q € N* such that > xip > S af
k=1"%F k=1
Mihély Bencze
0Q. 3228. If 2,5, >0 (k=1,2,...,n) then nll + "11 < L -
DD Dl Dok Dlves

and more general, ifz;; >0 (i=1,2,...,n;5=1,2,...,m), then

m
> :
O 1
]:1 Z T n
i=1 " =1 3
=1

MS

Mihély Bencze and Zhao Changjian.

0Q. 3229. Let be a; =1, 16a,4+1 = 1 + 4a, + V1 + 24a, for all n > 1.
Determine all n € N* for which a,, is prime.

Mihaly Bencze

0Q. 3230. The equation =2 + 4xy + 2 = 1 have infinitely many solution in
Z, because the sequences x, 11 = 3: yn, Yn+1 = 2TnYn + 4yn,
x1 = 1,y; = —4 offer infinitely many solution in Z.

1). Determine all solution in Z 2). Determine all solutution in @

Mihély Bencze

0Q. 3231. Let be f (z) = [] {2t where > 0
k=1

1). Determine all ag, b, cx,di, > 0 (k= 1,2,...,n) for which f is increasing
(decreasing)

2). Determine all a, by, cx,dr, > 0 (k= 1,2,...,n) for which f is convex
(concav)

Mihéaly Bencze
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0Q. 3232. Let be f(z) = [] si (akx + bg)
[
1). Determine all ax, by € R (k = ...,n) and x € R for which f is

increasing (decreasing)
2). Determine all ag, by, € R (k=1,2,...,n) and € R for which f is convex
(concav)

—_

Mihaly Bencze

0Q. 3233. 1). If Hy = 1+ %+ ...+ L, then 11 4 2 4 4 0 < (1)
for all k € N*

2). Determine the best constants 0 < a < b < 1 such that

a(PTh) < 1fn 2 4 4 fHe < p(1HY)

3). Determine the assymptotical expansion of the sum 1H» 4 2Hn 4 pHn

Mihaly Bencze

0Q. 3234. Let ABC be a triangle. Determine all x,y, z > 0 such that

ztytz

A B (& 3 2
sin £ sin m sin = S < <x+y+z>

Mihaly Bencze

0Q. 3235. Let ABC’ be a triangle Determine all xy, yx, 2z > 0 (k= 1,2,3)

2 2 2

o _ 3(z1yi+ayd+asy?)
EES = <

such that z; sm —|— x9 sm —|— T3 sin v A1 Fyav3)

Mihaly Bencze

0Q. 3236. 1). Prove that
n+1
$In3(n+2)In22 < ;;3% <3ilm3(n+1)In%t + 1n3
2). Determine the best constants a, b, ¢,d > 0 such that
n
S B2 —glnbnlnen+d+ O (n).
k=1
Mihaly Bencze
0Q. 3237. 1). If £ > y > 0 then (x + 1)" = y¥ >
2). Determine all ag, by, cx, > 0 and dk €R (k 1,
d
(12 + b)) T ¥ > (agy + b)) T

(
2
v o¥ for all z >y > 0.

) for which

Mihély Bencze
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T 1 Y 1
0Q. 3238. 1). Itz >y > 0, then (14 )" + (1 +y)v > (1+§) Y (1+2)
2). Determine all ag, by, cx,di, > 0 (k = 1,2) such that

1

T 1 )
<a1+b?1) + (1 + diy)v > (ag—l—%) + (co + dox)= for all z >y > 0.

Mihaly Bencze

0Q. 3239. Suppose that Aq, As, ..., A, are the vertices of a simplex S. On
the faces opposite to Ay, As, ..., A1, construct simplex outside S with
apexes By, Bo, ..., B,_1 and volumes V7, Va, ..., V;,_1, respectively.

Let B,, be the point such that A1 B, = BA,,, where B is the point of
intersection of the planes through B; parallel to the respective bases
(1=1,2,...,n—1). Let V, be the volume of the simplex A;A45...A,,_1B,,.
Prove that V, = Vi + Vo + ... + V,,_1.

Mihaly Bencze

0Q. 3240. If M, N, K are the mid-points of sides BC, CA, AB in triangle
ABC, then 1 > [] cos A_TB > sin (AM B) sin (BNC)sin (CKA) > (%’)3, a
refinement of Euler’s inequality.

Determine all M € BC, N € CA, K € AB such that

1> [[cos 252 > sin (AM B)sin (BNC) sin (CK A) > (%’")3.

Mihaly Bencze

0Q. 3241. Let ABC be a triangle, A; € (BC),B; € (CA),C; € (AB) such
that AAyN BB NCC = {M}

1). Determine all points M for which \/W-i-\/ﬂl/[iB—\/MiC > 3§M“ ]\A/{A.
I have obtained M = G.

1 > 9
BX_MCX = a)\_;’_b)\_j’_c)\ )

2). Determine all points M for which } 177577 where

Ae0,1].
Mihély Bencze

0Q. 3242. Let ABC be a triangle and M € Int (ABC), such that
MABL + MBCA+ MCAAL = 90°. Determine all M for which the triangle is
isoscele.

Mihaly Bencze
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0Q. 3243. Determine all a,b, c,d,e € Z such that
n n

+k
S i) =0

<

Mihaly Bencze

0Q. 3244. Let ABC be a triangle. Determine all z, yx, 2z, > 0 (k =1,2,3)

A A A <1 T1+To+x3
such that x1 cos m + 29 Ccos ™ + x3 cos s <2 + T Trse teta

Mihaly Bencze
0Q. 3245. Let ABC be a triangle. Determine all z, yx, 2z, > 0 (kK =1,2,3)

3
A A A 3 T1Y1+T2y2+23Y3 )\ 2
a EE 2 K
such that X1 COS m + 9 CcOs m -+ I3 Ccos v R ( 5 ) .

Mihaly Bencze

0Q. 3246. Solve in Z the following equation

(z14+23+ad+ .. +al) (zo+ a3 +ai+ .. +2]) . (zn+ai+ad+.. +2l ) =
n(n+1)

(x1+ 22+ ... +xp) 2
Mihaly Bencze

0Q. 3247. Let ABC be a triangle, and denote A the areea of the triangle.
Determine the best constants 1 < x < y < 3, such that

23 (a—0)? <Y a2 —4AV3<y> (a—b)>.
Mihaly Bencze

0Q. 3248. Determine all n € N for which ® (n) divides o (n) + ¥ (n).

Mihaly Bencze

ar b o dy
n p— —
0Q. 3249. Solve in Z the equation ) b ax dy; -k = z",
= ek dy o oar —by
—dp —cr by ap
where n € N,n > 2.

Mihaly Bencze



444 Octogon Mathematical Magazine, Vol. 17, No.1, April 2009

0Q. 3250. Let AjA;...A,11 be a concyclic (n + 1) —gon, denote € the
anticentres of A1 Ag... Ag_1Ags+1...Apt1(k=1,2,...,n+1). Prove that
01Q5...Q, 41 is concyclic.

Mihaly Bencze

OQ 3251. Determlne all functions f : R — R for which from
Z f(agz) > Z f (Bkx) when ay, B € R (k= 1,2,...,n) for z € (—¢,¢),

e > 0, implies Z oy > Z B
k=1 k=1

Mihély Bencze

0Q. 3252. Denote Q3 the set of important points of a triangle
(H,G,0,1 etc)

1). Let ABCD be a concyclic quadrilateral and denote

Ma, Mp, Mo, Mp € Q3 the important points of triangles
BCD,CDA,DAB, ABC. Determine all M4, Mp, Mo, Mp € Q3 for which
the quadrilaterals MaMpMcMp are concyclic

2). Prove that cardQs > 2. We can show that H,G € Q3 satisfys the point
1). From Sylvester’s theorem we have OH4 = OB + OC + OD and his
permutations. From others we have OA + OB + OC + OD = OH4 + OA =
=OHp +0B+0Hc+0OC =0Hp +0D =QT. From OH4 + OA = OT
we have TH4 = AO, O is the circumcenter of ABCD, etc.

We have THy = OA=THp =0OB =THc =0C =THp = OD, which
means that HaHgHcHp is concyclic. From H 4G4 = 2G 40 holds that
GAGpGeGp is concyclic. Finally cardQs > 2.

3). Denote @, the set of important points of the convex n-gon.

Let A1Ay...Ap4+1 be a concyclic convex (n + 1) —gon. Denote My € Q,
(k=1,2,...,n+1) the important points of AjAs...Ag_1Axs1...Ap+1
(k=1,2,..,n+1). Determine all My, € Q,, (k=1,2,...,n) for which
A1Ag. Ag_1Aki1.. Apyr (K =1,2,...,n) are concyclic.

Mihaly Bencze

0Q. 3253. Denote Asi the denominator of Bernoullli’s number Boy.
oo
1
1). Compute kz::1 o

oo
2). Compute ) A%
k=1 "2k
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w

o0
. 1
. More general determine 1;1 Az

How many prime exist between Agi and Agjyo?
Determine all &k € N for which Agj is prime
n

ot

D =~
= =

Determine all n € N for which ) Ay is prime
k=1

Mihély Bencze

0Q. 3254. Let be A1As...A,, a convex polygon with sides ay
(k=1,2,...,n). Prov that

1), ——4 — 2 it = >

) min(az,as,...,an) + min(a1,as,...,an) + + min(a1,a2,...,an—1) —

2). al f2 fu >n
) max(a2,as,...,an) + max(ai,as,...,an) + + max(a1,a2,...,.an—1) —

Mihaly Bencze

0Q. 3255. Denote B,, the n—th Bernoulli’s number. Determine all n for

k k
which k£ + >~ n;By,—1 = 0(mod n) if and only if n is prime, when n = > n,.
i=1

) i=1
Mihély Bencze

0OQ. 3256. Determine all n for which n!ByBs...B,—1 + (—1)" = 0 (mod n) if
and only if n is prime.

Mihaly Bencze

0Q. 3257. If z,y,2 > 0 and X € [1,2], then Zl: égii?; < )\l—fl
cyclic

Mihaly Bencze

0Q. 3258. Solve in Z the following equation
16 4+ 29b% + 1363 — (:caz +yb? + 202) (za+ yb+ zc) =

=y (a+b)(a—b)?+y(b+¢)(b—c) +ys(c+a)(c—a).

Mihaly Bencze

0Q. 3259. Compute the following sums:
1). F = F% + ﬁ + o+ ﬁ + ..., when F}, denote the k-th Fibonacci
number

2). P= p% + ﬁ + ...+ m + ..., when pj denote the k-th prime number

3). If e, = (1—}-%)”, then compute E = é—i— L+ 14

ejes ejes...en
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_ 1 1 1
- D= an + a0 +. Tt AAC)A) + .
-0 = a0 + FDI) ot DI B0) +
U= e tvmee T T vmeeem T

)
)
)
7). 0= o5+ 5o T T sme@em
)
)
0

)
1+%+...+%—lnk, then compute C' = L + 14 4 L 4 |

c1 cico : c1C2...Cn,

Mihaly Bencze

n(n+1) n(n+1)

0Q. 3260. Determine all n € N for which 272 —1and 2™ 2  +1 are
primes.

Mihély Bencze

0Q. 3261. Prove that the sequence (2" — 1,2" 4 1) contain infinitely many
twin primes.

Mihély Bencze

0Q. 3262. If py denote the k—th prime (p; = 2,p2 = 3,...), then prove that
exist infinitely many twin primes which have the following forms

p1p2.--pn — 1 and pip2...p, + 1.

Mihély Bencze

n n
0Q. 3263. Determine all prime py, g for which [ pr — ¢ and [] pr + ¢ are
k=1 k=1

prime.

Mihaly Bencze

0Q. 3264. 1). Prove that exist infinitely many numbers of the form

n* +nF"1 + . +n%+n+1 which can be expressed as a product of at most k
primes.

2). Prove that exist infinitely many prime numbers of the form

A i X

3). Prove that exist infinitely many prime p and k, and infinitely many

n,k € N such that n* +nF~ 14+ . +n2+n+1=p>+ ¢

Mihély Bencze
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0Q. 3265. Prove that exist infinitely many numbers of the form n* 4 1
which can be expressed as a poroduct of at most k primes.

Mihély Bencze
0Q. 3266. Denote Fj, the k—th Fibonacci number. Prove that the sequence

(F\Fy...F,, — 1, F1 F5...F,, + 1) contain infinitely many twin primes.

Mihaly Bencze
0Q. 3267. Exist infinitely many prime p, ¢ and infinitely many n € N such
that (n — 1) (n? —

1)..(nP=1)=0 (mod qw) .

Mihaly Bencze
0Q. 3268. Determine all n € N for which
1). > (d(k),o (k)) is prime

k

2). k;l (®(k), ¥ (k)) is prime

Mihély Bencze
0Q. 3269. Determine all a,n; € N (k=1,2,...,m) such that
m m
[T (a1 —1)=0 <m0d IT nk> .
k=1 k=1

Mihaly Bencze

0Q. 3270. Let be F} the k— th Fibonacci number. Determine all n € N.

n

For which Y F}'"' +1 = 0(mod n) if and only if n is prime.
k=1

Mihaly Bencze

n

0Q. 3271. Determine all n € N for which > (d(k))" ' + 1 = 0 (mod n) if
k=1

and only if n is prime.

Mihaly Bencze
n
0Q. 3272. Determine all n € N for which 3 (F (k)" ' +1 =0 (mod n) if
k=1
and only if n is prime, where F' € {0, ®, VU, P, S, ...} .

Mihély Bencze
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n
0Q. 3273. Determine all n € N for which ) ((Z))nfl +1=0(mod n) if
k=1

and only if n is Carmichael number.

Mihaly Bencze

0Q. 3274. Determine all n € N for which > (k)" ™' +1 = 0 (mod n) if

and only if n is prime.

Mihaly Bencze

0Q. 3275. Denote B,, the n-th Bernoulli’s number. Determine all
n,k,p € N such that k + n*B,_; = 0 (mod nk).

Mihély Bencze

0Q. 3276. Determine all function F': N — N for which
e

> F (k) # (mod n) if and only if n is prime.

k=0

Mihély Bencze

0Q. 3277. Let be S the set of numbers n which have the following
property: E k"1 41 = 0 (mod n) if and only if n is pseudoprime.

1). Prove that cardS +00.

2). Compute t%:s @ where F' € {d,0,P,7,...}.

Mihaly Bencze

0Q. 3278. Determine all primes p and all composites n € N 5uch that

((; > ( p> - 1) and p|n; (i=1,2,...k) and p = Elp"’

k

Z 2R
=1
Mihaly Bencze
0Q. 3279. Let be
G = {n composite for which p| (% — 1) for each prime p|n} the set of

Giuga’s numbers. Compute
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D). X 5 X g 2 e
keG

keG  kedG
2). Prove that cardG = +oo

k
3). Determine all Giuga’s number n for which n = [] n;, where n;
i=1
(i=1,2,...,k) are Giuga’s numbers.

Mihély Bencze
0Q. 3280. Any large composite n satisfies

( 2 pl)( 2 P2) ( 2 Pr>2 Y. Ds, where n = ning..ny.
p1< b/mn po< b/ma pr< ¥/mg ps<¥/n

Mihély Bencze
0OQ. 3281. Determine all n € N and all prime p and g such that

Mihaly Bencze

0Q. 3282. Let ABC be a triangle. Determine the best constants x,y > 0

such that sz;ﬁ%+x<(a—b)2+(b—c)2+(c—a)2> < Zcos% <

< % -y ((a —b)2+(b—c)?+ (c— a)2) , which give a refinement of V.E.
Olov’s inequality.

Mihaly Bencze

O0Q. 3283. 1). Determine all k € N such that

(77) + () = K (mod ) where p isa prime and

m,n € {0,1,...p—1
2). Determine all £ € N such that

(’ZZ’;ZL) + (:’;1) + (ng) = (7;17311) (’;ﬁfj) (mod pk) , where p is a prime and
m,n,miy,ny,ma,n2 S {07 1) P — 1}7 m=ma + ma, N =Ny + no
3). Determine all m,n, m;,n; € N such that
k k k k
(o) + 32 () = 11 () (mod ), where m = 3 g, n = 3~ n; and p
i=1 i=1 i=1 i=1
is a prime.

Mihaly Bencze
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0Q. 3284. Let ABC be a triangle. Determine all function

f:(0,400) x (0,400) — (0,4+00) such that oyt fIEZZ) + Fapy =8
Mihaly Bencze

=1.

n
0Q. 3285. Solve in Z the equation ) xglﬂ + n”_l
i1 T \/ [T (a241)
k=1

Mihaly Bencze

0Q. 3286. 1). The equation 1 +z (z; — 1) (xz2 — 1) ... (x, — 1) = z122...7p
have infinitely many solution in N. A solution is x = 2, x; = 227 41
(k=1,2,..,n)

[\

Determine all solutions in N

Determine all solutions in Z

Determine all solutions in @

Solve in N the equation y + z (x1 — y) (z2 — V) ... (¥, — y) = T122...7y,
. Solve in Z 7). Solve in @

S U = W
NSNS AN AN

Mihaly Bencze

o0

0Q. 3287. If apy = >, —*—, whenn € N* and k > 2.

m=1 nk (m+n)

=

1). Determine the best constants b, c > 0 such that b (k) < a, < c(k)

oo
2). Compute Y. -1 when a > 2

n=1 ™k
(o)
3). Compute > %, when (> 2.
k=1 %nk
Mihaly Bencze

0Q. 3288. If n € {1,4}, then a™ (b —¢) + 0" (c — a) + ¢ (a — b) is divisible
by a? + b> 4 ¢® + ab + bc + ca for all a,b,c € Z. Determine all n,k € N for
which af (a2 — a3) + a3 (a3 — a4) + ... + a} (a1 — az) is divisible by
a?4+a3+..+ai+ Y aa;foralla;, €Z (i=1,2,..,k).

1<i<j<k

Mihaly Bencze
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n
0Q. 3289. 1). Solve in Z the equations [] (zx + yi) = 22 + ¢/?
k=1

n m
2). Solve in Z the equations [] (Z a:ij> =y s+ ...ty
i=1

7=1
Mihaly Bencze

0Q. 3290. Determine all x;, € Z and all p,r € Z such that

n p n r
<Z xk> (H xk> €eZ lfape{-1,1} and r € Z, p € N then we have a
k=1 k=1

solution. If p < 0, p € Z, and exist x; = 0 then x; # 0 (j # 1) is a solution.

Mihély Bencze

0Q. 3291. If P(n)xpy1 = Q (n) zy — R(n) xp—1 for all n € N*, then
determine all P,Q, R € Z [z] and all z1,z9 € Z for which x,, € Z if and only
if n is prime.

A solution is P (z) =22 —2—2, Q (z) = 2% — 22 — 2, R(z) = (x — 1)*,

xr1 =x9 = 1.

Mihaly Bencze

0Q. 3292. Determine all a;,b; € Z (i =0,1,...,k), ng € N such that
P (aonk +anF 4 4 ak) <o (bgnk +onF 4+ bk) for all n > ng,
n € N.

Mihaly Bencze

0Q. 3293. 1). Prove that
n

n—3(1+n)< Y kln(l+4)<n+2-+L—-Jn(n+1)
k=1

n
2). Determine o, 8 € R such that > kIn(1+ 1) =n+a+ Blnn+ O (n)
k=1

Mihaly Bencze

0Q. 3294. Determine the best constants a,b > 0 such that
ar < min {arctg:v; xe‘w‘"dg‘”} for all x > 0 and

1+x2
. pp—xarctgx bx
max {arctgm,a:e } < T2 for all x € R.

Mihély Bencze
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a1as...ap = n!

0Q. 3295. Determine all a € {0,1,...,9} such that { it tap = k)

Mihaly Bencze

0Q. 3296. 1). Solve in Z the equation

10 (22 +42)° =8 (25 +45) + (@ +9)° + (x —p)°

2). Solve in Z the equation 28 (z* 4 y* + z2)3 =

8(af+1y0+28) +(x+y+2)°+(—2+y+2)°’+@-y+2)°’+@+y—2)
3). Solve in Z the equation

6

n

3 n n 6
(n* — 51 + 15n% — 20n + 15) <Z xi) =(6n-1)> 25+ (Z xk) +

k=1 k=1 k=1
+(—z1+xo4 4 2) (1 — o+ a3+ 42+
+(r1+x2+ ..+ Tp1 — azn)G.

Mihaly Bencze

0Q. 3297. 1). If z > 0 then z > max {arctg (x + %) sarctgx + %arctgg’x}
2). Determine the best constants aq, as, b1, b2 > 0 such that the inequality

T > max {arctg (a1 + blx?’) sagarctgr + bgarctg3x} are the best possible

3). Determine all polynomial P € R [z]| such that the inequality

x > max {arctgP (x); P (arctgx)} are the best possible.

Mihaly Bencze

0Q. 3298. Determine the best constants a,b > 0 such that
oo
maC (ka) < > (iﬁmﬂk)l(m.%ik)a < wb¢ (k) , where o > 1, where ¢

11,02,y 0=1
denote the Riemann zeta function.

Mihély Bencze
o0
0Q. 3299. Determine ) (1+ % +..+ % —In (k+ %)) in function of
k=1

m,e,v. Determine the best constants 2—14 (%2 — 1) <a<b< % and a,b € Q
<

such that a < 3° (I+i++i-Im(k+1i)) <o
k=1

Mihaly Bencze
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0Q. 3300. If z >1 and a € [%, %], then determine the best constants
b, c > 0 such that Sx% <ayz+ (1-a)Zt < ﬁxﬁ

Mihaly Bencze
0Q. 3301. Determine the best constant ¢ > 0 such that

00 k
L <ck ka; herea; >1 (7 =1,2,....k) and
’il,ig-ﬂk (i1+...+ik)i11...ikk - ]1;[1C( ])’ w 7 (j ) &y ey ) C

denote the Riemann zeta function.

Mihély Bencze

0Q. 3302. Ifz,, = > + —In(n+ 1), then
k=1

1 _1_
A1) < < 5507 Denote

n

Yo =n> > é Prove that (y,),~; is convergent and compute its limit.
=

Compute > +.

n=1 Yn

Mihaly Bencze

n—oo

0Q. 3303. 1). Compute lim (;4—!)7,,2 1}:[1 (1 + % + . % —1In (k‘ + %))

7

2). Compute nll_{g0 (7;!2‘1 kl:ll (1 + % + ...+ % —In (k: + i)) , where o > 1 and
a> 2. B

Mihaly Bencze
0Q. 3304. If x, >0 (k=1,2,...,n), Ehen
(i xk> <§: 1) >2n—l+w.
P 2w ) = 2 T um
Mihaly Bencze
0Q. 3305. If zp, >a >0 (k=1,2,...,n), then

n
3
>Yoxp+3 > Ty >
k=1 1<i<j<k<n

n
> Zx1$2($1+$2)+a<21’%—7ﬁl > 9519:]>
k=1

cyclic 1<i<j<n

Mihély Bencze
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0Q. 3306. If x;, >0 (k=1,2,...,n) and a,b,c > 0 then
™ Veaitazses n3va+1
(22

b Z o
cyclic Fbes)(@r+es) (b+1)(c+1) T
k=1

Mihély Bencze
0Q. 3307. If z; >0 (k=1,2,...,n) and o > 1, then
n

s S o A
z3t+az; — atl = :

Mihély Bencze

0Q. 3308. If o, 8,2, >0 (k=1,2,...,n), then

a /Bkﬁl Tk
1 = —a _n
Zl' <a:2+m3> + ]_[ (z1+2x2) zmn-2 + ’8 2
cyclic cyclic

Mihély Bencze

0Q. 3309. If z; > 0, then determine all y;, > 0 (k = 1,2,...,n) such that

22 a2 n Zl i@ —32)*
Z J)i‘f’l‘; 2 n Z CE% + S n 2
cyclic k=1 (n—1) ( > mk)

Mihaly Bencze

0Q. 3310. If z;,y; >0 (i =1,2,...,n), then
Z Yix; ~ max {$1,;U2, ,wn} > (Z) Z Yi Z Ty Tig---Tiy, forn > 2
i=1 i=1  1<ii<..<ip<n
and k € {2,3,....,n— 1}.
Mihaly Bencze
n
0Q. 3311. If axy, >0 (k=1,2,....,n) and ) zx = n, then

k=1
[0
1+ «a
> (mtmn) > a(3)

cyclic

Wl

Mihaly Bencze
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n

0Q. 3312. If z; >0 (k=1,2,...,n) and [] zx =1, then
k=1

I (a:1+é—1)§1.

cyclic
Mihély Bencze

0Q. 3313. If 2, > 0 (k=1,2,...,n), then determine all a,b,c > 0 such that

2

max Z ol 75 Z O] - < n .
{cyclic azi+bry+ers cyclic azi+bryterizy (a+b+c) 3 xk
k=1

Mihaly Bencze

n

0Q. 3314. If z;, >0 (k=1,2,...,n) and > xj = n, then
k=1
> L < —— where a,b,c > 0.

. ax%+bx1x2x3+c — a+b+c?
cyclic

Mihaly Bencze

n
0Q. 3315. If z; >0 (k=1,2,...,n) and [] zx =1, then
k=1

T2+...+Tpt1 To+...+Tpi1 n 1

“ee + . e +

max Z :Bp—‘,-p—zi ) Z xp—‘—l_"_( _1)$p = S Z IET’ fOI‘ all
cyclic 1 cyclic ™1 p 2:%pt1 k=1"%

pe{2,3,..,n—1}.

Mihaly Bencze

n
0Q. 3316. If x; >0 (k=1,2,...,n) and ] xx = 1, then
k=1

S n(n—1) L
Z T + Z ZiTj > —5 + Z Tl
k=1 1<i<j<n k=1

Mihaly Bencze
0Q. 3317. If x; >0 (k= 1,2,...,n) then determine all a,b > 0 such that
_m >
cyzcl:ic V@i t+azd+br

Mihély Bencze
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0Q. 3318. If xx >0 (k=1,2,...,n) then

1 1 > 1 1 h
Z p—1 + = el Z —1)zP + T1X2...Tp’ where
cudic ©1 (T2t tTpt1) Zj o? cydlic (p—1)zl+zo...xpt1 Cy%ﬁ 122...Tp

k=1
pe{2,3,..,n—1}.
Mihély Bencze

0Q. 3319. If x5 >0 (k=1,2,...,n) and @ > n — 1, then

N > Tk
T1t+ox k=1
Y Toran® 2

n .
cyclic (@2taws) > a2 (a—n+l) > zizo
k=1 cyclic

Mihaly Bencze
0Q. 3320. If zp,yp >0 (k=1,2,...,n), ¢ >0, a < 1, then

n n o n o
S (o 4y 4+ 0% > (n—2)c* + (c+ zmk) i <c+ zyk,) |
k=1 k=1 k=1

Mihaly Bencze

0Q. 3321. If z;, >0 (k=1,2,...,n) and a > 0, then
Z < - >P+1 ta Z ( T1T2...Tp > n(;ﬁ_—i;l), where

. T2+...+Tpt1 z1+x2...+zp)P =
cyclic

cyclic
pe{2,3,..,n—1}.

Mihély Bencze

0Q. 3322. If x;, >0 (k=1,2,...,n) and > xp =1,
k=1

> Y1 —prizy..ap > YnP —p, where p € {2,3,...,n — 1}.

cyclic

Mihaly Bencze

0Q. 3323. If z;, >0 (k=1,2,...,n) and > xp =1, then
k=1
[T (1—z2o..2) > (1— ip)n, where p € {2,3,...,n—1}.

n
cyclic

Mihéaly Bencze
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n
0Q. 3324. If z; >0 (k=1,2,...,n) and > xp =1, then
k=1

> 1_061&1:2“% < 7 where pe{2,3,..,n—1}.

> p—1>
cyclic

Mihaly Bencze

0Q. 3325. If x >0 (k=1,2,...,n) then
p
:cp+...+xp L s r1+...+Tp—px
( E x1+...+xz> = (p+ 1) Z xi +p H Lk Z 5011(5132-5-..1,7-5—90;;5:_)1'
cyclic k=1 k=1 cyclic

Mihaly Bencze

0Q. 3326. If z; >0 (k=1,2,...,n) and o > 0, then
> zize..zp

p .
Ty +T2x3... Tpt1 cyclic > 2n _
cyzclic z1 (T2 T3+ +Tpt1) To . =P +a, where p € {2’ 3,y 1} ’

\gEl

Eals]

k

1

Mihaly Bencze

0Q. 3327. If o,z € R (k=1,2,...,n) and > x; =0, then

k=1
n
> Isin(a+ k)| > (n — 1) sin 1.
k=1
Mihaly Bencze
0Q. 3328. If x, >0 (k=1,2,...,n) then
kzn:lx% 1 kﬁlxk

1 = n— n =

Z zo+x3 2 > ziae + (TLQ —2 ) 11 (zi+z2)”

cyclic cyclic cyclic

Mihaly Bencze

0Q. 3329. If z;, >0 (k=1,2,...,n) and S = ) zy, then
k=1

n n

T L _
kz::1 {/S—zi—aa—mtn_p — VT kz::1 ok, when 7 € {2,3,...,n — 1}

Y

Mihaly Bencze
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0Q. 3330. If xx >0 (k=1,2,...,n) then

n
n n? IT =& 41
xr1 k=1 n 1
EA <12+x3> + 11 (z14z2) > on—1 E To+x3”
cyclic eyelic cyclic

Mihaly Bencze

OQ. 3331. Determine all @ > 0, a > 0 for whichifa— 1 <2 <a+1

« «

WhereneN*,thena—n%rk< a+ |a+ ..+ (a+2)” <a+ for

-

n+k

k—time

all k e N*.

Mihaly Bencze

0Q. 3332. Solve the equation
o(n—=3)4c(n—2)+oc(n—1)+0(n+1)+0(n+2)+o(n+3) =60 (n +m).

Mihaly Bencze

0Q. 3333. Determine all functions f : R — (0, +00) such that

of(Efritxe .. £x,) <2Mf" (" I1 xk> forall z;, >0 (k=1,2,...,m).
\/ k=1

Mihaly Bencze

OQ 3334. Let ABC be a triangle. Determine all n € N* such that
co —I—Cos +cos7r+c>1+

Mihaly Bencze

0Q. 3335. Solve in N the equation

sz@mdnllzﬁz| o
dln  kld dm  k|d
part.

d
k

)|] , where [-] denotethe integer

Mihaly Bencze
0Q. 3336. Solve in N the equation
S (k) ok (4) = 3 Yol (k) OF (9).

d|n k|d k|m k|d

Mihély Bencze
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0Q. 3337. Determine all n,m € N* for which
Sdy k)g( ) +>.d> o ( ) | is a perfect cube.
dn kld dm  k|d

Mihaly Bencze

0Q. 3338. Solve in N the equation
( )

( ) , where [-] denotethe integer part.
dn kld dm  k|d

Mihaly Bencze

n
0Q. 3339. We have the following equation y" = n(n;l) + k¥1 zF
1). Solve in N 2). Solve in Z 3). Solve in @

Mihély Bencze

0Q. 3340. Determine all ag, bk, ¢, € R (k = 1,2,3) such that

(a1x2 + bix + 01) chx + (a2x2 + box + cz) sha > asx? + bsx + ¢3 for all x € R.
I have obtained a1 = 1,1 =0,¢c1 =6, ao =0,b0 = —4,¢c0 =0, az = bg =0,

Cc3 = 6.

Mihaly Bencze

0Q. 3341. Let ABC be a triangle. Determine the best constants
z,y,z,t > 0 for which z (ab+ bc + ca) — y (a® + b* + ¢?) <

< 4V3Area[ABC] < z (ab + be + ca) — t (a® + b? + ¢?) .

I have obtained z =6,y = 5,2 = 2,t = 1.

Mihély Bencze
0Q. 3342. Determine all a > 0 for which
et < 3 (2k— 1) < ot ((a+ 1) n? = (a— 1))
I have oﬁfliined o€ {1, %

Mihély Bencze

0Q. 3343. The prime p is called (n,q) — prime if 2"p + ¢ is also prime,
where ¢ is a prime.
1). Prove that exist infinitely many (n,q) — prime
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2). If n =1 and ¢ = 1, then we obtain the Sophie Germain’s prime:
2,3,5,11, 23,41, 53,83, 84, ...

3). Let be B, (n,q) = % + pig + ... where p1,pa, ... are (n,q) — primes.
Compute B, (n,q), when a > 1

4). Prove that B, (n,q) is irrational and transcendental.

Mihaly Bencze

0Q. 3344. Let be (3,5),(5,7),(11,13),(17,19), ... the sequence of twin
primes, and B () = (& + ) + (& + %) + (s + 1) + -

1). Compute B («) and prove that is irrational and transcendential
2). If @ = 1, then we obtain the Brun’s constant B (1) = 1,90216054...
3). Let be (3,34+2"),(5,5+2"),(7,7+2"),... the sequence of 2"— twin

primes, and By, (a) = (3% + ﬁ) + (5% + ﬁ) + ..
4). Compute By, () and prove that are irrational and transcendental.

Mihaly Bencze

0Q. 3345. Let be y" = 2™ + k the (n,m) — Bachet equation, when
n,m,x,y € N and k € Z. For n = 2 and m = 3 we obtain the classical
Bachet equation.

1). Determine all arithmetical progression aj, as, ...,ar € Z for which the
equations y" = 2™ +a, (p = 1,2, ..., k) have no solutions

2). Prove that exist infinitely many prime p, for which the equation

y™ = 2™ + p have no solution.

3). Prove that exist infinitely many prime ¢, for which the equation

y™ = x™ 4+ ¢ have solution.

Mihaly Bencze

0Q. 3346. Let y?> = 23 + k the Bachet equation.

1). Determine all k € Z for which the equations y? = 2% + k and y? = 2% — k
have no solutions in Z.

2). Determine all a; € Z (k = 1,2, ...,n) which are in arithmetical
progression and for which the equations y? = 23 + a;, (k = 1,2, ...,n) have no
solutions. Same question for geometrical progression.

3). Prove that exist infinitely many prime p for which the equation

y? = 23 4 p have no solution.
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4). Determine all prime ¢ for which the equation y? = 23 + ¢ have solution in
Z. Determine all solutions.

5). Exist infinitely many k € Z for which the equation y? = 22 + k have no
solution.

Mihaly Bencze

0OQ. 3347. 1). The equation x2 + y? = u? + v? have infinitely many
solutions in Z. Determine all solutions:

a). in Z b). in N ¢). in Q

2). The equation 23 + 3® = u® + v3 have infinitely many solutions in Z, by
example: z =t (1 — (a — 3b) (a* 4+ 3b?)) , y =t ((a + 3b) (a® + 3b%) — 1),
u=t ((a +3b) — (a® + 3b)2)2 ,v=t(a®+ 362)2 — (a — 3b), where

a,b,t € Z. Determine all solutions

a). in Z b). in N c). in Q

3). The equation z* + y* = u* + v* have infinitely many solutions in Z, by
example: x =t (a7 + a’b? — 2a3b* + 3a?b° + abﬁ) ,

y=t (aGb —3a’b? — 2a*b3 + a?b° + b7) ,

u=t (a7 + a®b? — 2a3b* — 3a%b° + abG) ,

v=t (aﬁb +3a°b? — 2a*b® + a?b° + b7) , where a,b,t € Z. Determine all
solutions

a). in Z b). in N c). in Q

4). Let be 2™ + y™ = u™ + v", when n € Z. Solve
a). in Z b). in N ¢). in Q
n m
5). Let be > 2¢ = > 2, when a,b € Z. Solve
k=1 k=1
a). in Z b). in N c). in Q

Mihaly Bencze

0Q. 3348. Let be (¢,n) = (d,n) = (e,n) = (f,n) = (¢f —ed,n) =1,
A = (aij) € Myxn (N), ajj = k. Determine all functions g,h: N x N — N

i =g(n,k)(mod n) . : .
such that { j = h(n, k) (mod n) and for which A is a magic square.

A solution is g (n, k) =ck + e [%] ,h(nk)=dk+ f [%} , when [-] denote the
integer part, and c=1,d=e=f =2, n=3.

Mihély Bencze
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0Q. 3349. Determine all ag, by, ¢k, dx,e € R (k=1,2,...,n) such that

n
1
/;1 T2(apx+bi) T2 (cpr+dy)

1 1 .2
@) T () "

= en?. A solution is

Mihély Bencze
0Q. 3350. 1). Determine all functions f,g: R — R such that
(o) 2 o0 2
(ft””‘lf(t) dt> + <f t*=1g (t) dt) =T2(z), where 0 < Re(x) <1and T
0 0

denote the Euler’s gamma function. A solution is f (z) =sinz, g (z) = cosx
2). If f,g: R — R are solutions of the given equation, then

fPa)+g*(x) =17
Mihély Bencze

0Q. 3351. Determine all functions f,g: R X R — R such that

o b

> [ f(zk)g(z,a)de =((a+c)T (a+ c), when ¢ denote the Riemann
k=0a

zeta function and I' the Euler’s gamma function. T'wo solutions are:

oo o0

S [ae lem kD2 dy = ¢ ()T (@) and

=00

o

§ jmk (In2)*de =C(a+ 1) (a+1).
k=00

Mihély Bencze

oo
0Q. 3352. 1). Determine all a, b, c,d,e € R such that of ma‘*'xi%fcwdx =e.

A solution is a = — ,d:_%,e:3+\/§+23ﬁ

St

7b:_§)c:_

N[ =

o0 n
2). Determine all a, € R (k=1,2,...,n+ 1) such that [ %—i—l S % = apy.
0 k=1

3). Exist ay,as, ..., any1 in arithmetical progression?

Mihély Bencze
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T

o0 H n
0Q. 3353. Let be 7F (n) = [ (22£)" dz, where n € Z.
0

1). Prove that F'(3) = 2 and F (4) = §
2). Deterine F' (n) in function of n € N
o0
3). Compute > F*(n), when a > 1
n=1
4). Compute F (—n) in function of n € N.

Mihély Bencze
0Q. 3354. Determine all functions f, g, h : R — R for which
fblnf (z)Ing (x)dx + flnf (x)Inh (x)dr = e+ fr?. A solution is f (z) = =,
;(x):1+a:, h(x):cl—a:,a:c:o,b:dzl, e=4-2n2, f=—1.
Mihaly Bencze

0Q. 3355. Determine all functions f,g: R — R for which

9(x) f(x)
1). f(x)=z,9(z)=2z+1,a=0,b=1
2).. f(z)=z,9(x)=1-z,a=0,b=1

b
1l (lnf(x) + hlg(x)) dx = 0. Two solutions are:

Mihély Bencze
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Solution of the OQ. 2283
Rébert Szdsz and Aurel Pal Kupén*!

ABSTRACT. We determine the set of «, for which the weighted Holder mean
H, (a,b) is between the L (a,b) Pélya-Szegd logarithmic and the I (a,b)
exponential mean. Other results concerning this means are proved.

1. INTRODUCTION

Let 0 < a < b. The generalized Holder mean is

Qalab) = (‘ﬂ) -

The Pélya &Szeg6 logarithmic mean and the exponential mean are defined by

1
b—a 1 /b
L(a’b)_lnb—lna’ I(a’b)_e<a“> '
In [4] the authors proved that, the inequality holds:

L(a,b) < I(a,b),a,b € (0,00).

Other results concerning these means were deduced in [1]. An exhaustive
treatment of the topic can be found in [3].

The author of [2] proposed the following open question: determine the values
a € [2,00) for which the inequalities hold

L(a,b) < Qula,b) < I(a,b) for all a,be (0,00), a <b.

The aim of this paper is to determine the desired set of o and to deduce
some other inequalities concerning these means.

“'Received: 02.02.2009
2000 Mathematics Subject Classification. 26D99
Key words and phrases. Inequalities, logarithmic means, exponential means.
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2. PRELIMINARIES

We will need in our work the following results.

Lemma 1. Let o € (0,2] be a fixed number If s € (1,1) then the inequality
2%s*(1—s)+ (1 —9)%) <1

holds.
Proof. Let ¢; : [%, 1) — R be the function defined by the equality:

g1(s) =2%(s%(1 — s) + (1 — 5)%s).
By differentiation,
gh(s) =2%as(1 —s)(s* 2 = (1= 8)* ) + (1 — 8)* — s°].

Since s*72 — (1 — 5)*"2 <0 and (1 —s)® — s* < 0 for s € (3,1), shows
gi(s) <0 forall s € (3,1).
Thus the function ¢ is strictly decreasing and the inequality
1 1
g(s) <qi(5) =1, s€(5,1)

follows.
Lemma 2. If s € (1,1) is a fixed number, then the function g» : [2,3] — R
defined by

g2(a) = 2%(s*(1 —s) + (1 — 5)%s)

is strictly increasing.
Proof. The expression of go can be rewritten as follows:

gala) = 25(1 — 5)[(25)* " + (2(1 — 5))* .
We get by differentiation:
gh(a) = 25(1 — 5)[(25)* " n2s + (2(1 — )" ' In (2(1 — s))].
Since 2s € (1,2), 2(1 —s) € (0,1) and a — 1 € [1, 2], follows that
gy(a) > 2s(1 — s)[2sIn2s +2(1 — s) In (2(1 — s))].

On the other hand for the derivative of the function
95 [3,1) = R, g3(s) =2sIn2s+2(1 — s)In (2(1 — 5)) the following
inequality holds:

/

s
=1
93(s) nl—s

1
>0, for all s€ (5,1).
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Therefore g3 is strictly increasing and g3(s) > g3(3) = 0 for all s € (,1).
Thus g5(a) > 0, for all @ € (2,3) and the assertion holds.

Lemma 3. [5]. II.2. Let n be a natural number n > 2, and a;, € (0,0),
k = 1,n be real numbers, not all equal. The function h : (0,00) — R defined

by the equality:
1. 1)
h(a) = - Z ag
k=1

is strictly decreasing.

3. THE MAIN RESULT

Theorem 1. Let a € (0, 3] be a fixed number. For all a,b € (0,00), a <b
the following inequality holds:
L(a,b) < Qala,b). (1)

Proof. Let = = &, obviously = € (1, 00). The inequality (1) is equivalent to

a

2

x—1 <1+a:;
<
Inx

)a,x € (1, 00).

1
We let s = 1”1 and this leads to the next equivalent form of (1):
tza

aln—"— 25 — (21— )" >0, se (%, ). ()

— S

Consequently we have to study the function

I [%, =R, fils) = aln >~ [(25)° ~ (201~ 5))°]

We mark out two cases.
We assume first o € [0, 2]. Since

fils) =

. [1—2%(s*(1 —s) + s(1 —5)")],

Lemma 1 implies f{(s) > 0,s € (3,1). Thus f; is strictly increasing, and the
desired inequality follows: fi(s) > fi(3) =0, s € [3,1).
The second case is «a € [2, 3].
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The equality fi(s) = ﬁ[l —g1(s)], s € (3,1) and Lemma 3 imply, that it
is sufficient to prove

1
fi(s) >0, for all s¢ (5, 1)
in case if @ = 3, and then the inequality follows for every a € [2, 3].

In case if @ = 3, we have

3

—23(s3 (1= s)+ s(1—s)3
gyl 2 0 =) (1))

fi(s) =

and

g1(s) = 22(s%(1 — s) + s(1 — 5)%).
Since gi(s)—8(1—28) <0, se %
(

mapping on (7, 1). Thus g1(s) < g1

, 1), it follows that gl is a decreasing
2)=1for all s € (3,1). Hence

1
fi(s) >0, for all se€ (5,1) and a € [2,3].
Consequently fi(s) > fi(3) for s € (3,1), and (2) holds in this case too.

Remark 1. If a > 3 then the inequality

L(a,b) < Qu(a,b) 1)
does not hold for every 0 < a <b.
Proof. We have to prove that (2) does not hold provided « > 3. Let g; be the
function deﬁned in the proof of Lemma 1. Since g} (3) = a(a — 3) > 0 the
continuity of g{ implies the existence of a real number £ > 0 so that
g{(s) >0 for all s € [5, 5 +¢). Hence gl is strictly increasing on [%, % +e).
Thus g} (s) > ¢i(3) =0 for all s € (1,1 +¢). Thus we get that g1 is a strictly
increasing mapping on [3, 1 +¢) and g1(s) > g1(3) =1, s € (3,4 +¢). This
leads to

11 1 11
fi(s) <0, s€ (5,5 +e)and fi(s) < f1(§) =0, s€ (5,5 +e).
Hence (2) cannot be true for every s € (3,1).
Theorem 2. If a € [%, o0) then the following inequality holds

Qala,b) < I(a,b) for all a,be (0,00), a <b. (3)
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Proof. According to Lemma 3 we have to prove (3) only in case if « = %

Using the notation z = g the inequality

a3 +b3 D 1/bh\
< ) <<> , a,be (0,00), a<b

2 e\ a®

is equivalent to

T 3 1+a:%
Inz — =1In 5

po| 5 )—1>0, z € (1,00). (4)

Let

2
L
fri[Loo) =R, falz) = $1lnx—§ln< +9“‘)_1.
—

By differentiation

1 1
()= ——| —Inz+z—1—(z—1)2 ]
Let
2 1
w:lloo) =R, w(z)=—-lnz+z—-1-(zx—-1) -
r—+x3
Since

(2 — 1)(@3 —1)°

3x§(x + x%)Q

o (z) =

is positive for every = € (1, 00), it shows that u is strictly increasing on
[1,00). Therefore we have u(x) > u(1l) =0, z € (1,00). Thus fi(x) is
positive for every x € (1,00) and so fo is strictly increasing on [1, 00) which
means that the inequality

fao(x) > fo(1) =0, x € (1,00)
holds, and this is equivalent to (4).

Remark 2. If0 < a < % then the inequality

Qala,b) < I(a,b) (5)
does not hold for all a,b€ (0,00), a <b.
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Proof. Inequality (5) is equivalent to:

1
14+ 2z«

azlnx—a(:v—l)ln( )—:E+120, z € (1, 00). (6)

Suppose 0 < a < % The derivatives of the function f3: [1,00) — R defined
by

fs(fﬁ):$lnx—a(m—1)ln<1+xa> —x4+1

2
are:
a:l_l 14+ za
Mz)=Inz — (x —1) : —aln( ),
142
1 1 -2 2_9
1—2z4 = —1)za™" —zxa
o= e
z(l+za) (1+za)2
Since
1! 3_2
lim 5 _3-2a

z\11—x 4oy
there exists a positive real number € > 0, so that f§(z) <0, z € (1,1 +¢).
Thus f4 is decreasing on (1,1 +¢) and f5(x) < f5(1) =0, z € (1,1 +¢).

Therefore f3 is also decreasing on (1,1 + ¢) and it follows that
fa(x) < f3(1) =0, = € (1,1 +¢), and this inequality is in contradiction with

(6).

Remark 3. If we denote x = 2, then the inequality

L(a,b) > Qu(a,b). a,be (0,00),a<b (7)

is equivalent to

1 «
1 1+za
I : >0, z€(1,00).
Inz  \9(z—-1)=

1 1+as \
lim — — [T ) =
e—eolnzr \ 2(z —1)a

But
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for every a € (0, 00) fixed number. This means that inequality (7) cannot be
true for any a € (0, 00).

Conclusions

1. The inequalities
L(a,b) < Qula,b) < I(a,b), hold for all a,be (0,00),a<b

if and only if o € [2,3].

2. Remark 1 shows that there is no « € (0, 00) so that
Qala,b) < L(a,b), for all a,be (0,00), a <b.

Remark 4. A more general version of Theorem 1 and Theorem 2 can be

found [6].
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A conjecture on a number theoretical
function and the OQ. 1240

Kramer Alpar-Vajk*?

In a paper of Subramanian and Bencze, see [1] and in the OQ 1240, see [2] a
conjecture regarding a number theoretical function is formulated. Let be

f N — N defined as Vo € N, f(z) := the smallest positive integer k such
that kz? + 1 is a perfect square. For certain properties of f and for the fact
that is well defined see [1].

Although there are some confusions in the notations, in both [1] and [2], it is
tempting to believe that the same conjecture is meant, namely that if
(p,p + 2) is a twin prime pair, then

p+1\°
e s e 0
For the twin prime pair (3,5) we have f(15) =3 = (%)2 -1

Similarly, for (5,7) we obtain f(35) =8 = (31)% — 1.

We want to find, for a given twin prime pair (p,p + 2), the smallest positive

12Received: 08.03.2009
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integer k for which exists a € N such that

k-p?-(p+2)2%+1=d>

The equation is obviously equivalent to

k:(a—l)(a—kl)' )
p*- (p+2)?
Now, p and p + 2 are both prime numbers. It follows that each of them
divides @ — 1 or a + 1. Moreover, since p > 2 and consequently p + 2 > 2,
none of them divides both, a — 1 and a + 1.
This leads to the following cases :
- p? is divisor of @ — 1 and (p + 2)? is divisor of a + 1;
- p? is divisor of a + 1 and (p + 2)? is divisor of a — 1;
-p?- (p+2)? is a divisor of a — 1;
-p?- (p+2)? is a divisor of a + 1;

Case 1. p? is divisor of a — 1 and (p + 2)? is divisor of a + 1.
This means that there exist u,v € N such that

a—1=p*-u and a+1=(p+2)7?% v

Expliciting in both identities a, we obtain

prut2=(p+2)° v (3)

We consider this equation, with unknown w, in the ring Z, 22,

1;2-ﬁ+ﬁzﬁ<mod (p+2)2>. (4)

Since ged(p,p +2) = 1,p is invertible in Z(py2)2, and since his inverse is
unique, equation (4) has a unique solution

i=—(3)- ()
in Z(p+2)2.
Assuming 4 as solution of (4) it follows that w is the smallest solution for (3)
and the resulting v is the smallest v too satisfying (3).
Now we will show the existence of the solution.
It is subject of a simple calculus that

20 +Tp+5 2p? —p+1
p2.<p2p>+2:(p+2)2.<pzp '
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On the other hand

20> +Tp+5

5 <p’+4p+4=(p+2)?

thus
. 2p2 +Tp+5

2

As a consequence,
2P —p+1 2

< p-.
B p
Finally, we found k € N satisfying the requirements namely

<2p2-|-7p+5> <2p2—p+1>
k=u-v= 5 . 5 .

v

Case 2. p? is divisor of a + 1 and (p + 2)? is divisor of a — 1.
There exist u,v € N such that

a+1=p*u and a—1=(p+2)?* v

Expliciting in both identities a, we obtain
prou—2=(p+2)7?% v

Moving again into the ring Z, )2, we obtain the equation

Further, the following identity is immediate :

p*- <p;3>2:(p+2)2. <p;1>

Since . +3
pb— p 2
—_— < — < 2
5 5 (p+2)
we obtain
p+3 p—1
U =— and V= —

473
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Finally, we found k € N which satisfies the requirements, namely
3 —1 1\?
2 2 2

Case 3. p? - (p +2)? is a divisor of a — 1.
Thus there exist © € N such that

P (p+2?2u=a—1.
From this relation and from (2) we get that
k=u-(a+1)=u-(p*  (p+2)* u+2).

Case 4. p? - (p +2)? is a divisor of a + 1.
Thus there exist © € N such that

pP-(p+2?% u=a+1
From this relation and from (2) we get that
k=u-(a—1)=u-(p* (p+2)? - u—2).
It is clear that the smallest k among the four cases is the one we look for and

since this is )
( P+ 1> .
2

the conjecture is solved in the affirmative.

In [1] another ”function” is defined namely g : N — N, where

Va € N, g(z) :=the smallest positive integer k such that kz? — 1 is a perfect
square.

Note that for z := 3 we do not have a k € N such that 9k — 1 is a perfect
square. Why 7 Because if it would be like this it would exist a perfect
square, say y2, such that 32 + 1 is divisible by 9.

This implies that y? + 1 is divisible by 3 and this is a contradiction.

The same situation is valid for z := 7. Thus g cannot be defined on the
whole N.
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The solution of OQ 1156
Kramer Alpar-Vajk*3

In [1] the following sequence (ay)nen is defined : ay := 3 and further, for all
n € N; n > 2; a, := the smallest number with a,_1 divisors.

According to the author of [1] the first six terms are 3; 4; 6; 12; 72; 559872:
It is conjectured that Vn € N* ; a, + 1 is prime.

The first observation is that the fifth term above is false because not 72 is
the smallest number with 12 divisors but 60: In light of this, the next term is
5040 and since

5041 = 71 - 71 the conjecture is wrong.
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The solution of OQ 1141
Kramer Alpar-Vajk**

The subject of OQ 1141, see [1] is to prove that the sequence (an)nen is
finite.

This sequence is de ned in the following way: aq := 1; and Vn € N; a,, := the
smallest natural number such that for all k € N; k < n; a,, — ay, is a prime or
a power of a prime. We have the rst six terms : 1,3,5,8,10,12. We will show
that there is no other term in this sequence, supposing the opposite and
distinguishing two cases.

Case 1. Suppose that x7 exists and is even. Then

{$7 - 8,.%‘7 — 10,1‘7 - 12}

are all even and in the same time one of them is divisible by 3, thus divisible
by 6 and so neither a prime nor a power of a prime.

Case 2. Suppose that x7 exists and is odd. Then

{z7 — 1,27 — 3,27 — 5}

are all even and in the same time one of them is divisible by 3, thus divisible
by 6 and

so neither a prime nor a power of a prime.

REFERENCE

[1] Amarnath Murthy, OQ 1141, Octogon Mathematical Magazine, April
2003.

“Received: 25.02.2009
2000 Mathematics Subject Classification. 11A25.
Key words and phrases. Sequences.



Vol. 17, No.1, April 2009 477
A logarithmic equation (OQ 19)
Gabriel T. Prajitura and Tsvetomira Radeva*

ABSTRACT. We gave a solution to the Open Question 19.

MAIN RESULT

The Open Question 19 ([1]) asked for all n such that

[logy 3+ logg4 + ... +1log, (n+ 1) =n+1

Equivalently, we are looking for all n such that

n+1<logy3+logs4+..+log,(n+1) <n+2

Let p be a natural number. Notice first that if

logy 3 4-logz 4 + ... +log,, (no +1) <ny +p

then

logy3+loggd+...+1log, (n+1) <n+p

for all n < ng, while if

logy 3 +logz 4 + ... +log,, (no +1) > ng +p
then

logy 3 +loggd + ...+ log, (n+1)>n+p

for all n > nyg.
This is because

n+1 n
> logy (k+1) =) logy (k+1) =log, 1 (n+2) > 1= (n+1+p)—(n+p)
k=2 k=2

“Received: 28.02.2009
2000 Mathematics Subject Classification. 26D15
Key words and phrases. Logarithm, equation, inequality
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Therefore, in order to solve the double inequality above we need to find two
numbers n; and n9 such that n; < ny and

logy 3 4 logz4 + ... +log,, (n1 +1) >ny +1
logy 3 +logz4 + ... +1og,, 1 (n1) <ny
logy 3 4-logz 4 + ... +log,,, (n2 +1) < ng +2

logy 3 +1logz4 + ... +log,,, .1 (n2 +2) > ny +3

When the two numbers are found, the solution is n1 < n < ns.
Next we will show that ny = 70. We must show that

69

> logy (k+1) <70
k=2

and

70
Zlogk (k+1)>T71
k=2

which follows easily from the computation

69 70
> logy (k+1) =69.998 and Y _logy, (k + 1) = 71.001
k=2 k=2

Now we will show that . We must show that

105,555

> logy (k+1) < 105,557
k=2

and

105,556
> logy (k+1) < 105,558
k=2

which follows easily from the computation
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105,555
> logy (k + 1) < 105,556.99999955755
k=2

and
105,556
> log, (k+ 1) = 105,558.00000037657
k=2
Therefore

logy 3 4 logz4 4 ... +log, (n+1)] =n+1

if and only if 70 < n < 105, 555.
We will end with some coments about the problem.
The series

o0

> (log, (n+1) - 1)

n=2

is divergent. To see this notice that

In(n+1) |- In(n+1)—1Inn

1 1)—-1=
0g, (n+1) Inn Inn

By the Mean Value Theorem applied to the function In x on the interval
[n,n + 1], there is k,, € (n,n + 1) such that

In(n+1)—Inn 1 1
1 1)—Inn= = —
n(n+1)—Inn 1) —n k:n>n+1
Therefore
1 H—1>——
0gn (n+1) (n+1)lnn
and since
> i
—(n+1)lnn

is a well known divergent series, the Comparison Test implies the divergence
of the series we considered above. One of the consequences of this fact is
that for every k£ > 1 the equation
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[logy 3 +1loggd + ... +1log, (n+ 1) =n+k

has only a finite number of solutions. From our computation here it actually
follows that there are solutions for every k > 0. To find the exact number of
these solutions turns out to be a very difficult technical problem since, as we
showed above, for k = 1 we already need 7 decimals of accuracy.
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